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1 — Finite simple groups
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Finite simple groups

Every finite simple group belongs to at least one of these classes:

e Cyclic groups < abelian
Sporadic groups < finite in number
Alternating groups < well understood

Groups of Lie type <— many subclasses

Omitted.
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Finite simple groups

The Periodic Table Of Finite Simple Groups
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2 — Groups of Lie type
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Groups of Lie type: a big question

Who is responsible for the structure within the groups of Lie type?
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Groups of Lie type: origin in algebraic group theory

Definition (Roughly)

An algebraic group is a machine that manufactures groups (from rings).

G : (ring) — (group) : R ~ G(R)

@ More generally: an algebraic k-group manufactures groups from
k-algebra’s.
G : (k-alg) — (group) : K ~ G(K)
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Groups of Lie type: algebraic groups

It is better to study the machine itself than what it produces. l

o ldeally: few algebraic groups produce all Lie type FSGs.

G : (fin-field) — (fsg) : Fq ~ G(q)
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Groups of Lie type: the Chevalley groups

Consider PSL:
@ There is a class of finite simple groups PSL,(q).
@ There is no class of algebraic groups PSL,!

@ However there are algebraic groups SL,,, PGL,, and a surjection
SL, — PGL, and then

PSL,(q) = im(SLn(q) — PGL,(q))

@ So in better approximation:

finite simple groups of Lie type
<~
isogeny classes of semi-simple algebraic groups

@ This deals with all the ordinary classes.
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Groups of Lie type

The Periodic Table Of Finite Simple Groups
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Groups of Lie type: the Steinberg groups

@ It is still the case that every such group arises (roughly) as G(q) (for
some G and q).

@ But not uniformely! For instance there is an algebraic F,-group G
such that

G(p) = PSU(p?/p) but then
G(p?) = PSL(p?) I

@ ... and we need a different algebraic F2-group G’ such that

G'(p?) = PSU(p*/p?) but then
G'(p*) = PSL(p*) M

@ This is quite annoying but well understood.
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Groups of Lie type: the Steinberg groups

@ This is quite annoying but well understood.

@ We understand PSU as a form of PGL.

@ On sidenote, it is weird that not all PSU’s form a single family.
o Fake class?
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Groups of Lie type

The Periodic Table Of Finite Simple Groups
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3 — Suzuki-Ree groups
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Suzuki-Ree groups: brief history

@ Suzuki was classifying a class of finite groups.
e Found strange guys G(22¢*1): the Suzuki groups.
o Ree: they are 'twists’ of the Lie-type group Ba, notation 2B,(22¢*1).

@ Ree also found 2G»(3%¢*1) and 2F4(22¢*1); the small and large Ree
groups.

A disturbance in the force

@ Only defined over ‘very few’ fields!

@ There is no algebraic group such that G(2¢') = 2B»(22¢*1) in a natural

manner
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Suzuki-Ree groups: F_ s

families of Suzuki groups 232(22”+1) and Ree groups 2F4(22”+1). Similarly, the
Dynkin diagram (7 in perfect fields of characteristic three has an automorphism
that swaps the short and long root, and if q= 3(12 leads to the final class of Ree
groups, 5G2(32”H}. In contrast to the Steinberg groups, the Suzuki-Ree groups
cannot be easily viewed as algebraic groups over a suitable subfield; morally,
one “wants” to view 232(22”*1) and 2F4(22”+1) as being algebraic over the
field of 9n+1/2 elements (and similarly view 3G (32"+1) as algebraic over the
field of 3n+1/2 elements), but such fields of course do not exist. (Despite
superficial similarity, this issue appears unrelated to the “field with one element”
discussed in Remark 3, although both phenomena do suggest that there is
perhaps a useful generalisation of the concept of a field that is currently missing
from modern mathematics.) One can also view the Steinbera and Suzuki-Ree

Blog Terence Tao: algebraic groups over I /557 7
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Suzuki-Ree groups: F 5

20. SUZUKI AND REE GROUPS

[Lietype| Order of group s

; Ba(q®) ¢*(g* - 1)(g* +1) 2%r+1
| 2Ga(a?) e - 1)(e® +1) gor+l
| Fua?) | P40 =~ D+ (g~ 1) (g2 +1) | 2274

TABLE 1. Suzuki and Ree groups

Book Jim Humphreys: g2 = 22r+1?
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Suzuki-Ree groups: construction

Ingredients:
@ A perfect ground field k of characteristic p = 2, 3, 2
@ A square root of the Frobenius o : k — k, i.e. 000 = fry:
o(o(x)) = xP = fr(x).

(Thus if k is finite, it must be F3*™ or F2e+1 )
@ A semi-simple [Fp,-group G of type By, Gp, Fy.
@ An isogeny 7 : G — G such that m o = Frg (the Frobenius on G)

Karsten Naert (UGent) Mixing and twisting June 24, 2017 19 / 50



Suzuki-Ree groups: construction

Ingredients:
@ A square root of the Frobenius o : k — k, i.e. oo = fry

@ Anisogeny 7 : G — G such that m o™ = Frg (the Frobenius on G)

@ There is an involution a: G(k) = G(k) : u+s Touoc 1.

o Define: 2G(k, o) = Fix(a) < G(k).
o (Also defined over imperfect fields, by Tits.)
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4 — More disturbances
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More disturbances: mixed groups

Tits invented buildings to study and classify algebraic groups.

Tits classified spherical buildings of rank > 3 buildings. The ‘ideal
correspondence’ is:

buildings <= semi-simple algebraic groups

Found strange guys G(k,¢): the mixed groups.

They seem to be algebraic groups ‘defined over two fields'!
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More disturbances: construction of mixed groups

Ingredients:
o Field extensions kP C ¢ C k;
@ A k-group G (semi-simple, adjoint) of type B, C,, Ga, F4 with root
system .

e Tits' theory provides a collection of generators for G(k) namely
(ignoring the torus)

G(k) = (uy(t) | r e &, t €k

the group G(k) is described by commutation relations which look like
[ur(x), us(y)] = Ur(X)Ur+2s(X2Y)
@ Tits observed that there is an interesting subgroup

t € £ rshort

G(t.K) = (u() | re @ {55 1)
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More disturbances: mixed groups as indifferent groups

Tits calls them indifferent because

...gkpggpgkgggkl/ﬁ’g...
Bn(k, ) = C,(£?, k)
Ga(k, 0) = Gy(£3, k)
Fa(k,0) = F4(£?, k)

Both fields should play the same role.
Furthermore we have embeddings

X(k,0) C X(£,€) = X(£)
X(k,0) C X(k, kP) = X(k, k) = X'(k)

So X(k,?) is a mixture of X(¢) and X'(k) somehow.
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More disturbances: Weiss' quadrangles

Weiss was classifying Moufang polygons (another class of buildings)
Found WQq(k, ¢): very strange groups.

°
°
o Defined over k? C ¢ C k: imperfect fields only!
@ The construction is ... technical.

°

Intuitively, they should be forms of F4(k,¢)

e this was made rigorous by a framework for descent in buildings recently
@ ... but there is no algebraic underpinning of this idea.
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More disturbances: exotic pseudo-reductive groups

@ CGP were classifying pseudo-reductive groups.

@ Their standard construction describes most of them

G = Ry/kG (+ Cartan troubles).

pseudo-reductive groups <= semi-simple algebraic groups

@ ... but they also found exotic groups!

@ (and others actually)
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More disturbances: exotic pseudo-reductive groups

o Let k field of characteristic 2, 2, 3, 2 and G a simply connected
k-group of type B,, C,, Ga, F4.

@ There is a very special isogeny between k-groups 7 : G — G which
factors the relative Frobenius G — G(P).

o Let k'/k be a finite extension such that kP C k and consider
f= Rk’/kﬂ-k’ : Rk’/ka’ — Rk’/kék/

@ There is also a map G — Rk//kék/ and the exotic group ¢ is f ! of
its image.

In short: ¢ arises by thickening half of the group from k to k’.
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Summary of disturbances

Finite simple Suzuki-Ree
groups groups
- Mixed
Buildings buildings

Pseudo-
reductive
groups

Exotic groups

Algebraic
groups

77

VAV EAVAV/
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5 — The dark side of the moon
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Near side: Combinatorics of root systems

@ Relevant dynkin diagrams are always: B,, C,, F4, G2

o
ApO—0—0------ 00 F,0-050-0 Gyo=0
Bro—0------ O—03=0
Ca@—@------ o—o=<0 Es

Far side: Mathematics in positive characteristic
o p| (P) for 0 <i<p,thus (a+ b)P = aP + bP
@ There is a Frobenius (absolute and relative)

@ The are imperfect fields and inseparable field extensions
We focus on this aspect.
Karsten Naert (UGent)
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Half a menhir

We must often thing bigger to solve our problems in mathematics.
Consider constructing Q from Z:

@ Obelix only knows integers Z = {...,—2,-1,0,1,2,...}.

@ Obelix wants to solve 2x = 1.

@ You know a construction Q := (Z x Z)/ ~.

@ You ‘solve’ the Obelix-equation:

x =3:={(1,2),(2,4),(3,6),(-1,-2),...}
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How to see things bigger

General idea

The construction of a single ‘new number’ itself is not revealing; the
importance comes from the observation that as a whole the new numbers
have good properties.

o N — Z (the Grothendieck group of a monoid)

e 7 — Q (the fraction field of a ring)

@ Q — R (the completion of a valued field)

@ R — C (the algebraic closure of a field)

e (sch)r, — (sch)/]F\/E (the twist of a category with end of Id.)
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How to see things bigger — in five easy steps

We must often thing bigger to solve our problems in mathematics:
e N — Z (the Grothendieck group of a monoid)
e 7 — Q (the fraction field of a ring)
e Q — R (the completion of a valued field)
e R — C (the algebraic closure of a field)
e (sch)r, — (sch)/]Fﬁ (the twist of a category with end of Id.)

General procedure to construct a new number.

@ Consider the set of old numbers (endowed with structure).

@ Use the structure to create another set of new numbers.

© (Endow the new numbers with the desired structure.)

@ Provide a natural embedding of old numbers into new numbers.

© We have now enlarged the old numbers and we can study what we

have.
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How to see things bigger — in five easy steps

We must often thing bigger to solve our problems in mathematics:
e N — Z (the Grothendieck group of a monoid)
e 7 — Q (the fraction field of a ring)
e Q — R (the completion of a valued field)
e R — C (the algebraic closure of a field)
e (sch)r, — (sch)/]Fﬁ (the twist of a category with end of Id.)

General procedure to construct a new scheme.

@ Consider the category of schemes /IF,, (endowed with Frobenius).
@ Use the Frobenius to create a category of schemes /Fﬁ.

© (Endow the schemes /IF  with the desired Frobenius.)

@ Provide a natural embedding of schemes /IF;, into schemes /IF .
© We have now enlarged the schemes /I, and we can study what we

have.
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6 — Twisting a category
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The structure on (Sch) p,

@ Consider the category of schemes /IF,, (endowed with Frobenius).

The objects X in the category ¢ = (Sch),r, have Fx : X — X such that
for all arrows u

F
LEEN

<X
=

<<+—
. <

Fy
l.e. F is an endomorphism of the identity functor

F :idy — idg.
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The structure on (Sch) p,

@ Consider the category of schemes /IF,, (endowed with Frobenius).

The objects X in the category ¢ = (Sch),r, have Fx : X — X such that
for all arrows u

ide (X) —2 idg(X)

id%(u)l lidsg(U)

idcg( Y) Ty) idcg( Y).

l.e. F is an endomorphism of the identity functor

F:idy — ide.
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Twisting a category

@ Use the Frobenius to create a category of schemes /I .

(%, F) is a category with endomorphism of the identity functor.
We define t¢":

@ t%: objects (X,®Px : X — X) such that ®x o dx = Fx

e t¢": arrows u: (X,®x) — (Y, ®Py) are the arrows v : X — Y such
that

X ‘25 Y

dx l‘b Y

X ‘Y5 Y
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Twisting a category

@ Use the Frobenius to create a category of schemes /I .

o Fields (k, ) with 62 = fr as for twisted groups.
o Algebraic groups (G, ) with 7 : G — G such that 72 = Frg.
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Twisting a category

© (Endow the schemes /IF  with the desired endomorphism of the
identity functor.)

(Can be done with ®x itself.)
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Twisting a category

@ Provide a natural embedding of schemes /I, into schemes /I .

t: ¢ — t€
X ~ t(X)=(XUX,7o(FxUidx))

The functor t:
e is faithful (so really an embedding) ...
@ but neither full ...
@ nor essentially surjective. (So lots of space!)

In particular:
X t(X)
SpeckF, t(SpecFp)
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The embedding

© We have now enlarged the schemes /I, and we can study what we
have.

Embedding ¢ into t%:

G "> H

N

SpecF,
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The embedding

© We have now enlarged the schemes /I, and we can study what we
have.

Embedding ¢ into t%:

G " H
N
SpecF,
\SpecFﬁ
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The embedding

@ We have now enlarged the schemes /I, and we can study what we
have.

Embedding % into t%":

G " H
SpecF, °G Spec]F\/ﬁs
SpecF /5
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The embedding

@ We have now enlarged the schemes /I, and we can study what we
have.

Embedding % into t%":

G H Ry
SpecF, °G Spec]F\/ﬁs
Spec F. /5

Mixed schemes = twisted schemes /I,

Invisible schemes 3 17 There are more schemes /I, than we thought!
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© We have now enlarged the schemes /IF, and we can study what we
have.

Mixed schemes = twisted schemes /I,

Invisible schemes & 17 There are more schemes /I, than we thought!

Example
o Consider fields k, ¢ such that /P C k C ¢ then

(k x £, (u,v)— (vP, u))

is such an invisible field

o Consider an algebraic group G with factorization

G—H— GWP

of the relative Frobenius then this gives rise to an invisible group.
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Twisting a category

© We have now enlarged the schemes /I, and we can study what we

<

C m DT*

o 0™ 6.

%/

citdm-dcdm-dc
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7 — Theorems
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Theorems

@ Suzuki-Ree groups are algebraic groups /Fﬁ.
@ Mixed groups are invisible algebraic groups /Fp,.

© Exotic groups arise from Weil restrictions coming from invisible fields.

(For a good notion of “are” and “arise”.)
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Theorems

Easy proof of (1).

Let k = (k,0) be a field with Tits endomorphism and G = (G, ) an
algebraic group over F, with 7o = Fg.
Then G(k) ={ue G(k) |[rou=uooc}

Spec k —Z— Spec k

J- J¥

G —"—— G
For perfect k, this means that v is a fixed point of u+— mouoo™ L. O
v
(It also provides a definition for the imperfect case )
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Theorems

Plausibility check for (2).

Let X = (X, Y, a, ) be a mixed scheme over a mixed base

S = (Spec k,Spec ¢, k, A). There is a map

X(8) = X(k) : (u,v) — u

X#Y X
l N lvw l
Ke=1L K

This map is injective:
U:u/ — UO/BZUIOB — )\OV:)\OV, —— V:V,

This corresponds to the embedding X (k, ¢) € X(k).

Ol

v
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Proof of (3)?

Not so simple! Relies on this proposition:

Consider a mixed object S together with its morphism
f:5—5=mcy(5). Let X = (X, X, $,9) be an S-object and assume
B+«B*X and B, X’ exist. If we define

f.(X) = (X, X X, pt),
()= (XX x 8X\mp)

then for all S-objects T
homs(T, £,.X) ~ home(f* T,X)

where the maps are defined by ...

The point then is that this weird object X x 3,X’ is precisely the
B*X

*

CGP-construction but in a better notation. ]
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Further reading

o "“Twisting and Mixing"
https://arxiv.org/abs/1703.03794 (preprint)
@ The author’s PhD thesis (forthcoming)
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