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Anosov diffeomorphisms on infra-nilmanifolds
Jonas Deré

Introduction

Infra-nilmanifolds play a very important role in dynamical systems, especially when studying ex-
panding maps or Anosov diffeomorphisms. Because of the algebraic nature of these manifolds,
questions about self-maps can be translated into questions about endomorphisms of their fun-
damental groups. In this way, it was shown in [1] by M. Gromov that every expanding map on
a compact manifold is topologically conjugate to an affine infra-nilendomorphism. Up to now it

is unknown if a similar statement also holds for Anosov diffeomorphisms, although some partial
results point in that direction. This question of classifying all Anosov diffeomorphisms on compact
manifolds up to homeomorphism was already raised by S. Smale in 1969, see [5]. This motivates
my research, which is about classifying infra-nilmanifolds admitting an Anosov diffeomorphism.

What is an infra-nilmanifold?

Let G be a connected and simply connected nilpotent Lie group. The affine group Aff(G) =
Go Aut(G) acts on G in the following natural way:

∀α = (g, δ) ∈ Aff(G), ∀h ∈ G : αh = gδ(h).

Let F ⊆ Aut(G) be a finite group of automorphisms of G and Γ ⊆ G o F be a discrete and
torsion-free subgroup such that the quotient Γ\G is compact. Such a group Γ is called an almost
Bieberbach group (AB group) and the quotient space Γ\G is a compact manifold which we call an
infra-nilmanifold. Let p : Γ → F be the natural projection on the second component, then we call
p(Γ) the holonomy group of Γ\G.
Example. If G is abelian, i.e. if G is the additive group Rn for some n, then infra-nilmanifolds are
just compact flat manifolds, including the Klein bottle and all tori:

The class of infra-nilmanifolds coincides with the class of almost flat manifolds.

What is an Anosov diffeomorphism?

Let M be a compact manifold and f : M → M a C1-diffeomorphism. We call f an Anosov dif-
feomorphism if there exists a continuous splitting TM = Es ⊕ Eu and a Riemannian metric on M
such that:

(i) The subbundles Es and Eu are preserved under the map Tf : TM → TM .
(ii) There exists a constant 0 < λ < 1 such that

∀v ∈ Eu, ∀n ∈ N : ‖Tfn(v)‖ ≥ λ−n‖v‖,
∀v ∈ Es, ∀n ∈ N : ‖Tfn(v)‖ ≤ λn‖v‖.

Example. Consider the matrix A =

(
2 1
1 1

)
, which induces a diffeomorphism f on the 2-torus

T 2 = Z2\R2. This map f is the well-known Arnold’s cat map:

f→

More generally, every hyperbolic matrix A ∈ GL(n,Z) induces an Anosov diffeomorphism on the
n-torus.

Why study Anosov diffeomorphisms on infra-nilmanifolds?

Definition. Let Γ ⊆ Aff(G) be an AB group and α ∈ Aff(G) such that αΓα−1 = Γ. The affine
transformation α induces a diffeomorphism on the infra-nilmanifold Γ\G, which is called an affine
infra-nilautomorphism.

Note that an affine infra-nilautomorphism is an Anosov diffeomorphism if and only if the linear part
of α is hyperbolic. The examples of Anosov diffeomorphisms above were all constructed in this
way.
The following conjecture motivates the study of Anosov diffeomorphism on infra-nilmanifolds:

Conjecture. Every Anosov diffeomorphism on a compact manifold M is topologically conjugate
to an affine infra-nilautomorphism.

The conjecture is known to be true in the case of infra-nilmanifolds [2] and in the case of codimen-
sion one Anosov diffeomorphisms [3].

Rational holonomy representation

Every AB group Γ with holonomy group F fits in a short exact sequence

1→ N → Γ→ F → 1,

where N = Γ ∩ G is the subgroup of pure translations. By embedding the group N in its rational
Mal’cev completion NQ, we find the following commutative diagram of groups

1 //N //

��

��

Γ //

��

��

F //1

1 //NQ //ΓQ //F //1,

where the last exact sequence splits. By fixing a splitting morphism s : F → ΓQ, we define the
rational holonomy representation ϕ : F → Aut(NQ) by

ϕ(f )(n) = s(f )ns(f )−1.

It turns out that the rational holonomy representation contains all information about the existence
of Anosov diffeomorphisms.

Main result: classification for infra-nilmanifolds modeled on a free nilpotent Lie group

Let ϕ : F → Aut(NQ) be the rational holonomy representation of an AB group Γ. By looking at the
abelianized rational holonomy representation

ϕ̄ : F → Aut(NQ/[NQ, NQ]) ∼= GL(n,Q),

we are able to use all the methods of representation theory for finite groups. The following theorem
extends an important result [4] of Porteous from the abelian case to the class of free nilpotent Lie
groups:

Theorem. Let Γ\G be an infra-nilmanifold with G a free nilpotent Lie group of rank c and
ϕ̄ : F → GL(n,Q) the abelianized rational holonomy representation. Then the following are equiv-
alent:

Γ\G admits an Anosov diffeomorphism.
m

Every Q-irreducible component of ϕ̄ that occurs with multiplicity m,
splits in more than c

m components when seen as a representation over R.
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