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INTRODUCTION

Historical context

Groups of matrices, or linear groups, have been studied since the
19th century, with applications in many areas of mathematics and
physics. Originally, these groups were mostly considered over fields,
but starting in the middle of the 20th century, people began to study
linear groups over arbitrary rings. While linear groups over general
rings are hard to study, there are certainly some interesting classes
of rings over which interesting results can be obtained. In the 1960s,
Klingenberg studied some linear groups over a local ring, a ring R
with a unique maximal ideal m. In [Klil] he investigated the normal
subgroups of GL,(R). He also studied orthogonal and symplectic
groups in [Kli2, Kli3].

In the 1990s, J. Tits introduced the notion of Moufang sets in [Tit| as
an axiomatic approach to simple algebraic groups of relative rank one.
A Moufang set is a set, along with a class of groups acting on this set,
one for each point of the set, satisfying some axioms. For a simple
algebraic group of relative rank one, the set consists of the parabolic
subgroups, the class of groups are the corresponding root subgroups.
There are quite a few equivalent ways of looking at Moufang sets: they
correspond to split BN-pairs of rank one (another notion introduced
by Tits), are closely related to abstract rank one groups (introduced
by Timmesfeld in [Tim|), and are equivalent to division pairs (more
recently defined by Loos in [Loo4]).

T. De Medts and R. Weiss initiated the study of arbitrary Moufang
sets in 2006. Since then, the theory of Moufang sets has been devel-
oped more deeply, and many examples of Moufang sets have been
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2 INTRODUCTION

described. All Moufang sets we currently know have some algebraic
origin, but a classification of Moufang sets is still an open question.

The known Moufang sets are not only of algebraic origin, but they all
have some underlying ‘division structure’, where all nonzero elements
are invertible. For example: projective Moufang sets can be defined
over alternative division algebras, Jordan division algebras gives rise
to Moufang sets, and more recently L. Boelaert proved that every
structurable division algebra gives rise to a Moufang set (see [Boe]).
In fact, every Moufang set arising from a simple linear algebraic group
of relative rank one (over a field of characteristic different from 2 and
3), arises from such a structurable division algebra (this was shown in
[BDMS]). We can see this division requirement in the constructions
of known Moufang sets: inverses pop up everywhere! There are also
some Moufang sets which do not arise from algebraic groups directly,
but these are still defined over fields (also known as division rings).

A related consequence of the definition of Moufang sets is the fact
that morphisms of Moufang sets are automatically injective. This
means there are relatively few morphisms, and there is no meaningful
notion of quotients in the theory of Moufang sets.

One can wonder what happens if we try to define Moufang sets using
more general algebraic structures, and this is precisely where this
dissertation enters the story. Instead of division structures, I looked at
local structures. This means that there can be non-invertible elements
in the structure, but they can still be controlled easily. In trying
to define the known constructions over local rings and local Jordan
algebras, 1 found a set of axioms that generalize Moufang sets, to
local Moufang sets. (From this point of view, we could start using the
name division Moufang sets for Moufang sets, but to avoid confusion
we will refrain from doing so. Loos does include the adjective division
in his equivalent notion of division pairs.)

Outline

There are two parts in my dissertation. In Part I, we define the notion
of local Moufang sets, and develop the general theory. Part II then



OUTLINE 3

contains some examples of local Moufang sets, characterizes some of
them, and explores some connections.

The first part starts with the definition of local Moufang sets, along
with some basic properties, in Chapter 2. The difference with Moufang
sets is the assumption of extra structure on the set, given by an
equivalence relation on the set. We still have a conjugacy class of
groups, called root groups, acting on the set, but the axioms need to be
adapted in order to be compatible with the extra structure. As in the
theory of Moufang sets, it is useful to fix two (non-equivalent) points
of our set (this could be called a basis). An important new notion for
local Moufang sets, is the notion of units, which have a connection to
the invertible elements of the underlying algebraic structures in the
examples. Using these units, we can extend much of the theory from
Moufang sets to local Moufang sets. One example is the existence of
p-maps, which swap the points of the basis, and many of the identities
of these p-maps.

A first goal in the development of the theory of local Moufang sets is
determining the stabilizer of the basis. A candidate for this stabilizer
is the Hua subgroup, the group generated by products of an even
number of p-maps. The Hua subgroup turns out to coincide with
the stabilizer of the basis, which we show in Theorem 2.3.7. In order
to prove this, we introduced quasi-invertibility, a notion originating
from Jordan theory.

In Chapter 3, we give a general way to construct local Moufang sets
similar to a construction for Moufang sets. This construction uses a
lot less information than is required in the definition: we only need
one root group and one permutation of the set swapping the basis.
Using only these two things, we can construct the other root groups
and complete the data of the local Moufang set. However, this data
will not always satisfy the axioms. We determine a few necessary
and sufficient conditions in Corollary 3.2.5. The construction and
conditions will be used frequently to define local Moufang sets, and
to determine when some structure is a local Moufang set.

The notion of homomorphisms of local Moufang sets is introduced
in Chapter 4. This is combined with the definition of local Moufang
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subsets, quotients, and eventually, the category of local Moufang
sets. It is interesting to observe how tightly a homomorphism of
local Moufang sets is connected to a map on the underlying set and
group homomorphisms between the root groups. We mainly use these
notions to define inverse limits of local Moufang sets, and to determine
when the inverse limit exists.

In the final theoretical chapter, Chapter 5, we look at local Moufang
sets which are special, i.e. which satisfy a specific extra condition.
This extra condition is expected to be closely related to the root
groups being abelian. Making some necessary changes, we are able
to generalize the theory of special Moufang sets to local Moufang
sets. The main results we can get here assume that a local Moufang
set is both special and has abelian root groups. In this case, we
can show that py-maps are involutions (Proposition 5.2.4), and give a
condition which ensures that the root groups are uniquely k-divisible
(Proposition 5.2.2).

Next, we get to the examples of local Moufang sets in Part II. The
first examples are the projective local Moufang sets in Chapter 6.
These are defined over a local ring R, where the underlying set is the
projective line P1(R), and the root groups are subgroups of PSLy(R).
We succeeded in characterizing the projective local Moufang sets using
some conditions (Theorem 6.2.10). This includes the construction of a
local ring from local Moufang sets satisfying some of these conditions.
The third section of this chapter makes a connection to the Bruhat-
Tits tree of PSLy over a field K with discrete valuation. Such a
field contains a local ring, and the action of PSLy(K) on the tree
induces many projective local Moufang sets. Using the inverse limit
construction, we even get a projective local Moufang set action on
the boundary.

In Chapter 7, we explore the connection of local Moufang sets with
Jordan theory. The most natural approach uses Jordan pairs, and
we are able to define a local Moufang set from any local Jordan pair.
Conversely, if we have a local Moufang set satisfying some conditions,
we are able to construct a local Jordan pair. Using this construction,
we characterize the local Moufang sets originating from local Jordan
pairs in Theorem 7.3.4.
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Both the projective local Moufang sets and those originating from
Jordan pairs are special, and have abelian root groups. In Chapter 8,
our main goal is to define Hermitian local Moufang sets. We first
define orthogonal local Moufang sets, which are a special case of Her-
mitian local Moufang sets (and can also be constructed using Jordan
pairs). This example shows the approach we will use to generalize
the Hermitian Moufang sets to the local setting. The definition of
Hermitian local Moufang sets is a bit more technical, and we need a
great amount of algebraic manipulations to prove that the axioms of
local Moufang sets are satisfied.

A large part of this dissertation is contained in two articles [DMRI,
DMR2|. Chapter 4, Section 6.3 and Chapter 8 are the main parts of
this dissertation that are not contained in those articles.






1 PRELIMINARIES

In this chapter, we give a short overview of some mathematics we will
use in this dissertation. We start with some basic category theory,
which will mainly be used in Chapter 4. Next, we choose our notation
for everything involving group actions, we give some basic theory
on local rings, and define some linear groups over rings. The third
section gives a short overview of the theory of Jordan algebras and
Jordan pairs, which we will use in Chapter 7. Finally, we discuss the
basic theory and examples of Moufang sets, which we will later try
to generalize to a local setting.

1.1 Category theory

1.1.1 Categories and functors

Much of mathematics is a study of objects, being sets with some
structure (like group operations, a topology...), and their connec-
tions. Usually, when we consider objects with some structure, we
also consider maps between those objects that preserve the structure.
Category theory tries to study properties that hold in great generality
for such classes of objects and maps. A common reference work for
category theory is [ML|, though we will usually refer to [Bor|. Another
good initial work on category theory is [Lei|.

Definition 1.1.1. A category C consists of the following:

(1) a class of objects ObC;

(2) for each two objects C, D € ObC a class of morphisms denoted
by Hom(C, D);
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(3) for each C' € ObC a morphism 1o € Hom(C,C) we call the
identity on C;
(4) for all three objects C, D, E € ObC, a composition map

Hom(C, D) x Hom(D, E) — Hom(C, D) .
We write the composition of (f,g) as fg or go f.

This data should satisfy the following axioms:

(@) For f € Hom(C, D), g € Hom(D, E) and h € Hom(E, F'), we
have
ho(gof)=(hog)of.
() For all f € Hom(C, D) and g € Hom(D, E), we have

Ipof=fandgolp=g.
We call a category small if ObC is a set.

Remark that ObC need not be a set (so we can have the category of
sets, for example), but it is often required that Hom(C, D) is. Such
categories are also called locally finite categories.

Notatlon For a morphism f € Hom(C, D), we also write f: C' — D
or C L5 D.

Definition 1.1.2. In a category C, a diagram is a directed graph
where the vertices correspond to objects and the arrows correspond
to morphisms between the corresponding objects. We say a diagram
commutes if for any two paths between objects in the diagram, the
corresponding composition of morphisms coincides.

Example 1.1.3. Let C, D, E, F € ObC, then

1]

is a diagram, which commutes when io f = jog, f = hog and
ioh=j (and hence also io f = jog=iohoyg).
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Definition 1.1.4. A (covariant) functor F from a category C to a
category D consists of the following:

(1) a mapping from ObC to ObD that associates an object F(C) €
ObD for each object C € ObC;

(2) a mapping from Hom(C, D) to Hom(F(C), F(D)) for all C, D €
ObC.

This data should satisfy the following axioms:
(@) For f € Hom(C, D), g € Hom(D, E), we have
F(go f)=F(g)o F(f).
(’Zi) For all C € ObC, F(]lc) = ]lF(C)'
Many types of structures give rise to a category. A few examples:

Examples 1.1.5.

(1) Sets with maps between sets is a category denoted by Set.

(2) Groups with group homomorphisms is a category denoted by
Gr.

(3) Commutative unital rings with ring homomorphisms is a cate-
gory denoted by Ring.

(4) For a ring R we write Modp, for the category of right R-modules
with R-linear mappings.

(5) Let (I, %) be a partially ordered set, we can define the category
T by

i ifi=j
ObZ = I and Hom(i, j) = { i} o
1% otherwise
Some functors can be used to embed a category in another in some
way. Properties of these functors can then give more information on
this embedding.

Definition 1.1.6. A functor F': C — D is faithful if the induced
maps

F: Hom(C, D) — Hom(F(C), F(D))
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are all injective. We call F' full if the induced maps
F: Hom(C,D) — Hom(F(C), F(D))

are all surjective.

Example 1.1.7. As every group has an underlying set of group
elements, we can define the forgetful functor F': Gr — Set that sends
a group to its underlying set and a morphism to the map between
the group elements. While the forgetful functor is far from injective
on the objects, it is faithful.

We could look at all the functors between two fixed categories C and
D. It is possible to construct maps between these functors as well:

Definition 1.1.8. Let F,G: C — D be two functors. A natural
transformation « is a family of maps ac: F(C) — G(C) in D such
that for every morphism f: C — C’ in C, the following diagram
commutes in D:

re) 29 peen

G(CO) 0 G(C")

A natural transformation is an natural isomorphism if every a¢ is an
isomorphism.

1.1.2 Mono-, epi- and isomorphisms

We would like to find notions that are similar to injective and surjec-
tive morphisms to the context of general categories. As the objects
are not necessarily sets, we need to base this purely on properties of
the morphisms.

Definition 1.1.9. Let f: C' — D be a morphism in a category C.
We call f a monomorphism if for all g,h € Hom(E,C),

fog=foh = g=h.
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We call f an epimorphism if for all g, h € Hom(D, E),
gof=hof = g=h.

We call f an isomorphism if there exists a ¢ € Hom(D, C') such that
gof=1cand fog=1p.

Notation. We write C >i> D to indicate f is a monomorphism and
C —f» D to indicate f is an epimorphism. If there is an isomorphism
between C' and D, we write C' = D.

While monomorphisms and epimorphisms have many similar proper-
ties to injective and surjective mappings, they are not always the same
when it makes sense to talk about injective and surjective mappings.
It is useful to see some basic properties of these notions:

Proposition 1.1.10. In a category C the following hold.

(i) The composition of monomorphisms (epimorphisms, isomor-
phisms) is a monomorphism (epimorphism, isomorphism).
(ir) If f o g is a monomorphism, then so is g.
(43i) If f o g is an epimorphism, then so is f.
(iv) An isomorphism is both a monomorphism and a epimorphism.

Proof. These are in Propositions 1.7.2, 1.8.2 and 1.9.2 of [Bor|. O
Examples 1.1.11.

(1) In Set, monomorphisms, epimorphisms and isomorphisms are
precisely injections, surjections and bijections.

(2) In Gr, monomorphisms, epimorphisms and isomorphisms are
precisely injective, surjective and bijective group homomor-
phisms.

(3) In Ring, the inclusion map Z — Q is an epimorphism, but not
a surjection.

1.1.3 Limits

Limits are objects that generalize many different concepts, like prod-
ucts, kernels or pullbacks. We will mostly be working with the specific
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case of inverse limits.

Definition 1.1.12. Let F': D — C be a functor. A cone on F consists
of

(1) an object C' € ObC;
(2) for each D € ObD, a morphism pp: C — F(D)

such that for each morphism f: D — D’ in D, we have

ppr =F(f)opp .

This final condition can also be written as a commutative diagram:
for all f: D — D’ in D, the following diagram must commute:

I
(D) — p(pry

Definition 1.1.13. Let F': D — C be a functor. A limit of F is a
cone (L, (pp)p) on F that satisfies the universal property: for every
cone (C,(¢p)p) on F there is a unique morphism f: C' — L such
that for all D € D, gp =pp o f.

While cones are not unique at all, the universal property implies that
if a limit exists, it is automatically unique.

Proposition 1.1.14. Let F': D — C be a functor.

(@) If a limit of F exists, then it is unique up to isomorphism.

(it) Assume (L, (pp)p) is a limit of F. If G: D — C is a functor
and a: F'— G is a natural isomorphism, then (L, (ppap)p) is
a limit of G.

Proof.

(¢) This is Proposition 2.6.3 of [Bor].

(it) The definition of natural transformations and cone show that
(L, (ppap)p) is a cone on G. If (C,(gp)p) is a cone on G,
then (C, (gpap')p) is a cone on F, so there is a unique map
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f: C — L such that 0451 oqp = ppo f, which means f is also the
unique map such that gp = (ap o pp) o f, hence (L, (ppap)p)
satisfies the universal property. O

The category Set is special in the sense that all functors from small
categories have a limit (see Theorem 1.1.23).

Definition 1.1.15. A category C is complete if F' has a limit for all
functors F': D — C with D a small category.

Example 1.1.16. Some complete categories are Set, Gr and Ring.

1.1.4 Inverse limits

We now define inverse limits, and see what inverse limits are in the
categories Set, Gr and Ring.

Definition 1.1.17. A directed set is a (nonempty) partially ordered
set (I, %) such that for every i, j € I, there is a k € I for which &k = i
and k 3= j, i.e. every two elements of I have a common upper bound.
The category associated to (I, %) is the category Z defined by

%) otherwise

With all categorical definitions, we can now easily define inverse limits:

Definition 1.1.18. An inverse limit is a limit of a functor F: Z — C
with Z the category associated to a directed set.

As this may be a bit abstract, we look at the definitions in a different

way.

Definition 1.1.19. Let (I, =) be a directed set. An inverse system
in C over I is a collection of objects (C;);cr and for each i = j a map
wij: C; = C; such that

(t) pii =1, for all i € I;

(i) for all i = j = k, @jr © 0ij = Pik-
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Definition 1.1.20. Two inverse systems (Cj, ¢i;) and (C}, ¢;;) are
isomorphic if there are isomorphisms «;: C; — C! such that

for all i = j.

An inverse system corresponds to a functor F': Z — C by setting
F(i) = C; and F(f;;) = ¢ij. Isomorphic inverse systems correspond
to naturally isomorphic functors.

Definition 1.1.21. Let (Cj, ¢;j) be an inverse system in C. An
inverse limit consists of an object L € ObC and for each i € I a
projection map p;: L — C; such that

(IL1) oyj 0 p; = pj for all i = j;
(IL2) L is the universal object with this property, i.e. if (C,(¢))

is another such object, there is unique morphism f: C' — L
such that ¢; = p; o f for all i € I.

When an inverse limit exists, we denote it by @101

Proposition 1.1.22. Let (Cj, pi;) be an inverse system with inverse
limit ILHCZ
(i) If C is another inverse limit of (Cj, pij), then C = lim C.
(i) If (Ci,5;) is an inverse system isomorphic to (Cj, ¢ij), then
lim Cj is an inverse limit to (C}, ¢i5)-

Proof. These properties are the translations of Proposition 1.1.14. [

1.1.5 Inverse limits of sets and algebraic structures

We have already stated that Set is a complete category, meaning that
limits for functors from small categories always exist. In particular,
inverse limits always exist.

Theorem 1.1.23. Let (X, ¢;j) be an inverse system in Set over I.
Then

I‘&nXi = {(xi)iel S HXZ Tipij = Tj fO’I“ all i = j} s

el
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and the projection maps are pj: 1'£1Xi —= Xt (x3); — 5.

Proof. A construction of the limit in Set can be found in [ML, p. 110].
Making this more explicit gives the desired expression. ]

Despite there always being an inverse limit, some problems can still
occur. The biggest being that it is not necessarily the case that 1&1 X;
is not empty. G. Bergman has some notes which give a good overview
on this problem [Ber|. One possible reason for having empty inverse
limits is when the maps of the inverse system are not surjective. As
can be seen from the expression in Theorem 1.1.23, only the elements
of X; which are in the image of all y;; matter. Hence it makes sense
to assume surjectivity.

Definition 1.1.24. An inverse system (X, p;;) in Set is surjective
when ¢;; is surjective for all ¢ = j.

Another possible obstruction to ensure nonempty limits is the size of
the index set I. To be more precise: the cofinality of (I,%=):

Definition 1.1.25. We say a partially ordered set (I, =) has a cofinal
sequence (or also: has countable cofinality) if there is a countable
sequence i1 < i3 < 43 < --- in I such that for all ¢ € I there is an
¢ € N such that i, = 1.

These two properties are sufficient to ensure that the inverse limit is
nonempty.

Theorem 1.1.26. Let (I,3=) be a directed set. Then (I,%) has a
cofinal sequence if and only if for every surjective inverse system
(Xi, i) over I with all X; nonempty, l'ngi is not empty. In this
case, the projection maps p;: @Xi — X are surjective.

Proof. The equivalence is the main theorem of [Hen|. For the final
remark, take any x; € X; and use the surjectivity of all ¢;; and
induction to construct a sequence (z;);cs such that (z;)p; = ;. O

In the categories of Gr and Ring, inverse limits also always exist.
The underlying set of an inverse limit is the inverse limit of the
underlying sets, while the group operations are done pointwise. An
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explicit description of all these constructions can be found in § 7.1
of Chapter III in [Bou|. In the case of groups and rings we get the
following:

Theorem 1.1.27. Let (G, i;) be an inverse system in Gr. Then

Im G = {(gi)iel € [ G: | givis = gj for alli 3= j} ;

i€l
with (g;) - (hi) = (gihi), 1 = (1;) and projection maps
Py I.&HGZ' = Gj: (9) — g5 -

Theorem 1.1.28. Let (R;, pi;) be an inverse system in Ring. Then

rii; =15 for all i = j} ,

Wm R; = {(Ti)z‘el e[]e:

el

with (r;) + (si) = (ri + 8i), (r5) - (8i) = (risi), 0= (0;), 1 = (1;) and
projection maps p;: @Ri — Rj: (r;) — 1y

1.2 Groups and rings

1.2.1 Group actions

A great deal of this thesis is about group actions. Some conventions
and notations:

Notation.

e Group actions will always be right actions.

e We denote the action of g on « by x - g or xg.

o We write G, 1= {g € G | zg = x} and G, := (G), for a point
stabilizer and a two-point stabilizer.

We write ¢ for the orbit of .

The group Sym(X) is the group of all bijections from X to itself.
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e An action of G on X is not necessarily faithful, we write
Im(G — Sym(X))

for the induced faithful action of G on X.
e We define group conjugation as ¢" := h=1gh.

What we will consider, are groups acting on sets with equivalence
relations.

Notation.

o If (X, ~) is a set with equivalence relation, we denote the equiv-
alence class of x € X by Z, and the set of equivalence classes by
X.

e The group Sym(X,~) is the group of equivalence-preserving
bijections of X.

e If g € Sym(X,~), we denote the induced faithful action of g
on X by g. Similarly, if G < Sym(X, ~), the induced faithful
action of G on X is denoted by G.

1.2.2 Local rings

Local rings can be defined in various ways.

Definition 1.2.1. A (unital) ring R is a local ring if the set m of
non-invertible elements of R is a (two-sided) ideal. We write R* for
the invertible elements of R, and Z(R) for the center of R.

If the maximal ideal is not clear from context, we also write ‘(R, m) is
a local ring’, which implies m is the maximal ideal in R. Older works
often also require R to be Noetherian, but we will not require it in
the definition. A few equivalent definitions:

Proposition 1.2.2. Let R be a unital ring and write Rad R for the
intersection of all maximal left ideals. Then the following are equiva-
lent:

(i) R is local;
(it) R has a unique mazimal (left/right) ideal;
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(iit1) R/Rad R is a division ring.

Proof. This is part of Theorem 19.1 in [Lam)]. O

Definition 1.2.3. A local ring homomorphism between local rings
(R,m) and (S,n) is a ring homomorphism f: R — S such that

f(m) CSn.

Before we delve deeper into the theory of local rings, some examples:
Examples 1.2.4.

(1) A field is a local ring with maximal ideal (0).

(2) If (R,m) is a local ring and I is an ideal in R, then R/I is a
local ring with maximal ideal m/I.

(3) If (R,m) is a local ring, then the ring of formal power series
R[x1,...,xy]] is a local ring with maximal ideal (m,x1,...,zy)
(see [Coh, p. 70]).

(4) The ring Z,) of rational numbers without multiples of p as
denominators is a local ring with pZ,) as maximal ideal. The
inclusion Z,) — Q is a ring homomorphism, but not a local
ring homomorphism.

(5) The ring Z, of p-adic integers is local with maximal ideal pZ,.

We now restrict commutative local rings. A local ring naturally
becomes a topological ring:

Definition 1.2.5. Let (R, m) be a local ring. The m-adic topology
is the topology induced by taking {m’ | i € N} to be a neighborhood
base of 0. We call this topology the natural topology on R.

If R is a Noetherian local ring, we get N;m’ = (0). Hence the natural
topology on R is Hausdorff, and in particular Cauchy sequences can
have at most one limit.

Definition 1.2.6. A sequence {r,}, in R is a Cauchy sequence if for
all N e N, r, —rp, € mY for all n,m larger than some constant only
depending on N. We call a local ring R complete if every Cauchy
sequence has a limit.



1.2. GROUPS AND RINGS 19

Every Noetherian local ring can be extended to a complete local ring.
Even if R is not Noetherian, one can still take a completion, but R
will no longer be a subring.

Definition 1.2.7. Let (R, m) be a local ring, then we define the
completion of R as

R:= lim R/ m’ .
A few basic properties of completions of local rings:

Proposition 1.2.8. Let (R,m) be a local ring. Then the following
hold.

(i) the map ‘
t:R—=R:r— (r+m');
is a local ring homomorphism and Ker . = N;m?;
(ii) R= R;
(#it1) if R is Noetherian, Ris a complete ring with mazimal ideal

RQpm.

Proof. These properties can all be found in [AM]|. The first two
are in the first section of Chapter 10. The third property combines
Proposition 10.15 and Proposition 10.16. 0

In [Coh], I. Cohen determined the structure of the complete Noethe-
rian local rings. There are two cases, depending on the characteristics
of the ring and the residue field.

Definition 1.2.9. The characteristic of a ring R is
min{n >0|1-n =0}

if such n exist, and 0 otherwise. We denote it by char(R).

If (R,m) is a local ring, we say we are in the equal-characteristic
case if char(R) = char(R/m) and in the unequal-characteristic case
otherwise.

As R/m is a field, and R is local, we can describe the possibilities for
the characteristic more precisely:

(1) char(R) = char(R/m) = 0;
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(2) char(R) = char(R/m) = p for some prime p;
(3) char(R/m) = p for some prime p, while char(R) = 0;
(4) char(R/m) = p for some prime p, while char(R) = p" for n > 1.

In the equal-characteristic case, we can describe R:

Theorem 1.2.10. Let R be a complete Noetherian local ring in the
equal-characteristic case with m generated by n elements. Then R is
a quotient of the ring k[[x1,...,z,]] with k the residue field of R.

Proof. This is Theorem 9 on p. 72 of [Coh]. O
In the unequal-characteristic case, a similar result holds. This is more

technical, and we will not explain all the terminology:

Theorem 1.2.11. Let R be a complete Noetherian local ring in the
unequal-characteristic case with m generated by n elements. Then R
is a quotient of the ring S|[[x1,...,z,]], with S a complete, unramified
discrete valuation ring of characteristic 0 with residue field R/m.

Proof. This is Theorem 12 on p. 84 of [Coh]. O

For similar results in the non-commutative case, see [Bat].

1.2.3 Linear groups

The theory of matrix groups is most often considered over fields or
division rings. Over general rings, we can still define these groups,
though the relation between them is not always what we are used to.

Definition 1.2.12. Let R be a unital ring. We write Mat, (R) for
the set of n X n-matrices with entries in R, and we define addition
and multiplication as usual.

The general linear group of degree n over R is

GL,(R) := {M € Mat,(R) | 3N € Mat,,(R): MN = NM =1,} .
The group of scalar matrices is

Sc,(R) :={rl, | r € R} .
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If R is commutative, we define the determinant of a matrix as usual.
The special linear group is

SLa(R) := {M € GL,(R) | det(M) =1} .

In linear algebra, row and column operations are often important.
These translate to some very specific matrices:

Definition 1.2.13. Let R be a unital ring. An elementary matriz is
a matrix e;;(r) which has 1 along the diagonal,  on the (4, j) position
and 0 everywhere else. The elementary group of degree n over R is

En(R) := (eij(r) € GLn(R) | 1 <i,j <n,i#j,r € R) .

Clearly, if R is commutative, det(e;;(r)) = 1, so E,(R) C SL,(R).
Theorem 1.2.14. If R is a commutative, local ring, E,(R) = SL,(R).

Proof. This is Theorem 4.3.9 of [HO]. O

As for fields and division rings, there is a natural notion of projective
linear groups.

Definition 1.2.15. Let R be a commutative ring. We define the
projective general linear group of degree n over R as

PGL,(R) := GL,(R)/Scn(R) .
The projective special linear group of degree n over R is

If M € GL,(R), we write [M] for the image of M in the quotient
PGL,(R).

An immediate consequence of Theorem 1.2.14 is now

Theorem 1.2.16. If R is a commutative, local ring, PSL,(R) is
generated by the matrices [e;;(r)] for all 1 < i, < n, i # j and
r e R.
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1.3 Jordan algebras and Jordan pairs

1.3.1 Jordan algebras

While our use of Jordan algebras is minimal, they are relevant through
their connection to Jordan pairs. A good first introduction to Jordan
algebras are Jacobson’s lecture notes [Jac]. A more detailed and
complete reference for the theory of Jordan algebras is [McC|. While
Jordan algebras are often defined over fields, they can be defined over
commutative, unital rings k. In this case, Jordan algebras are also
called Jordan rings. Before we can give the definition, we need the
notion of quadratic maps.

Definition 1.3.1. Let A and B be k-modules. A map Q: A — B is
quadratic if

(i) Q(A\r) = A2Q(z) for all A € k and all = € 4;
(@) Q(-,-): AxA— B: (x,y) = Q(z+y)—Q(z)—Q(y) is k-bilinear.

We will also need the following lemma on quadratic maps:

Lemma 1.3.2. Let (Q: A — B be a quadratic map between k-modules,
and let £ be a commutative ring extension of k. Then there exists a
unique Q: L @ A = £ ® B such that Q(1 @ x) = 1 ® Q(x) for all
r € A.

Proof. This is the lemma on p. 16 of |Jac|. O

Using this notion of extending quadratic maps, we can now define
Jordan algebras and a few relevant notions.

Definition 1.3.3. Let k be a commutative, unital ring. A (quadratic)
Jordan algebra is a triple (J, W, 1), where J is a k-module, 1 € J and
W: J — End(J) is a quadratic map such that (writing W, := W(x))

(JAl) W1 = 1;

(JA2) W, W, W, = Wyw, for all z,y € J;

(JA3) if we define W,y := Wyyy — Wy — Wy and V., by 2V, =
aW, , for all z € J, then W, V., =V, . Wy;
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(JA4) if £ is a commutative ring extension of k, then (JA2-3) are
satisfied for W as in Lemma 1.3.2.

A submodule I C J is called an ideal if 2W,,yW, € I for all x € I
and y € J. If I is an ideal, J/I is a Jordan algebra

We call an element x € J invertible if W, is invertible. A Jordan
algebra is division if all z € J \ {0} are invertible.

We call an element x € J quasi-invertible if 1 — x is invertible. An
ideal I is quasi-invertible if every x € I is quasi-invertible.

In literature, the quadratic map is most often denoted U, but to avoid
confusion with the root groups in a (local) Moufang set, we will use
W. In the following proposition, we gather some properties on the
radical of a Jordan algebra.

Proposition 1.3.4. Let (J,W,1) be a Jordan algebra.

(@) There is a mazimal quasi-invertible ideal in J we call the radical

and denote Rad J.

(it) The quotient J/Rad J is a Jordan division algebra if and only
if Rad J consists of the non-invertible elements.

Proof.

(¢) This is Theorem 1 on p. 86 of [Jac|.
(¢4) This is equivalence (2.2) of [Cam)]. O

We now arrive at the definition of a local Jordan algebra.

Definition 1.3.5. A Jordan algebra (J, W, 1) is local if Rad J consists
of the non-invertible elements.

1.3.2 Jordan pairs

Jordan pairs were first introduced by K. Meyberg in [Mey| and studied
extensively by O. Loos in [Lool|. We recall some notations and
definitions from [Lool]. Remark that we will change the left action
of loc. cit. to a right action, in order to be consistent with the action
of our local Moufang sets. The index o will always have + and — as
possible values.
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Definition 1.3.6. Let k£ be a commutative unital ring and V =
(V*,V7) a pair of k-modules with quadratic maps

Q:V? = Hom(V™7,V7).

We write @, := Q(l‘), Qac,z = Qac+z — Qs — Qz, ZDz,y = me,z and
{zyz} := yQs.. Then V is a Jordan pair if the following axioms are
satisfied in all scalar extensions of the base ring:

(JPl) {:EyzQx} = {yxz}Qx;

(JP2) {yQzyz}={z TQy 2}

(JP?’) Qsz = QnyQx
A pair of submodules I = (I, I7) is an ideal if 2Q, € 17, yQ, € I™°
and {zyz} € I forallz € I,y e V79,2 € V°. If (IT,I7) is an
ideal, the quotient V/I = (V* /I V= /I7) is a Jordan pair. An ideal
I is proper if I # V. A homomorphism of Jordan pairs is a pair of
k-linear maps hy,: V7 — W7 such that

ho(YQs) = h—o(y)Qn, () for allz € V7, y e V0.

The following proposition gives some useful criteria to check whether
a given structure is a Jordan pair.

Proposition 1.3.7. Let V be a pair of k-modules with quadratic
maps QQ as before.

(i) If V has no 2-torsion (i.e. neither V™ nor V=~ have 2-torsion),
then (JP3) follows from (JP1-2). Hence in this case V is a
Jordan pair if (JP1-2) are satisfied in all scalar extensions of
the base ring.

(it) If V has no 2-torsion and (JP1), all its linearizations and (JP2)
hold, then V' is a Jordan pair.

Proof.
(¢) This is [Lool, Proposition 2.2(a)].
(¢¢) This is remarked just after [Lool, Definition 1.2]. O

We will also need the notions of invertibility, quasi-invertibility, and
of course of a local Jordan pair, again from [Lool].
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Definition 1.3.8. An element x € V7 is invertible if and only if @,
is invertible. In this case, we define 27! := 2Q,!. A Jordan pair is
division if all nonzero elements are invertible. A Jordan pair is local
if the non-invertible elements form a proper ideal.

For (z,y) € V (this means x € V*,y € V), we define the Bergman
operator

Bx,y =1 - Daz,y + Qny ’

and (z,y) is quasi-invertible if and only if B, , is invertible. In this
case, we define the quasi-inverse z¥ := (x — me)ngj. An element
x € VT (ory € V7) is properly quasi-invertible if and only if (z,y)
is quasi-invertible for all y € V= (or all z € VT, respectively). The
Jacobson radical RadV = (Rad V', Rad V™) is the pair of sets of all
properly quasi-invertible elements.

To do computations in local Jordan pairs, we will need some further
properties and identities:

Proposition 1.3.9. Let V = (V*, V™) be a Jordan pair.

(i) For any x € V7 and y € V™7, we have,

vany = Qme,y = Dy7wa °

(1) For invertible x € V7 and any y € V7, we have

-1
Q:v,yQa; = Dafl,y .

(i) For (x,y) € V with x invertible, Byy = Qu-1_,Qqu. If y is
invertible, we have By y = QyQy_p—1.

(iv) Assume (z,y) € V is quasi-invertible and z € V~. Then (2Y, 2)
is quasi-invertible if and only if (x,y + 2z) is quasi-invertible in
(V=, V). In this case, we have Y% = (zY)%.

(v) (x,y) € V is quasi-invertible if and only (y, x) is quasi-invertible
in (V=, V). In this case, ¥ = x + y*Qy.

(vi) (x,2Qy) €V is quasi-invertible if and only if (xQy, 2) is quasi-
invertible. In this case, (xQy)* = xZQyQy.

(vii) The pair of sets Rad'V is an ideal.

(viit) If V' is a local Jordan pair, then RadV is the set of mon-
invertible elements of V.
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(ix) If V/RadV is a nontrivial Jordan division pair, then V is a
local Jordan pair.
(z) If (xz,y) (mod RadV) is quasi-invertible in V/RadV, then
(z,y) € V is also quasi-invertible.
(zi) Ifx € RadV™T andy € V, then 2¥ € Rad V™.
(zit) If x,y € VT are invertible, then

r—y€eRadVT = 271 —y P ecRadV ™.

Proof.

(i) This is JP4 in [Lool, 2.1].
(%) From the definition of @y ., it is clear that

Qwa,zQx = Qme7ZQz ’

SO

Qaz,ngl = Qnglvangl = Q$Q$_17?JQ§1
= QmQ;lsz—l,y = D:r—l,y :

(iii) This is [Lool, 2.12].
(iv) This is |Lool, 3.7(1)].
(v) This is [Lool, 3.3].
(vi) This is [Lool, 3.5(1)].
(vii) This is part of [Lool, 4.2].
(vigi) This is [Lool, 4.4(a)].
(iz) This is [Lool, 4.4(b)].
(z) This is [Lool, 4.3].
(zi) If x € Rad V™, then (z,z) is quasi-invertible for all z € V.
Hence (z,y + z) is quasi-invertible for all z € V', so (a¥, z)

is quasi-invertible for all z € V~. Hence «¥ is properly quasi-
invertible, and z¥ € Rad V™.

(zid) Since Rad V' is an ideal and @), is invertible, it is sufficient to
prove that (z7! —y~1)Q, is in Rad V. This is indeed true, as

(xil - yil)Qx =T — yile—y-l—y
=T — y_lQ:B—y,y - y_le—y - y_le
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= (:‘U - y) - y_lefy,y - y_lefy € RadV™ ,
since z —y € Rad V. O

The connections between Jordan algebras and Jordan pairs are as
follows:

Proposition 1.3.10. Let (J,W,1) be a quadratic Jordan algebra.
Then:

(@) (J,J) is a Jordan pair with Q == W.

(ir) J is a Jordan division algebra if and only if (J,J) is a Jordan
division pair.

(#ii) J is a local Jordan algebra if and only if (J,J) is a local Jordan
pair.

(iv) The radical of the Jordan pair (J,J) is (Rad J,RadJ), where
Rad J is the radical of the Jordan algebra J.

(v) The map J — (J,J) induces a bijection from isotopy classes
of local Jordan algebras to isomorphism classes of local Jordan
pairs.

Proof. The first statement (i) is [Lool, 1.6]. Statements (i) and (i)
are in [Lool, 1.10], and (v) is a consequence of (iii) and [Lool, 1.12].
Finally, (iv) is one of the statements of [Lool, 4.17]. O

Local Jordan pairs will pop up in the theory of local Moufang sets in
Chapter 7, which means it is interesting to know some examples.

Examples 1.3.11.

(1) Let A be a local associative (not necessarily commutative) ring.
Then V = (A, A) with Q,: A — A: x> aza is a local Jordan
pair.

(2) Let V = (V*,V ™) be a Jordan division pair over a field k and
let R be a commutative k-algebra which is a local ring. Then
we can define V @ R = (VT @, R, V™ @ R) with

(2 @7)Qyes = 2Qy @ 75> .

This is a local Jordan pair.
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(3) Let J be a finite dimensional Jordan division algebra over a
field K which is complete with respect to a discrete valuation v.
Then we can extend the valuation on K to a valuation v; on J.
The subalgebra Jy = {z € J | vs(x) > 0} is now a local Jordan
algebra with Rad Jo = {z € J | vs(z) > 0} (and hence (Jy, Jp)
is a local Jordan pair). We refer to [Kne, Pet1, Pet2] for more
details.

1.4 Moufang sets

1.4.1 Definition and construction

Moufang sets were introduced by J. Tits in the context of twin build-
ings in [Tit]. From a geometric point of view, Moufang sets are
Moufang buildings of rank one. From an algebraic point of view, they
are connected to abstract rank one groups introduced by Timmesfeld
[Tim|. A good reference to learn about Moufang sets are the notes
by T. De Medts and Y. Segev [DMS2].

Definition 1.4.1. A Moufang set M is a set X (with |X| > 2) with
a collection of groups (Uy)zex such that

(M1) For z € X, U, < Sym(X) fixes z and acts sharply transitively
on X \ {z}.
(M2) For z € X and g € (U, | x € X), we have Uj = Uy.

We write M = (X, (Ux)zeX)' The groups U, are called the root
groups of M and the group G = (U, | x € X) generated by these root
groups is called the little projective group of M.

One immediate consequence of the definition of a Moufang set is
that the little projective group acts doubly transitively on X and
furthermore, for any two different z,y € X, we have G = (U, U,).
This allows us to fix any two points 0 and co in X and only work
with the groups Uy and Uy. By the 2-transitivity, there must also
be elements 7 € G swapping 0 and oo,and hence also UL, = Uy (and
Uj = Ux). This means that G = (Uso, 7). This led T. De Medts
and R. Weiss to construct Moufang sets from a group U and one
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permutation 7 in [DMW]. It is common to write this group additively
even though it need not be commutative, hence we will write 0 for
the identity.

Construction 1.4.2. Let U be a group and denote the identity
element of U by 0 and assume 7 is a permutation of U \ {0}. We
now set X = U U {oo} with co a new symbol. For each z € U,
let a, be the permutation of X given by ocoa, = oo and the right
permutation action of U elsewhere. Furthermore, extend 7 to X by
defining 07 = oo and cor = 0. We can now define a group U, for
each x € X as follows:

U :={ay |z €U} Up:=UL Uy :==Ug"
for all z € X \ {0,00}. We write

M(U7 T) = (Xa (U:L‘):veX) .

If you start from a Moufang set M and take Uy, and any 7 € G
swapping 0 and oo, then by (M2) we get M = M(Uq, 7). In general
however, M(U, 7) need not be a Moufang set. What we do get is a
so-called pre-Moufang set (a notion introduced by O. Loos in [Loo5]):

Definition 1.4.3. A pre-Moufang set is a set X with a collection of
groups (Uy;)zex satisfying (M1).

Clearly a Moufang set is a pre-Moufang set. The little projective
group of a pre-Moufang set still acts doubly transitively on X, so we
can still always choose two points 0 and co.

1.4.2 p-maps and Hua maps

Assume we have a (pre-)Moufang set M with fixed points 0 and oo.
For any = # oo, we write a, for the unique element of U, such that
Oa, = z. Even though we know G acts doubly transitively, it is
interesting to have specific maps swapping 0 and co. The following
proposition describes such maps:

Proposition 1.4.4. Let M be a pre-Moufang set with fized points O
and oo and assume x € X \ {0,00}. Then there is a unique element
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e € UgaUg such that Op, = 00 and cop, = 0. We call this map the
p-map corresponding to x.

Proof. The proof of Proposition 4.1.1 from [DMS2] only requires (M1).
O

If M is a Moufang set, we usually choose 7 to be a y-map. In M(U, 7),
7 is in general not a p-map, but we can use pu-maps to determine
which M(U, 1) are Moufang sets:

Theorem 1.4.5. The construction M(U, ) is a Moufang set if and
only if Ut* = U7 for all x € X \ {0,00}. In this case M(U,T) =
M(U, piz) for any x € X \ {0, 00}.

Proof. This is Theorem 3.1(i) in [DMW], also using the fact that p*
is also a y-map. The second statement is Lemma 4.1.2 in [DMS2|. O

If we have a Moufang set and a fixed 7 swapping 0 and co, we also
get a specific element fixing 0 and oo for each € X \ {0, 00}.

Definition 1.4.6. Let M(U, 7) be a Moufang set and x € X \ {0, oo}.
The Hua map corresponding to x is hy := Tu,. The Hua subgroup of
M is the group H := (ugpy | z,y € X \ {0,00}).

Observe that if 7 is a y-map, the Hua subgroup is the group generated
by Hua maps. The Hua subgroup fixes 0 and oo, and it is in fact
equal to the two-point stabilizer of the little projective group.

Theorem 1.4.7. If M is a Moufang set with little projective group
G, then H = Gy o and G = UscH.

Proof. This is Theorem 3.1(ii) in [DMW]. O

The Hua maps can also be used to determine when the construction
M(U, 7) is a Moufang set, but it requires a different definition of the
Hua maps (which coincides when we know we have a Moufang set).
When using this different definition of h,, one gets

Theorem 1.4.8. The construction M(U, 7) is a Moufang set if and
only if hx‘U is an automorphism of U for all x € X \ {0,00}.
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Proof. This is Theorem 3.2 in [DMW]. O

1.4.3 Special Moufang sets

Suppose we have a Moufang set M. We generally write a, for the

unique element of Uy, such that Oa, = z. We write —z := Oa L so

-1 _
oy = Qg

Definition 1.4.9. A Moufang set M(U, 7) is special if (—x)7 = —(2z7)
for all z € X \ {0, 00}.

One reason to study special Moufang sets is because it puts extra
restrictions on the structure of the Moufang set. One main motivation
is given by the following conjecture:

Conjecture 1.4.10. A special Moufang set Ml has abelian root groups.

There is also a converse to this, which was proven by Y. Segev in
[Seg]:

Theorem 1.4.11. If M(U, 1) is a Moufang set with U abelian, then
either H =1 or M(U, 1) is special.

As it is likely that having a special Moufang set implies having abelian
root groups, it is interesting to see what we can prove if we assume
both. The following proposition gives a short list of identities one can
prove in this case.

Proposition 1.4.12. Let M be a special Moufang set with abelian
root groups. Then

(i) p2 =1 for allz € X \ {0,00};
(#4) hy = h_g for all z € X \ {0,00};
(11d) hyhghy = hgp, for all x € X\ {0,00};
(1) pefleay bty = Pylzay e for all z,y € X \ {0,00} with y # —x.

Proof.

(¢) This is Lemma 5.1 in [DMS1].
(#4) This is Proposition 5.2(1) in [DMSI].
(#33) This is Proposition 5.2(4) in [DMSI1].
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(iv) This is Proposition 5.8(1) in [DMS1]. O

1.4.4 Homomorphisms of Moufang sets

Homomorphisms of Moufang sets have not gotten much attention so
far. A short attempt was made by T. De Medts in an unpublished note
[DM], but he was not satisfied with the definition and abandoned the
idea. O. Loos picked up his idea, and created a categorical framework
for Moufang sets in [Loo5|.

Definition 1.4.13. Let M = (X, (U,)) and M’ = (X', (UL)) be two
Moufang sets. A homomorphism is an injective map ¢: X — X' such
that

Uzp C wU;SD for all x € X.

We also write ¢: Ml — M'. The category Mou is the category with
Moufang sets as objects and homomorphisms as morphisms.

A homomorphism ¢ is an isomorphism if there exists a homomorphism
of Moufang sets ¢~!: M/ — M such that g~ = ¢ lp = 1.

T. De Medts was dissatisfied with the definition because of the injec-
tivity requirement. If injectivity is not required, one can also get a
constant map, but a non-injective map will always be constant. In
short, there are no interesting quotients in this category.

When ¢: M — M’ is a homomorphism of Moufang sets, O. Loos
proved for each x € X the existence of a unique map 0,: U, — Ug’w
such that

up = @0, (u) for all u € Uy,

and using these homomorphisms he also proved the following:

Proposition 1.4.14. Let ¢: X — X' be a map. Then the following
are equivalent:

(i) @ 1is an isomorphism of Moufang sets;
(i1) ¢ is a bijective homomorphism of Moufang sets;
(iit) ¢ is a bijective map and U, = goU:i,(pgo_l forallz € X.

Proof. See Lemma 2.3 in [Loo5|. O



1.4. MOUFANG SETS 33

1.4.5 Examples of Moufang sets

We now give some examples of Moufang sets. There are many different
kinds of Moufang sets, and often also many different descriptions of
these Moufang sets. The following examples are ones that we have
extended to the setting of local Moufang sets in Part II.

Projective Moufang sets

The easiest class of Moufang sets corresponds to projective lines over
fields or skew fields. Let K be a (skew) field and set

U=(K,+)and 7: U\ {0} = U\ {0}: z — —z~ .

Then M(U, 7) is a Moufang set we denote by M(K) with Hua maps
given by h,: y — zyzx. It is possible to consider the underlying set
U U {0} as PY(K), the projective line over K by the identification

x+— [1,z] and oo — [0,1] .

With this identification the little projective group becomes PSLy(K).
We call this Moufang set a projective Moufang set.

In [DMW], the projective Moufang sets over fields of characteristic
different from 2 are characterized up to isomorphism:

Theorem 1.4.15. Suppose M is a special Moufang set with abelian,
uniquely 2-divisible root groups and an abelian Hua subgroup. Then
there is a field K with char(K) # 2 such that M = M(K).

Proof. This is Theorem 6.1 in [DMW]. O

The case where U is not uniquely 2-divisible has been studied by
M. Griininger in |Grii]. In this case, M arises from a specific Jordan
division algebra.
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Moufang sets from Jordan division algebras

A more general class of Moufang sets arises from Jordan division
algebras. Let (J, W, 1) be a Jordan division algebra, then set

U= (J,+)and 7: U\ {0} = U\ {0}: &z — —2 1.

Again M(U, 7) is a Moufang set, and we denote it by M(J). One
interesting property of these Moufang sets is that we can retrieve W
from the Moufang set, as

he = W, for all z € U \ {0}.

This would suggest that, under some conditions, we should be able
to get a Jordan division algebra from a Moufang set. This will be the
case: assume M(U, 7) is a Moufang set with 7 a py-map, and suppose
U is an abelian, uniquely 2- and 3-divisible group. For all z,y € U
we set

hay = haty — ha — hy |

where we set hg := 0. Then the following theorem characterizes
Moufang sets coming from most Jordan division algebras originally
proved in [DMW]:

Theorem 1.4.16. If M(U, 1) is a Moufang set with 7 = p. and U
an abelian, uniquely 2- and 3-divisible group. If the map (x,y) — hay
is biadditive, then (U, h,e) is a Jordan division algebra.

Proof. This is Corollary 5.12 in [DMS1]. O

It is interesting to remark that this correspondence can also be made
with Jordan pairs. In [Loo4], O. Loos introduced the notion of division
pairs, and in [Loo5| he showed that every division pair gives rise to a
Moufang set. As Jordan division pairs are also division pairs, we also
get a Moufang set from Jordan division pairs.

Orthogonal Moufang sets

One specific type of Moufang sets arising from Jordan division alge-
bras can also be described by quadratic forms. Let K be a field and
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W a K-vector space. A quadratic form is a quadratic map g: W — K
with corresponding bilinear form f defined by

f@,y) = qlz+y) —q(z) —qly) -
We assume q is anisotropic, i.e. ¢(z) =0 <= z = 0. We set
U={(z,t) e W x K| q(x) =t}
7: UN\{(0,0)} = U\ {(0,0)}: (z,t) > (xt 1 t71) .
Now U is an abelian group with group operation
(@, 8) + (1) = (@+y,s+t+ f(z,9)) .
Furthermore, M(U, 7) is a Moufang set we denote by M(W, q).

Hermitian Moufang sets

Hermitian Moufang sets arise from Hermitian forms. Let K be a
(skew) field with involution % and W a right K-vector space. We
write

A={t—t"|teK}.
A map h: W x W — K is Hermitian if for all z,y € W and s,t € K
h(zt,ys) = t"h(x,y)s and h(z,y)" = h(y, z).

A A-quadratic form is a map q: W — K/A such that there is a
hermitian map h with

q(z +y) =q(x) +q(y) + h(z,y) and q(xt) = t*q(z)t

for all x,y € W and t € K. We call q anisotropic if q(z) = 0 <~
z = 0. We now set

U={(z,t) e Wx K |q(x)—t=A}
7: U\ {(0,0)} = U\ {(0,0)}: (z,) — (xtL,t71) .
Again U is a group with
(,8)- (y,t) = (x+y,s+t+h(y,x)) .

If h is not symmetric, U is not abelian. We get a Moufang set M(U, 1)
which we denote by M(W, q).
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9 DEFINITIONS AND
FIRST PROPERTIES

We define local Moufang sets and try to develop some of the basic
theory analogous to the theory of Moufang sets. We soon need the
notion of units in local Moufang sets, and we use these to define p-
maps an Hua maps. Finally, we prove that the Hua subgroup equals
the two-point stabilizer in local Moufang sets, a result that was known
for Moufang sets.

2.1 Local Moufang sets

2.1.1 Defining a local Moufang set

Local Moufang sets are generalizations of Moufang sets which encom-
pass a larger class of groups with very nice actions. While Moufang
sets act on sets, local Moufang sets need a richer structure to act
on: sets with an equivalence relation. Informally, this equivalence
relations describes when two points are ‘close’. This idea already
pops up in [BS], even though I did not know of this article when I
discovered the approach.

Definition 2.1.1. A local Moufang set M consists of the following
data:

(1) a set with equivalence relation (X, ~) with |X| > 2;
(2) for each xz € X a root group U, < Sym(X,~).

The little projective group is the group generated by the root groups,
and is usually denoted by G := (U, | € X). This data must satisfy
the following axioms:

39
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(LM0) Ifz ~y for z,y € X, then U, = U,,.

(LM1) For z € X, U, fixes x and acts sharply transitively on X \ Z.

(LM1’) For T € X, U, fixes T and acts sharply transitively on
X\ {7}

(LM2) For z € X and g € G, we have Uj = Uy,.

We use the notation Uz := U,, which is justified by (LMO).
It is worth noting that from these axioms, we also get
(LM2’) Forz € X and g € G, we have UZ = Usg;

this follows from (LM2) and the fact that we are working with the
induced action. By (LMO0) the group Uz « only depends on T, and

(LM1’) and (LM2’) precisely state that (X, (Uz);.x) is a Moufang
set.

Definition 2.1.2. Let M = (X, (Us)zex) be a local Moufang set.
The quotient Moufang set is the Moufang set (X, (Uz);.x) we denote
by M.

The fact that this Moufang set is indeed a quotient of M, for some
sensible notion of quotient, will be shown in Proposition 4.1.18.

As in the case of Moufang sets, the axiom (LM2) is the most restrictive.
Hence, we also name the structures which do not necessarily satisfy
(LM2).

Definition 2.1.3. A local pre-Moufang set consists of the same data
as a local Moufang set, but need not satisfy (LM2).

As we intended to generalize Moufang sets, it is worthwhile to notice
when a local Moufang set is in fact a Moufang set. The structure we
added is the equivalence relation, so as one would expect, we get a
Moufang set when this equivalence relation is trivial.

Proposition 2.1.4. Let M be a local (pre-)Moufang set acting on a
set (X,~). Then M is a (pre-)Moufang set if and only if ~ is the
identity relation.

Proof. If ~ is the identity relation, (LM1) reduces to (M1). Hence
M is a pre-Moufang set. Conversely, assume M is a pre-Moufang set.
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Take any » € X and any y € X \ Z. By (M1), we find y%= = X \ {x},
but by (LM1), we get Y= = X\ Z. Hence T = {z} for all z € X, so ~
is the identity relation. Finally, (LM2) actually coincides with (M2),
so the same statement holds for Moufang sets and local Moufang
sets. g

2.1.2 Generation and transitivity

The little projective group G may seem hard to grasp, but it turns
out that it is sufficient to take two root groups in ‘general position’
to generate all of G.

Proposition 2.1.5. Let Ml be a local Moufang set, and x,y € X with
x4 y. Then (U, Uy) = G.

Proof. 1t is sufficient to show that U, C (U,,Uy) for any z € X.
Assume first that z ~ x. Then z ¢ y, so by (LM1) there is an element
g € U, such that zg = 2. By (LM2), U, = Uy C (U, U,). Similarly,
if z o4 x, then there is an element g € U, such that yg = z, so
U, =Uj C (U, Uy). O

This means that it is sufficient to give the set with its equivalence
relation and two such root groups to generate all the data of a local
Moufang set. A next natural question is whether or not it makes a
difference which two such root groups we take. It turns out that every
two non-equivalent points play the same role:

Proposition 2.1.6. Let M be a local Moufang set. The little projec-
tive group G acts transitively on {(z,y) € X? |z £ y}.

Proof. Let (x,y) and (2',y") be such pairs. We will first map = to 2.
Since |X| > 2, there is a point z € X such that x # z and 2’ % 2.
By (LM1), there is an element g € U, s.t. x - g = 2/, and hence
(z,y)-g=(2',y") for some y" # 2.

So, after renaming, we have reduced the question to finding an element
mapping (x,y) to (z,y). Since y 4 x and y' # z, there is an element
g € U, mapping y to 3/, hence (z,y) - g = (z,y). O
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These two propositions indicate that we can choose two points and
do computations involving the two corresponding root groups.

Definition 2.1.7. Let (X, ~) be a set with equivalence relation. We
say a tuple of points (z,y) in X is a basis if x % y.

In the theory of Moufang sets, there are big differences between
Moufang sets that act sharply transitive on the bases, and those
whose transitive action is not sharp.

Definition 2.1.8. When the little projective group of a local Moufang
set acts sharply transitively on {(x,y) € X2 | © # y}, we call it
improper. Otherwise, we say we have a proper local Moufang set.

To simplify matter, we will henceforth fix a basis.
Notation.

e We fix a basis (0,00) in X.
e For any z o oo, we write a, for the unique element of Uy

mapping 0 to x (which exists by (LM1)).
—1

e For z 4 0o, we set —x:=0"-ay .
As a consequence of this notation, we have oy = 1 and o L—a_,

for x 4 oco.

2.1.3 Units

In this paragraph, we will assume we have a local Moufang set with
fixed basis (0, 00).

Definition 2.1.9. We call x € X a unit if x 4 0 and z 4 co. We
denote U = {ay |  a unit} and U = U \UZ.

While the name ‘unit’ may seem odd at this time, it originates from
the projective local Moufang sets, where these ‘units’ correspond to
invertible elements (see Proposition 6.2.4). These elements will pop
up everywhere in the theory of local Moufang sets. Note that the
definition of a unit depends on the choice of basis.

There are a few other ways of characterizing the units, based on their
corresponding elements of Uy,.
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Proposition 2.1.10. Let M be a local Moufang set, and x € X \ 3.
Then the following are equivalent:

(i) x is a unit;
(1) @z does not fix 0;

(i11) @ does not fix any element of X \ 00.

Proof.

(i) < (ii). We have z = O, € Oar, so
risaunit <= 240 <= 240 < 0+#£0- 0.

(i1) < (177). The induced permutation @ is contained in Uss. By
(LM1’), this element fixes either all elements or no ele-

ments of X \ {5}. O

Corollary 2.1.11. Let M be a local Moufang set, and © € X with
x & oo. Then x is a unit if and only if —x is a unit.

Proof. This follows from Proposition 2.1.10(ii), as a—, = a; . O

Using the equivalent descriptions of units, we can now give another
description of UZ and U3, :

Corollary 2.1.12. The following equalities hold:

UX = {g € Uy | g does not fix any element of X \ 55}
={9€eUx|g#1},
UL, ={9€Ux |gfixes X} ={g€Usx|g=1}.

Proof. The first equality is immediate using Proposition 2.1.10(7%).
By (LM1’), g fixes one element of X \ & if and only if it fixes all of
X, which proves the second equality. O

As some of these descriptions do not depend on the choice of basis,
we can use them in all root groups:
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Definition 2.1.13. Let x € X, then we define

Uy? :{gEUz‘g#]l}
Uy, = U \U,) =Ker(U, — Us) .

As for oo, the elements of U,* are precisely those that do not fix g for
any y o x. By these characterizations, we can see that (U))9 = U 9
and (Up)? = Uy,

2.2 p-maps and Hua maps

2.2.1 p-maps

In a local Moufang set with a fixed basis (0, c0), we know by Propo-
sition 2.1.6 that there must be an element of G swapping these two
points. We look at the double cosets Upa, Uy, and find that there
often is an element switching our two points.

Proposition 2.2.1. For each unit x € X, there is a unique element
wy € UpaUg such that Opy = 0o and oop, = 0; it is called the p-map
corresponding to x.

Moreover, jiy = gogh € Uy o US, where g is the unique element of
Uy mapping co to —x and h is the unique element of Uy mapping x
to 0o.

Proof. Let ga,h be an element of Uya, Uy, then the conditions trans-
late to

00 = Ogazh =zh and oo =0h"ta;lg !t = (—x)g !,

so g is the unique element of Uy mapping co to —x, and h is the
unique element of Uy mapping = to co. Since z +¢ 0o, both g and h
are in Uy, and since both g and h are unique, so is . ]

Some properties of the pu-maps:

Lemma 2.2.2. Let e be a unit and write 7 = p.. Then
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(i) UJ = Uso and UZ, = U.
(i) G = (Up,Use) = (Uso, 7).

(iit) Let x € X. Then x is a unit if and only if xT is a unit.

Proof.

(i) This follows immediately from (LM2) and Proposition 2.2.1.
(#¢) The fact that G = (Up,Us) already follows from Proposi-
tion 2.1.5, and the second equality (Up, Us) = (Uso,T) then
follows from (7).
(#ii) Since T preserves the equivalence and switches 0 and oo, we
have x ~ 0 <= 27 ~ o0 and z ~ 00 <= 7 ~ 0. O

Before, we noticed that two root groups were sufficient to generate
all root groups. Now, we have seen that one root group and a g-map
suffices.

Notation.

e We henceforth fix a y-map and call it 7 (one always exists as
| X]| > 2).
e For each x 7 0o, we define v, := a € Up, which is the unique
element of Uy mapping co to z7.
Many of the following identities will be crucial in later calculations.

Lemma 2.2.3. Let x be a unit, and set ~x = (—(z771))7. Then

) pe does not depend on the choice of T;
) He = O‘E—,x)T—l Qy 047;(:”71);
) Mo = iz

(1) por = plq;
)
)
)
)

— T .
Mz = Qg (3r—1) A—rz;

(vi) ~x = —((—2)pe);
(vii) ~x does not depend on the choice of T.
(V1) fr—g = Qg b Qg fh— gy Qb — g -
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(4)
(i)

(iid)

(i)

This follows from the definition of p,.

By Proposition 2.2.1, u, = gagh, where g is the unique element
of Uy mapping co to —z and h is the unique element of Uy
mapping = to co. Hence g = y_y)—1 = aZ—I)T_l and h =
,yz_ﬂ'l—l = a;:—l = az(xﬂ'—l)'

As p, swaps 0 and oo, so does u;l € an;1U0 = Upa_,Uy.
Since p_, is the unique such element in Upa_,Uy, we must
have ;' = .

By (i), we can use (ii) with 77! in place of 7 for the right-hand
side, so we get

Par = P,
T T 1 =1 T
— « —(zr))r1 Qpr O_, = (O[:m_ a_gp a_((_x)T))
1 Oyt 047;1, = Qlgpr OzT_x Oé_((_x)T)
— 04_704_104(7_(”))7,1 Qpr 0T, = (g
< OC:;O(;}(XZ((_(IT))Tfl) oyt Ozzx = a(fx)ﬂ' .
By (LM2), the left-hand side belongs to

-
agral

U() = UO-ozz.,- ol = Uoo 5

so the left-hand side is equal to «, for

Yy = 0- Oé:;a;,gaz((_(lq_))7_71) At Oézx

= —(.’127‘) . T_la_((_(zT))Tfl)T Qgpr of_x

=o0-al, = (—x)T.

Hence the last of the equivalent equalities holds, and indeed
Par = Pl
By (i), we have

Har = O(_(ar))r=1 Car Oy

and hence by (iv),
-1

-1
Mo = 'u:mz— = Qg aT—:DT O‘f(f(ym-))v'—1 .

Since p, does not depend on the choice of 7, we can replace 7
by 77! in the right-hand side, which gives the required identity.
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(vi) When we apply both sides of the identity (v) to —z, we get
(=) po = () - a0l 1y g = 0 Qg = =~

which gives ~z = —((—x)ug).

(vii) Since p, does not depend on the choice of 7, and we have just
shown ~z = —((—x)u;), we conclude that ~x does not depend
on the choice of 7 either.

(viii) The equation (v) does not depend on the choice of 7. If we
substitute —x for x and p—_, for 7, then we get, using (vi),

H—z = O—glzgO_((—g)p ) M—zO—~—z = O—glzgOrgl—gO—rn—g -

Moving all terms except p—, from the right hand side to the
left hand side gives the result. O

Proposition 2.2.4. Let x,y € X be units such that x 4 y. Then
z = :UT_loz,(yT_l)T
is independent on the choice of 7. Furthermore,

2= DOy fly Oy ONA ~2Z = YO g flp Oy

Finally, Hylzl—z = Hya_q -

Proof. By Lemma 2.2.3(v) we get z = xaT_(yT,l) = TO_yllyQlay,
so it does not depend on the choice of 7. Now we have z = 0 -
am_la,(qu)T, SO

~z=0- (043677104_@771))*17' =0 ayr—10_(gr-1)T.
This coincides with our definition of z with  and y interchanged, so
~NZ =Yooy
For the final equality, we repeatedly use Lemma 2.2.3(v).

_ T
Pz = 020 (1) Oy

—T

=0, 4
T a—(y-rfl)

oy

= az(agr1a_(yr-1)) Qs
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= az(a:éyrl)a,(mq))Toz,,vz

=y

_ T
= a0 al 1)z

=« a Q0 (a )t
= Oga_ypyamy X—~yll—yQyQ—g g\ Oya_,puzan, X—~z
= Qo ypy H—y Yy Y—alla®—(ya_.pz)

Hence, again using Lemma 2.2.3(v) but replacing 7 by p_, and p—y,
we get

Hyfzfl—z = HyQza_yp, H—yQyX—alaC—(ya_,p,)H—x

— el a0
= On(@a_y)H—(za_y) Yooy QYA —a0—(ya_,;)Hyo s Y~ (ya_,)
= On(za_y)H—(za_y) Fva—y H—(za_y) Y~—(za_y)

= H—(za_y) = Mya_s »

using Lemma 2.2.3(viiz) for the second to last equality. O

2.2.2 Hua maps

As p-maps swap 0 and oo, products of an even number of p-maps fix
0 and co. The Hua maps are a specific case of these maps.

Definition 2.2.5. The Hua map h,, corresponding to a unit z is
the element

hpr =Tz = TO[xTilOé_(szl)T a_p €G.

)

Remark 2.2.6. Since the py-maps did not depend on the choice of
7, the Hua maps do. This is made clear by the inclusion of 7 in the
notation h, . When it is clear (or irrelevant) which 7 is used, we will
omit this addition and simply write h,.

Some basic properties of the Hua maps are the following:

Lemma 2.2.7. Let x,y € X be units. Then
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() horr = ks (i) har = W7
(i) pron, = pa'; (@) han, = h_yhy7 hy.
Proof.

(i) We have h, -1 = h;!_ if and only if 77 py = (Ter) ™!, which

XT,T

holds by Lemma 2.2.3(iv).
(i) Applying Lemma 2.2.3(iv) twice (with 7 and pu,), we get

T hy

Hah, = Harp, = Har ' = (7)™ = pa’™ = pa” .

(i) Using Lemma 2.2.3(iv), we get

har = Tpzr = T,llix = (Tlu’fx)q— = hzm :

1

(iv) Using Lemma 2.2.3(iv) twice, and inserting 7~ '7, we get
hxhy = Tlxrp, = T'u*y/lz_}:uy
= Tp_y flpr T Ty = h_yhi hy . O

The action of Hua maps on Uy by conjugation behaves well with
respect to the action on X:

Lemma 2.2.8. Let x be a unit. Then for any y € X \ &0, we have

a;‘x = ayp, . In particular, (ozyozz)hx = Qyh, zp, for ally,z € X \ 0.

Proof. Since Hua maps normalize Uy, we have QZZ € Uy. Since
Oa]y“ = Ohglayhx =yh, ,
the first equality holds. The second identity now follows immediately.
O

In particular, the Hua maps induce automorphisms of Ux:

Corollary 2.2.9. For any unit x, permutation of U defined by
Qg = Qgp, 15 an automorphism.

Finally, we consider the group generated by Hua maps. To be consis-
tent with a later definition, we define it as the group of products of
an even amount of y-maps:
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Definition 2.2.10. The Hua subgroup is

H := (pgpy | z,y units) .

As 7 is a p-map, we also have H = (h, | x a unit). Note that
H < G0, where G  is the two-point stabilizer of 0 and co. In
fact, H = G 00, as we will show in Theorem 2.3.7.

2.3 The Hua subgroup and the two-point sta-
bilizer

2.3.1 Quasi-invertibility

We define quasi-invertibility and the left and right quasi-inverse sim-
ilar to [Loo4, §4]. These notions, and the identity that follows from
them, will be important in the next two subsections.

Definition 2.3.1. A couple (z,y) € X2 s.t. © o oo and y % oo is
quasi-invertible if one of the following is satisfied: z7 % —y, z ~ 0 or
y ~0.

If (x,y) is quasi-invertible, we can associate two other elements to
the pair:

Definition 2.3.2. Let (z,y) be quasi-invertible, then we define the

left quasi-inverse and right quasi-inverse as

y=(-y)-a’, and 2 =—(z-a] ).

Note that the condition for quasi-invertibility ensures that the left
and right quasi-inverse are not in 0. Furthermore, z ~ 0 < 2¥ ~ 0
and y ~ 0 < Ty ~ 0.

Proposition 2.3.3. Let (z,y) be quasi-invertible (so x % oo ¢ y)
with y o 0, then

Oy Oy, Oty Oy = iy fly -
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Proof. By the observation above, *y ¢ 0, so the right-hand side
is defined. By Lemma 2.2.3(v), we have ey = sy AT (1) Oy
Furthermore, by the definition of *y, we have

—(yr) = =0 o _yyr-10—z) = 0 agor_(_y)-1

SO (_(ay;—1) = Qg_(_y),—1. Plugging these into our equality gives

T T _
Qury Qg Qy Ay = [y [y
T __ T
e O[y Oéxy - a*(fy)‘l'_l Olf,\,ﬂ"»y My

T T
<~ aNIya(_y)Tflay Oéxy == /,Ly .

Now we use Lemma 2.2.3(i7) to find py = aziy)T_layo[(yT_l), chang-
ing the identity to prove to
Quay O Oty Oy = iy [y
T T T
e Oéwl‘xy()é(_y)q_floéy Ay = Oé( y)TflayOd_(nyl)
T T -1 _—7
= Qo )1 Oy gy Q1 Qg 1x
Now we have
-1 _ -7
T T T -1_-7 Y Tyt
Q)10 Qg Oy 1 QY Ly eU, = Uo.agla(f_fw_l

by (LM2), and

0- a;la(_fy)T_l =(~y) T a_(_yrT

=(-y)T a7 =0T =00,

so the left-hand side of our last identity to prove is an element of Ux..
To prove it is the identity, it is now sufficient to prove that it maps 0
to 0, by (LM1). Note first that ~" = xa(_ly)T,lT. We have

T _lafla—’r

T T
0 - QO 1Oy Qg Q1 0y (L)1

_ —1 T T -1 _ -7
= rx r—1TOY OézyOénylOé (% yr—1

-1
1 TT O _
(=)t 2 Yy (-y
_ 1 T -1 -7
=Ty QguTO Oy 0y

(Y. T -1 _ -7
= (—aY) QT a0y o’
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f— . T p— . T
=0 Qyr 1 TA_y Qo1 = Y - QO (v

=00y =0,

so the identity holds! O
Remark 2.3.4. We could prove a similar identity to the one in the

above lemma, in the case where x 7¢ 0. In this case, we have

T T _
Quzy QU Oty Oy = [l gy -

2.3.2 A Bruhat decomposition of G

By refining the argument in Proposition 2.1.6, we will be able to obtain
decompositions of the little projective group GG which resemble the
Bruhat decomposition. This is based on a case distinction depending
on where the basis (0, 00) is mapped to by a given element.

Proposition 2.3.5. The little projective group G can be split into a
disjoint union

G = UQGQOOUOO U U()G(),OOTUE)3 .

Furthermore, the decomposition of an element of G is unique in each
of the cases.

Proof. Let g be in G and denote (z,y) = (0,00) - g. Now there are
two mutually exclusive cases:

x ~ 00: In this case there is a unique ug € Uy such that x - ug = oo.
Since ug fixes 50, we have ug € Uj5. We get

(IL‘, y) ’ uOT_l = (07 y/)

for some 3’ # 0. Hence there is a unique uf, € Uy such that
y' - uf, = 0o, so we get

1 1

U6 = (xvy) SuUQT U6
= (073//) ' U’6 = (07 OO) )

(07 OO) S guoeT
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so guoT tufy = h € G 0. Hence
_h-l,
g= ug h hruyg Le UoGo,eTUy -

Note that since ug and u6 are unique, so is h, and hence the
entire decomposition.

x # oo By (LM1), we find a unique us € Uy such that z - us = 0,
50 (z,Y) - uso = (0,9'). Next, we find a unique ug € Uy such
that v - ug = oo, so

(0,00) - guocto = (%, y) - Usotio = (0,4") - ug = (0,00) .
This means gusug = h € Gy 0, SO

g=ug" huZl € UpGooolUse

Again, since ug and us, are unique, so is h and the entire
decomposition. ]

By making similar case distinctions, one can get different decomposi-
tions, for example

G = UooGO,ooU(;) U UooGO,ooTUoo .

For this decomposition, we would separate two cases: oo - g ~ oo or
00 - g 74 0o. In particular, we can check that if we take g € U5Us, we
always end up in the first component U, Go U, i.e.

USUse C UnsGo.0oU¢ - (2.1)

In Subsection 2.3.3 below, we will show that Gy = H. A first
step towards this consists of showing that the inclusion (2.1) holds
with Go,« replaced by H. To obtain this, we will need the notion of
quasi-invertibility we introduced.

Proposition 2.3.6. In a local Moufang set, UjUs, C UsxcHUj.

Proof. We will show this in two steps. First, we will prove that

USUX C UXHUS, (2.2)
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and from that we will deduce the general inclusion.

So take an arbitrary element of UjUZ, and denote it by ala,. Then
x ~ 0 and co ¢ y £ 0, so (x,y) is quasi-invertible. By Proposi-
tion 2.3.3, we have

T _ T X o
Qg Qy = Qay flay fly @y € U HUy

since 0 o0 —*y ot 0o and —z¥ ~ 0. This proves (2.2).

For the general inclusion, we use the fact that if we have o, € US,, we
can split it up as ay = ay e, for units ¢ and e; indeed, units exist,
and if e is a unit, then ozyae_l does not fix 0, so ¢/ is also a unit. So
we get

UsUse € UgUUs € ULHUGUZ
C UXHUXHUS = UXUXHUS C Usg HUS

where we have used (2.2) twice, as well as HUX = U H.

Putting these two inclusions together, we get

USUse = USUX UUSUS, CUXHUS UULHUS = U HUS . [

2.3.3 The Hua subgroup is the two-point stabilizer

In the case of Moufang sets, one can use the Bruhat decomposition to
prove that Go -, = H, and as a consequence that the point stabilizer
Go = UpH. In the case of local Moufang sets, the additional Uy
in the decomposition seems to cause further difficulties in the proof.
However, using Proposition 2.3.6, we will be able to resolve these
difficulties, and we will again be able to prove that the Hua subgroup
coincides with the full two-point stabilizer of 0 and oo in G.

Theorem 2.3.7. For a local Moufang set M, we have the decompo-
sitton

G =UyHUx U UgHTUj
and hence Go = UpH and H = Go -
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Proof. Let K = UyH = HUy. We will examine the set
Q=KUxUKTUy ;

our aim is to prove that it equals G. More precisely, we will show that
Q{Us, 7y = QG C @, from which @ = G will follow immediately. We
will do this for each of the two pieces of () separately.

(1) We will first show that KU, G C Q. It is immediate that

so all we need to prove is that KU.7 C @, or equivalently, that
Ka,m C Q for all o € Ux. Assume first that a, € U3 ; then
ay € Ug, so

Ko,m=Kra, CKTtU; CQ.

Finally, when o, € U \US, = UZ, we have
,U'ara; = az—faT)‘r—l Qqr

by Lemma 2.2.3(ii). Since pq,7—+ € H C K, this implies

1

Kao,m = Kra] = Kjig, 7 1a) = Ka(T_aT)

-1 Qqr CKU.
(2) We will now show that K7USG C Q. We have
KrU§T = KT°U3 C KHU, = KUy € Q

so we need to prove that K7UjUs C (). We now invoke Propo-
sition 2.3.6, and we get

KTtUyUs € KTUxHUS = KUgHTUy; = K7Uj5 C Q.

We conclude that QG C @, and hence () = G as claimed.

We now know that G = UgyHU UUgHTU. If we take an element g in
the point stabilizer Gg and look at the two possibilities of decomposing
g, we get g € UpH, so Gg = UpH. If we assume in addition that
g fixes 0o, we also see that the factor in Uy must be trivial, hence

Gooo = H. O
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We can use this to give a different definition of improper local Moufang
sets:

Corollary 2.3.8. For a local Moufang set Ml, the following are equiv-
alent:

(i) M is improper;

(it) H is trivial;
(#41) pe = py for all units x and y.



MAIN CONSTRUCTION

In the theory of Moufang sets, T. De Medts and R. Weiss found a way
to construct Moufang sets using a minimal amount of information.
We generalize this construction to local Moufang sets, requiring a set
with equivalence relation, a group and one permutation, satisfying
some basic properties. We generate the data for a local pre-Moufang
set, but without extra assumptions, this is not necessarily a local
Moufang set. In Corollary 3.2.5, we prove some useful necessary and
sufficient conditions to ensure we get a local Moufang set.

3.1 How to construct a local Moufang set

We already know that, if we have a local Moufang set, then G =
(Uso, 7). We now consider the converse: given a group U and a
permutation 7, both acting faithfully on a set with an equivalence
relation, we will try to construct a local Moufang set. Of course, we
will need additional conditions on U and 7.

Construction A. The construction requires some data to start with.
We need

(1) a set with an equivalence relation (X, ~), such that |X| > 2;
(2) a group U < Sym(X, ~), and an element 7 € Sym(X, ~).

The action of U and 7 will have to be sufficiently nice in order to do
the construction.

(C1) U has a fixed point we call oo, and acts sharply transitively
on X \ 3.
(C1’) The induced action of U on X is sharply transitive on X\ {30}.

57
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(C2) oot o 0o and cor? = co. We write 0 := coT.
In this construction, we now define the following objects:

e For = o 0o, we let a, be the unique element of U mapping 0 to
x (this exists by (C1)).
e For x + oo, we write v, := al, which then maps co to z7.

o We set Uy, := U and Uy := UZ,. The other root groups are
defined as

Uy :=Ug™ for x o oo, U, :=Ul""" for z ~ cc.
This gives us all the data that is needed for a local Moufang set; we
denote the result of this construction by M(U, 7).

This construction does not usually give a local Moufang set, but it
always is a local pre-Moufang set.

Proposition 3.1.1. The construction M(U, T) is a local pre-Moufang
set.

Proof. We first show (LMO0). Let z ~ y and suppose they are not
Z1
equivalent to co. Then Up® “ = U, by definition. Now o 1ay is

in U, and fixes Z. By (C1’), this implies that a;lay = 1, so the
induced action of U, is the same as that of U,. If x ~ oo, we have

U, = Usz™". We now want to see what the induced action of ~,,-1
is. We have

Vor 1 =T Yo, 1T.

Remark that 2771 ~ 0, so
Oy, -1 =7 1~ 0,
hence ay, -1 fixes 0. By (C1), a,—1 =1, so

Vet =TT =1,

and hence U, = Us,. Now for all  ~ y ~ 0o, we havem:?:@.

By (C1), (LM1) holds for Us. Now, by definition, any other U, is
equal to U, = g 'Usg for some g with cog = z. It follows that
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each U, fixes x and acts sharply transitively on (X \30)g = X \ Z, so
(LM1) holds for all root groups.

Similarly, (LM1’) holds for Uss because of (C1’) and since Uss fixes
36 because Uy, fixes co. As before, any U, is equal to UL = g '1Usyg
for some g with cog = x, so Uz is the induced action of U, on X.
This implies that Uz fixes 30g = T and acts sharply transitively on

(X \{}Hg =X\ {z}. -

In alocal pre-Moufang set given by the construction, we now introduce
some notation that we already know from the theory developed in
Chapter 2.

Notation.

e We call z € X a unit if x ¢ 0 and x ¢ oo.
e For z # 0o, we set —x = O L.

For a unit x, we define the y-map to be

Ha = Y(—g)r—1 ¥z —(g7—1) -

For a unit x, we define the Hua map

hac = TOéxTilOz_(m_—l)TOé_(_(m_—l))T .

We set H := (pigfiy | x,y units).
We set G := (U, | z € X).
We set Uy = {7, € Uy | z ~ 0}.

Remark 3.1.2. The p-maps in this context are identical to the p-
maps as in Proposition 2.2.1. As a consequence, Lemma 2.2.3(i7) and
(411) still hold for these p-maps.

On the other hand, we cannot ensure h, = Tu,, as this requires
Lemma 2.2.3(v). The proof of this identity requires (LM2) in the proof
of Lemma 2.2.3(iv), though it can be shown using weaker assumptions.
This is precisely what we will do in the next section to characterize
when M(U, 1) gives rise to a local Moufang set.
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3.2 Conditions to satisfy (LM2)

To ensure that Construction A gives a local Moufang set, we will need
more information about the action of the Hua maps. We will first
prove a few lemmas. Throughout this section, we let M(U, 7) be as
in Construction A.

Lemma 3.2.1. Let x € X be a unit. Then the following are equiva-
lent:

(i) Ule = Uoo;
(id) Zo =U,.
(1) U™ = Uso;

Proof.
(i)<(ii). We have

AT (g )T ((zr 1))

Uoo = UOO

_afz‘r*lT a*fIJTilT
— U, @ DT _ -

where we only use the definitions of the root groups in

M(U, 7).
(i1)<(1ii). We have U§* = UV( DTt @rmh  g=emTh g the
equivalence follows. O

Lemma 3.2.2. The following are equivalent:

(7) Uhf” = UOO for all units © € X ;
(i) = Ux for all units v € X;
) U““” = U for all units x € X;
(iv) Uy = U“z for all units v € X.

Proof. The equivalence of (i)-(ii7) is immediate from the previous
lemma. The equivalence between (iii) and (iv) follows by replacing x
with —z and noting that pu_, = p ' O
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Lemma 3.2.3. Assume that h, normalizes U for all units © € X.

Then

(@)
(@)

Ur=U forallh € H;
UgUs C U HUS .

Proof.

(@)

(@)

By Lemma 3.2.2, U* = Uy and Uy = ULS for all units x.
Now H is generated by all products of two u-maps, which all
normalize Uy, so any element of H normalizes Uy.

We can follow the proof of Proposition 2.3.6 mutatis mutandis.
Note that we used (LM2) only twice: once in the proof of
Lemma 2.2.3(iv), and once in the proof of Proposition 2.3.3.
In the proof of Lemma 2.2.3(iv), we need that

-
agral

for any unit x. Now, by the definitions of the root groups in
the construction, we get

QT a:z a;"' o
Uy =Uyx <= Uy =Ux
= Uy =UL

’}Iz'r"r71
= Uy = U7 .

This final identity is true by the assumption and Lemma 3.2.2.
In the proof of Proposition 2.3.3, we need that

-1 -7
Qqy

_)r—1
UO (—v) — Uoo

for any unit y. Again, by the definitions of the root groups in
the construction, we get

-1 _ —7
Qy

. =1 OéT, +—1
Uy T =Ux <= U_y=Us"

Tyt
—= U_y=Uxs"’ ,

and the final equality again holds by Lemma 3.2.2. O
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This additional assumption will also be sufficient to ensure that the
construction is a local Moufang set.

Theorem 3.2.4. Let M(U, T) be as in Construction A. Then M(U, T)
s a local Moufang set if and only if hy normalizes U for all units x.

Proof. Assume first that M(U, 7) is a local Moufang set. By (LM2),
all y-maps send Uy to Us. By Lemma 3.2.2, this implies that all Hua
maps normalize U = Ux.

For the converse, we have already shown that M(U, 7) is a local pre-
Moufang set, so what remains to show is (LM2). Fix some unit e € X
and write g = p.. Then, by our assumptions and by Lemma 3.2.2,
Uz C (Uso, Up) = (Uso, ) for any z € X, so G = (Uso, ). In order
to show that Uj = Uy for all g € G and all z € X, it is sufficient to
show that U} = U, and Uz = Uyga, for any y o .

We start by showing Uy " = Uga, forallz € X and y € X s.t. y £ 0.
We distinguish two cases.

x o oco: In this case, we have U, = U§*” by definition. Since Uy is
a group, we have o o, = a, for some z, and by looking at
the image of 0, we find z = 2y, so indeed UV = Ug‘z% =
Uy ™ = Uga,.

z ~ 0o: By definition, Ug? = Usem Y. Since Ver-10y € UgUs, we
have 7,,-10y = uhvy, for some v € Uy, 2 ~ 0 and h € H.
By calculating the image of 0o, we see 27 = xay. So we get

uhy 1 1

a Yopr—1Q
w = U™ ' =Us

. -1
= UogayT = UZ'OM/ )

TayT

— U:’o'yzay'r_

where we used Lemma 3.2.3(7).

Secondly, we need to show that UL = Uz for all x € X; we make the

same case distinction.

z 6 co: We have Uy = Ug™t = Uémg = Uggi. Now of € Uy, so
aly = 7, for some z, and by checking the image of co we
find zr = xp. If zp ~ oo, we can use the definition of a

root group to find Ugoﬁ = Ugg‘”il = Uy Ifxp £ oo, zp
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is a unit (as © % oo, we also have zu ¢ 0), so we have
U = Upe* ™' = U,, by Lemma 3.2.2(ii).
. W g Yer—1H IW;;—1 _ ’Y:T—l m

x ~ 00: We have Uy = Ud = Uy =U, . Now Voro1 €
Us, sO ’y;‘ .—1 = a for some z, and by checking the image of
0 we find xpu = z. Notice that since x ~ oo, we have xu ~ 0,
S0 we can use the definition of the root group of zu to get

"/sz1

Uyem™" = U™ = U, 0

Combining the previous theorem with Lemma 3.2.2 gives more equiv-
alent conditions:

Corollary 3.2.5. Let M(U,7) be as in Construction A. Then the
following are equivalent:

(i) M(U,7) is a local Moufang set;
(it) Uts =U for all units v € X;
(56i) U™ = UM for all units v € X.

Remark 3.2.6. In Construction A, we started with a root group
and a specific element 7. We could also construct a local Moufang
set using two root groups corresponding to elements that are not
equivalent. I.e. assume we have the following data:

(1) a set with an equivalence relation (X, ~), such that |X| > 2;
(2) two groups U,U’" < Sym(X, ~);

and assume these satisfy

(i) U fixes an element we call oo and acts sharply transitively on

X \ 555

(") U acts sharply transitively on X \ {0};

(i1) U’ fixes an element we call 0 and acts sharply transitively on
X\0;

(i1’) U’ acts sharply transitively on X \ {0};

(4ii) 0 o 0.

With this data, we set Uy := U and Uy := U’. We now define

Uy :=Ug* for x o 0o Uw::Uggforxwoo,
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where a, € Uy, is the unique element mapping 0 to x, and (, € Uy is
the unique element mapping co to x.

This again gives rise to a local pre-Moufang set, and we can still use
the same argument as Proposition 2.2.1 to get p-maps. We could
then prove that this construction gives a local Moufang set if and
only if U = U’* for all u-maps. In the examples, we will sometimes
use this approach by defining two root groups, as in Chapter 7, but
we will always return to Construction A and Theorem 3.2.4 to prove
we have a local Moufang set.



4 CATEGORICAL
NOTIONS

In this chapter we develop the categorical theory of local Moufang
sets. We introduce the natural substructures we call local Moufang
subsets, homomorphisms of local Moufang sets, and this gives rise
to quotients and finally the category of local Moufang sets. We use
these notions to determine when inverse limits of local Moufang sets
exist, and to construct these inverse limits. We will use these inverse
limits in Section 6.3.

4.1 The category of local Moufang sets

4.1.1 Local Moufang subsets

It is natural to look for substructures in a local Moufang set M =
(X, (Uy)zex) that are also local Moufang sets. Let Y C X and assume
Y] > 2. By changing the basis in X, we can assume 0,00 € Y.
Without loss of generality, we add this as an assumption. We want to
use Construction A to ensure our subset gives rise to a local Moufang
set, so we need a root group and a 7.

Definition 4.1.1. Let M = (X, (U,)zex) be a local Moufang set and
Y C X such that 0,00 € Y and |Y| > 2. If

(S1) V:={u €Uy | Ou € Y} is a group;

(S2) Yo CY forallvelV,

(S3) there is a unit y € Y such that Yy, =Y,

then M(V, i) is a local Moufang subset of M. We call M(V, ) the
local Moufang subset induced by Y.

65
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Proposition 4.1.2. If M(V, i) is a local Moufang subset of M, then
it is a local Moufang set. For all unitsy' € Y, Y, =Y.

Proof. We first remark that the conditions (C1), (C1’) and (C2) are
satisfied: the first and the second follow from the corresponding
properties of M, while the third is immediate as p, is a y-map of
M. We also observe that for any v € V we also get Yv™! C Y, so
Yv=Y.

To finish the proof that we get a local Moufang set, we first observe
that

Vo=V ={u" |u € Ux,0uc Y}
={ueUy|ooueYpu,}={uely|ooueY},

and Yo" = Yvpuy, = Ypu, =Y. Now for any unit ¢/ € Y, the map
ty preserves Y (as it is a composition of elements of V' and Vj which
both preserve Y'), and it is the restriction of p,, in M. Hence by the
same argument as for u,, we get

Vi ={uecUy|oouecY} =1V,

and this shows M(V, 1)) is a local Moufang set by Corollary 3.2.5. [

4.1.2 Morphisms of local Moufang sets

Next, we would like to define homomorphisms between local Moufang
sets. Let My = (X, (Uyz)zex) and My = (Y, (Vy)yey) be two local
Moufang sets (where we denote both equivalences on X and Y by
~). A morphism from M; to My will be induced by an equivalence-
preserving map from X to Y, i.e. ¢: X — Y such that z ~ 2/ —
xp ~ 'p. Furthermore, we want to ensure that ¢ interacts nicely
with the root groups. We demand U,y C ¢V, for all z € X. This
corresponds to the natural definition for Moufang sets introduced by
De Medts in [DM], although he thought it to be a ‘bad attempt’ at
the time, since homomorphisms of Moufang sets are always injective.
O. Loos observed that this definition did make sense in [Loo4|. The
same ‘problem’ arises here:
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Lemma 4.1.3. M; = (X, (Uy)zex) and Mo = (Y, (V,))yey) be local
Moufang sets and p: X — Y an equivalence-preserving map such
that Uy C @Vyy for all x € X. Then one of the two following cases
oceurs:

(i) zp~a'p = x~a foralx 2 € X;
(i1) xp ~ 2’ for all z,2" € X.

Proof. Suppose there are z,2’ € X such that xp ~ 2'p and x # 2’
Take any & € X, then without loss of generality, we can assume
Z o x. Hence there is an element u € U, such that 2’u = Z. By the
assumption, there is an element v € V,, such that uy = ¢v, so

2o =2'up = 2 pv ~ v = TP |

hence Zyp ~ xyp, so indeed xp ~ z'p for all z,2’ € X. O

We want to avoid the second case, as this would mean that the
equivalence on Im(¢p) has only one equivalence class (and we would like
the image to be a local Moufang set). Hence the following definition
for homomorphisms of local Moufang sets:

Definition 4.1.4. A homomorphism between two local Moufang sets
My = (X, (Uz)zex) and My = (Y, (V})yey) is a map ¢: X — Y such
that x ~ 2’ if and only if zp ~ 2/p for all z,2’ € X and

Usp C oV forallz € X . (H)

Note that the identity map on X is an identity homomorphism of M
and that the composition of two homomorphisms is again a homo-
morphism.

Remark 4.1.5. The assumption on ¢ saying that z ~ z’ if and only
if zp ~ 2/p for all z,2/ € X implies that there is a well-defined
injective map ®: X — Y:Z — Tp. If we have a composition of
homomorphisms of local Moufang sets, we immediately get

poth=poy.

If the local Moufang sets are in fact Moufang sets, both types of
homomorphisms coincide.
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Proposition 4.1.6. Let Ml and M’ be Moufang sets. Then @: M —
M’ is a homomorphism of local Moufang sets if and only if it is a
homomorphism of Moufang sets.

Proof. The condition (H) coincides for both homomorphisms of local
Moufang sets and of Moufang sets. Now, as M and M’ are Moufang
sets, the corresponding equivalence relation on the sets is the identity
relation. This means

(x~a = zp~2p) = (x =2 = zp=1p)

<=  is an injective map .

Hence the second condition for being a homomorphism of local Mou-
fang sets is equivalent to being a homomorphism of Moufang sets. [

From the map ¢, we immediately get homomorphisms between the
root groups:

Lemma 4.1.7. Let ¢ be a homomorphism from My = (X, (Ug)zex)
to My = (Y, (Vy)yev)-

() For all x € X we get a homomorphism 0y : Uy — V., such that
0. (u) is the unique element of Vy, for which

up = pl(u) . (H")

(@) Let x € X, u € Uy, v € Vo and o' € X \T. If 2'up = 2/pv,
then v = 6,(u), so up = @uv.

Now choose the bases in X and Y such that Oy = Oxp and coy =
ocoxy (we often just write 0 and oo, so 0p = 0 and cop = 00). Let
zeX.
(#1) If x o¢ 00, we have O () = iz and (—x)p = —(x@).
(w) If x is a unit, then so is xp and pgp = Qze. If we have the
unique expression [y = gagh, for g,h € Uy, then

e = 00(g)awpbo(h) -

(v) If x is a unit, then (~xz)p = ~(xp).
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(vi) Denoting Hy and Hs for the Hua subgroups of My and My, we

have Hip C @Hs.

Proof.

(i) Take v € U,. By (H), there is an element v € V,, such that

(i)
N

(v)

up = @v. Now take any 2/ # xz, then x'up = z'¢v, so v
is the unique element of V., mapping 2’y to z'up (observe
that 2’p £ xp). Hence v is uniquely determined by u, so we
can set 0,(u) = v. Now 0,(1x) must map 2’y to z'p, hence
0:(1x) =1y. Finally

ol (ur) = ' = upha(u') = @0 (u)0 () ,

so by unicity, 0, (uu') = 0,(u)0,(u’). Hence 6, is a group homo-
morphism.

This follows from the first statement.

By the definition of a homomorphism, x 4 c0 = zp # oo.

By (H"), 6(cz) maps 0p to O = ¢, hence oo () = Qg
As 6, is a group homomorphism,

(=2)p = 0a;'p = Opag, = —(z9) .
By the assumptions on ¢, ¥ 0 = zp ¢ 0 (and as before
TP b ), 80 zp is a unit. Now, by Proposition 2.2.1, u, = gah,
with g,h € Uy the unique elements such that cog = —z and
xh = oo. Hence

pap = gazhp = ©bo(g)aapbo(h) ,

and 6y(g),00(h) € Vp are the unique elements such that

ooblo(g) = —(wp) and zpdy(h) = oo .

Hence, again by Proposition 2.2.1, 0y(g)azu00(h) = pizp, so
indeed pp0 = Qpzep.
By Lemma 2.2.3(vi), ~x = —((—2)pz), S0

(~z)p = (—((—2) ) = —((—2) prap)
= _((_x(P)IUmp) = N(HXP) .
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(vi) As the Hua subgroups are generated by p-maps, this follows
from (iv). O

If we have a homomorphism from Mj to My, we will henceforth
assume that we chose 0 and oo in My in such a way that 0p = 0 and
oo = oo. It turns out that there is a tight connection between the
different #-maps: they are all ‘conjugate’ in the following way:

Lemma 4.1.8. Letx € X and y,z € X \T. Let g € U, be the unique
element such that yg = z. Then the following diagram commutes:

i.e. 0,(u9) = 0, (u)l=(9).

Proof. Remark first that both 6,(u9) and 6, (u)%(9) are in V,,. By
(H"), 6.(u?) is the unique element of V., such that ¢f,(u?) = uey,
but

ulp = gug~' = p0.(9)0, ()0 (9) " = By (u)*?
so the desired equality indeed holds. O
One corollary to this is that a similar conjugation property holds for
the py-maps:

Corollary 4.1.9. Let z € X be a unit, then Oy(uH*) = O (u)!=¢, or
equivalently, to following diagram commutes:

u — ut=
Uy ————— Uy

90\[ leoo
v > pHee

Vo —— Vs

Proof. We look at the following diagram, with u, = gayh, for g, h €
U():
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g Oy h
Us U — U y Uy U— U y U, U— U y Us
90l 90l 0z leoo
0o(9) o o (h)
VE) V= >‘/0 V= v ‘P>V$@ V= )Voo

The first square commutes as 6y is a group homomorphism, and the
other two squares commute by the previous lemma. Hence the entire
diagram commutes. As fip, = 0o(g)azpobo(h), this means the diagram
from the statement commutes. O

Using Lemma 4.1.8, we also get some nice connections between prop-
erties of the mapping ¢ and corresponding properties of the #-maps.

Corollary 4.1.10. Let ¢ be a homomorphism from My to My. Then
the following are equivalent:

(i) @ 1is injective;
(i1) 6y is injective for all x € X;
(#ii) O 1is injective for an x € X.

Proof.

(i) = (i1). Take any z € X and assume 0, (u) = 1 for u € U,. Then

up = phy(u) = ¢,

So as we assume ¢ is injective, u = 1. Hence 0, is
injective.

(i) = (i). Assume we have x,2’ € X such that zp = 2’p. Now
take z € X such that x,2” € zZ. Then there is an element
g € U, such that zg = /. Hence

zp =1 =190 = x¢0.(g) .

As V., must have a unique element mapping zp to x¢p,
we get 0,(g) = 1. Since 6, is injective, this means g = 1
and hence ' = xg = z, so @ is injective.

(41) = (i22). This is immediate.
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(i) = (i1). Let # € X be such that 6, is injective, and take any
2’ € X. Now take z € X such that x,2’ € Z. Then there
is an element g € U, such that zg = 2/. By Lemma 4.1.8,

O, (u)=9O7" = 0, (u) .

Hence if 0, (u) = 1, then 6,(u? ) =1,s0ud =1 and
u = 1. This means 6, is injective. O

Corollary 4.1.11. Let ¢ be a homomorphism from My to Ms. Then
the following are equivalent:

(i) @ is surjective;
(id) 0, is surjective for all x € X;
(iit) O, is surjective for an x € X.

Proof.

(i) = (i1). Take any x € X and any v € V,,. Let y € Y \ 7@, then
v is the unique element of V., mapping y to yv. As ¢
is surjective, there are 2,2’ € X such that zp = y and
2o = yv. As y and yv are not equivalent to zyp, we
know z and 2’ are not equivalent to x. Hence there is an
element v € U, mapping z to 2. We get

yv = 2o = zup = 290, (u) = yby(u) ,

so v = 6,(u) and 0, is surjective.

(ii) = (i). Take y € Y. Now there is a point x such that zp % y.
Take any 2’ ¢ x, then there is an element v € V,,, such
that 2'ov = y. As 6, is assumes surjective, there is an
element u € U, such that v = 0,(u). Hence

y =2"ov=2a"¢0,(u) = 'up ,

so y is in the image of ¢ and ¢ is surjective.

(41) = (i1). This is immediate.

(1) = (i1). Let x € X be such that 6, is surjective, and take any
2’ € X. Now take z € X such that x,2’ ¢ Z. Then there
is an element g € U, such that zg = 2/. By Lemma 4.1.8,
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O, (u9) = 0, (u)?9. Now if v’ € Vy

/¢, there is an element
v € Vg, such that v = v%2(9) and there is an element
u € U, such that 0,(u) = v. Hence 0, (u9) = v, so 0,
is surjective. O

Combining these shows that the inverse map to a bijective homomor-
phisms is again a homomorphism.

Corollary 4.1.12. If ¢ is a bijective homomorphism from My to Mo,
then o~ is a homomorphism from My to M. In this case the -maps
are group isomorphisms.

Proof. Clearly, as © ~ 2/ <= zp ~ 2’p and ¢ is bijective, we get
ot~ = 2~

As ¢ is surjective, (H’) implies that U, = ¢V, for all z € X. Hence
ngp_l = o 1U, for all z € X, and as ¢ is bijective,

Vygp_l = <p_1Uy<p71

for all y € Y. In particular, Vo=t C (p’lUWq.

By the previous corollaries, the #-maps are injective and surjective
group morphisms, hence they are group isomorphims. O

Using this corollary, we can define isomorphic local Moufang sets

Definition 4.1.13. Two local Moufang sets M; and My are isomor-
phic if and only if there is a bijective homomorphisms between them.

An equivalent way of defining isomorphisms is the following;:

Proposition 4.1.14. Two local Moufang sets M = (X, (Uy)rex)
and My = (Y, (Vy)yey) are isomorphic if and only if there is a bijective
map ¢: X —Y and for each v € X an isomorphism 0,: Uy — Vy
such that

(i) x ~ 2! <= zp~a'p foralzx € X;
(i1) up = @b(u) for allu € Uy and all x € X.
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Proof. Assume such ¢ and 6, exist. By the assumptions, ¢ is a
bijective map. Now take any x € X and any u € U,, then

up = 90930 (u) € @chp »
so ¢ is a homomorphism of local Moufang sets.

Conversely, assume M; and My are isomorphic. Then the bijective
morphism ¢ and its induced #-maps satisfy the conditions. O

We can also check when two local Moufang sets given by Construc-
tion A are isomorphic.

Proposition 4.1.15. Let M(U, ) and M(V,7") be two local Moufang
sets acting on X and Y, constructed using Construction A. If there
is a map ¢: X =Y and a group morphism 0: U — V such that

(i) x ~2' <= zp~2'p foralzx eX;
(#1) up = pb(u) for allu € U;
(4ii) T = T’
then ¢: M(U,7) — M(V,7') is a homomorphism of local Moufang
sets. If p is a bijection, then M(U, ) and M(V,71") are isomorphic.

Proof. With 6, we first construct a group morphism 6,: U, — V,
for every x € X. We set 0, = 0. Next, we set
Op: Uy — Vi ur— 7’71000(11771)7" i

1

As 771 = 7’71, we have up = @fy(u) for all u € Uy. Finally, we

get two cases:

a;é@o(uo‘gl)aw for x o o0

-1

Op: Uy = Vit u— 1
736907,_1000(1[7” JVapr—1 for o~ oco.

By up = @bso(u) for all u € U and up = pby(u) for all u € Uy,
we get gz = pag, and y,-1p = gpfy;PIT,,l. Hence for all u € U,,
we get up = @f,(u). As a consequence, Uy C @Uyy,, so ¢ is a
homomorphism of local Moufang sets.

If ¢ is also a bijection, Corollary 4.1.12 shows that M(U, 1) and
M(V, 7') are isomorphic. O
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4.1.3 Images and quotients

After defining homomorphisms, we want to check that the image of a
homomorphism induces a local Moufang subset.

Proposition 4.1.16. Let ¢ be a homomorphism from M; to Ms.
Then Im(p) induces a local Moufang subset of My with root groups
Wy :=1Im(0,) for all y € Im(p) and x € X such that xp = y.

Proof. We first prove that the proposed root groups are well-defined.
Assume y = xzp = 2'p for z,2' € X. There is a point z € X not
equivalent to z and 2’ and an element g € U, with zg = ¢. By
Lemma 4.1.8,

02 (u) = Oy (u?)

for all uw € U,. As u — w9 is a bijection, this means Im(6,) = Im(6,/).
Now we check what the induced local Moufang subset would be.
{veVu |velm(p)} ={veE Vs |Tr e X: 0v=urp}

= {v € Vo | 0v = 0 for some a, € Uy}
={0o(v) | u € U} = Im(0) = Wi

As this is the image of a group homomorphism, it is a group, so (S1)
holds. Secondly, if w € W, there is an element u € Uy such that
row = Pl (u) = zup € Im(p) ,
so Im(p)w C Im(p) and (S2) is satisfied. Finally, take any unit
' € X, then 2/ is a unit in My and we get
TPy, = Tl € Im(p)
TPy, = TPp_atp = Th_pp € Im(p) |

so Im(p)p, = Im(p), proving (S3). O

It seems plausible that we could define the kernel of a homomorphism,
and study what type of substructure would give rise to natural quo-
tients of local Moufang sets. At this point, we avoid this and simply
define quotients of local Moufang sets as the images of surjective
homomorphisms:
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Definition 4.1.17. We call a local Moufang set My a quotient of
another local Moufang set M if there is a surjective homomorphism
from M to Ms.

When we first defined local Moufang sets, we also observed that there
is natural Moufang set induced by every local Moufang set M. We
called this Moufang set the quotient Moufang set of M, which seems
to indicate that this is indeed a quotient.

Proposition 4.1.18. Let M = (X, {U, }zex) be a local Moufang set.
Then the map m: X — X: x — T is a surjective homomorphism to
the quotient Moufang set M. Hence M is a quotient of M. For all
x € X, the induced group homomorphism 0, is given by 0,(u) = .

Proof. As 7 is clearly surjective, we only need to check if 7 is a
homomorphism of local Moufang sets. First observe that z ~ z’
if and only if Z = 2/, and this is equivalent to xm ~ 2’7, as the
equivalence on the quotient Moufang set is equality. Next take any
2 € X and any u € U,. Then for the induced action % of v on X, we
get umr = 7w, so Upym C wlU5. O

The quotient Moufang set of a local Moufang set has more useful
properties in connection to homomorphisms. For one, any homomor-
phism ¢ induces an injective homomorphism of the quotient Moufang
sets:

Proposition 4.1.19. If ¢ is a homomorphism from My to M, then
@ is an injective homomorphism from M to Ms.

Proof. By Remark 4.1.5, 3 is an injective map from X to Y. As the
equivalence in this case is equality, we get T = 2/ < Tp = 2'p.
Next, let @ be in Uz for some T € X. Then for any 2/ € X, we have

"up = 2'up = 2/l (u) = ?Eﬁx(u) ,

so up = pby(u) € Vg, hence Uzp C pVip and @ is a homomor-
phism. O

As a consequence of this, we find that the quotient Moufang set is
the universal quotient of M in the following sense:
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Proposition 4.1.20. Let ¢: My — My be a surjective homomor-
phism. Then ©: My — My is an isomorphism such that

MlL)MQ

“l @l

commautes.

Proof. By the previous proposition, @: M} — M, is an injective
homomorphism. But as ¢ is surjective, so is @, so P is a bijective
homomorphism. By definitions of 71, m2 and P, we have

(zp)my = TP =T =2mP,

so the given diagram commutes. O

4.1.4 The category LMou

Now that we have a notion of homomorphisms of local Moufang sets,
we can define a category:

Definition 4.1.21. The category of local Moufang sets LMou is the
category with local Moufang sets as objects, and the homomorphisms
as defined before as morphisms.

It is of interesting to observe the relations between LMou, Mou and
Set.

Proposition 4.1.22.

(i) The mapping I: Mou — LMou: M — M adding the identity
relation as equivalence relation is a full and faithful functor.
(it) The forgetful functor F: LMou — Set: M — X is a faithful
functor.
(i17) The mapping Q: LMou — Mou: M +— M is a functor.

Proof.
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(i) The induced action on morphisms is I(¢) = ¢. Clearly, this
means [ is faithful. Now assume ¢: M — M’ is a homomor-
phism of local Moufang sets with Ml and M’ Moufang sets. By
Proposition 4.1.6, ¢ is a homomorphism of Moufang sets, so ¢
also exists in Mou. Hence ¢ is in the image of I and [ is full.

(i¢) The induced action on morphisms is F(¢) = ¢, hence F is
faithful.

(7i) The induced action on morphisms is Q(¢) = ®. Then Q
is a functor by Proposition 4.1.19, Proposition 4.1.6 and Re-
mark 4.1.5. O

4.2 Inverse limits

4.2.1 Sets with equivalence relation

Now that we have defined the category of local Moufang sets, we can
take a closer look at inverse limits in this category. We consider an
inverse system (M, ¢;;) of local Moufang sets. If we want to find an
inverse limit of this inverse system, we first need a set with equivalence
relation on which to act.

Proposition 4.2.1. Let (M, ¢;j) be an inverse system over I, as-
suming M; acts on the set with equivalence relation (X;,~). Then for
(x4)is (yi)i € @Xi the following are equivalent:

(i) z; ~y; for somei € I;
(id) x; ~y; for allie .

If we define (x;); ~ (y;)i if one of these conditions is satisfied, we get
a set with equivalence relation (1&1 Xi,~).

Proof. Take any (x;);, (vi)i € Hm X Clearly, if x; ~ y; for all i € I,
then x; ~ y; for some i € I. Now, assume x; ~ y; for some i € I. Take
any j € I. As I is directed, there is an index k € I such that &k = ¢
and k = j. Now ¢p; and ¢p; are homomorphisms of local Moufang
sets, so

Ty ~ Y = TpPrki ~ YPhi < Tk~ Yk
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> TkPhj ~ YkPkj > Tj~Yj -
As j was arbitrary, z; ~ y; for all j € I.

The relation ~ on lim X; is an equivalence relation since (Xj;, ~) is a
set with equivalence relation for all ¢ € I. ]

Essentially, we have found a construction for the inverse limit in
the category of sets with equivalence relation, where morphisms are
mappings which map equivalent points to equivalent points and vice-
versa.

Definition 4.2.2. Let (M, ¢;;) be an inverse system in LMou, where
each M acts on (X;,~). We define

@(X17N) = (lngZ7N) )
with (z;); ~ (y;); if x; ~ y; for some i € 1.

As was the case for sets, it is possible that @Xi is empty, so we

cannot be sure that |lim X;| > 2. This is a possible obstruction for
the existence of an inverse limit of (Mj, ¢;;).

4.2.2 Root groups and p-maps

The next thing we need for a local Moufang set is a root groups for
every x € @Xl Such z is in fact a tuple (z;);, and for each i = j,
the map ¢;; induces a map Qxi,a;j: Uz, — ij. With these maps,
(Usg;,0z,,2;) becomes an inverse system of groups. The inverse limit
of these groups will be our candidate root group.

Proposition 4.2.3. Let (M, ¢;;) be an inverse system over I. For
x = (z;); € @Xi, we define

Uy == @sz )

the inverse limit of the inverse system (Uy,, 0z, «;). Then the following

hold:

(i) Uy acts equivalence-preserving on @Xi;
(it) Uy acts sharply transitively on Hm X; \ Z;
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(iid)

the induced action of U, on l'ngi is sharply transitive on

Proof.

(@)

(i)

The action of (u,)l on Hz Xl is given by (yl)z(ul)z = (yzuz)z
Now if (y;); € @Xi, we have

YiliPij = YipijOu, z; (Wi) = yju;

for all ¢ = 7, so (y:)i(u;); € L(inXZ Next, assume (y;); ~ (2i)i,
then there is an index ¢ € I for which y; ~ z;, hence y;u; ~ z;u;,
so (yiui)i ~ (ziu;)i, which means (u;); preserves the equivalence.
Now, take (y;)i, (2i); € Hm X \ Z. For each i € I, we know
Vi, zi € X; \ Ti, so there is a unique u; € Uy, such that y;u; = z;.
Hence, if there is an element mapping (y;); to (2;);, it must be
(u;);- We only need to check that (u;); € U, in particular, we
need to check 0y, »; (u;) = uj for all 4 3= j. But

YiuiPij = ZiPij = 25 = YjUj = YiPijUj ,

so as y; 7 x;, Lemma 4.1.7(ii) shows that indeed 0, o, (u;) = u;.
Hence we found a unique element of U, mapping (y;); to (z;)q,
so U, acts sharply transitively on l'ngi \ Z.

By (i), the induced action of U, on @ is transitive on
Hm X; \ {Z}. Hence, we only need to check the sharpness of the

transitivity. By Proposition 4.2.1, we have (y;); = (¥;); for all
(yi)i € I'&HXi, which implies that (u;); = (@;); for all (u;); € U,.

Now suppose we have two elements (y;), (z;); € Jim X;; \ {7}

and two distinct elements (u;);, (v;); € U, mapping (y;); to
(2i)i- As (u;); # (vi)i, there is an i € I for which u; # 75, which
means there are two distinct elements of U,, mapping ¥; to %,
contradicting the fact that M; is a local Moufang set. Hence
the induced action of Uy on lim X; on lim X; \ {z} is sharply

O

transitive.

By the definition of the #-maps, we could have the following alterna-
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tive definition for U,:

Uy = {(u%)l € HUM

uipij = piju; for all i = j} . (4.1)

Now, we will need to assume that ]@ Xi| > 2. We will fix non-
equivalent points 0 and oo in l'ng,-, and construct what should be
the p-maps. To simplify matters, we can choose 0; and oco; in each
X; in such a way that 0 = (0;); and co = (00;);.

Proposition 4.2.4. Let (M;, ¢;j) be an inverse system over I and
assume ]1&1 Xi| > 2. Fiz a basis (0,00) in im X and assume 0 = (04)i
and oo = (00;);.

(@) If v = (x;); s a unit, the element py = (Ug, )i is in Upa U

and ULy = Uy, where o is the unique element of Uss mapping
0 to x.

Now fix a unit e = (e;); and set T := ..

(i1) Uso and T satisfy (C1-2).
(i) For x = (x;); ¢ 0,00, the element pi := ()i s the p-map in
Construction A for M(Uso, T).

Proof.

(i) By Proposition 2.2.1, for each ¢ € I, we have p,, = g, h; with
gi € Up, mapping oo; to —z; and h; € Uy, mapping z; to oo;.
Now set g = (g;); and h = (h;);. Now for all i = j, we get

00 GiPij = (—xz‘)%‘j = —(%‘%‘j) = —Xj; = 00595 = X0i¥ijg; »

so by Lemma 4.1.7(i) we find g;p;; = ¢459;. This shows g € Up.
A similar argument shows h € Uy and (o, )i € Us. Finally
O(Qm)i = (ml)l = x, so we get (axz)z = Qy.

By Lemma 4.1.7(iv), iz, pij = pijpe,; for all i 3= j. Hence, for
any u = (u;); € Uso we get

-1 -1
Mo, Wille; Pij = Pijly; Ujla;
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So since uf”” € Uy,, we have ut= € Uy. This means ULy C Uy.
As we can repeat the argument with y_, = u; !, we also get
the other inclusion.

(i¢) The conditions (C1) and (C1’) are part of Proposition 4.2.3.
The third condition (C2) is satisfied as by (i), cor = 0 % oo and
ooT? = 0.

(4ii) By Remark 3.1.2, a p-map constructed in Construction A is
still the unique element of Upa, Uy interchanging 0 and oo, and
as (g, )i is such an element, it must coincide with g, from the
construction. O

4.2.3 Inverse limit of local Moufang sets

We can now use Construction A to define the inverse limit of an
inverse system of local Moufang sets, when it exists.

Theorem 4.2.5. Let (M, p;;) be an inverse system over I and as-
sume |mXZ| > 2. Fiz a basis (0,00) in Wm X; and assume 0 = (04);
and 0o = (00;);. Set T := e for some e # 0,00 and U := lim U,
Then M(U, ) is a local Moufang set with for each v = (z;); as root
group

U, = @sz

Finally, M(U, T) is the inverse limit lim Mj; of (M, wij) with projection
maps
pj: h&lXZ — in (a:z)l = x; .

Proof. By the previous proposition, we can construct M(U, ) and
Uts = U7 for all units . Hence, by Corollary 3.2.5, M(U, 1) is a
local Moufang set. This means that we only need to check that it is
the inverse limit of (M, ¢;;).

We first prove that the maps p; are homomorphisms of local Moufang
sets. By Proposition 4.2.1, x ~ y <= xp; ~ yp;. Next, take
x = (x;); € Hm X;, and take any u = (u;); € Uy. Then one can check
that up; = pju;, so we have U,p; C p;U,;. This means that p; is
indeed a homomorphism. Finally, as the maps p; are the projection
maps for the inverse limit in Set, we have ¢;; o p; = p; in Set. By the
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faithfulness of the forgetful functor F': LMou — Set, this identity lifts
to LMou. This means (IL1) is satisfied.

We still need to check the universal property (IL.2). Assume we have
a local Moufang set Ml with morphisms ¢;: Ml — M for all ¢ € I such
that ¢;; o ¢; = g; for all ¢ = j. We denote the set with equivalence
relation of Ml by X. We need to define a map ¢: X — @Xi such
that xq; = xyp;. If 2 = (y;);, then zpp; = y;. This means y; is
uniquely determined to be x¢;. Hence if there is a homomorphism
such that g; = p; o ¢, it must be given by

We need to check that this map is indeed a homomorphism. Firstly,
xqip;j = xqj for all i = j, so ¢ indeeds maps into @XZ Secondly,
1) must preserve equivalence and non-equivalence. We can take any
i € 1, and find for all z,y € X:

Ty = oag~yg = (1g)i ~ (Y)i = wb ~yy .

Finally, we need 1 to send root groups to root groups. Take any
xz € X and look at the root group V, of z in M. Then as each
¢; is a homomorphism, there are maps 6,;: V, — U, such that
vg; = ¢ibyi(v) for all v € V. We now claim that vy = w(em(v))i.
Indeed, take any y € X, then

Yo = (Yugi)i = Yqib2,i(v))i = Wai)i (02,5(v)); = y (0ei(v)), -

The last thing we need to check is if (9“(11))2 is in Ugy. Take any
y € X \ 7, then yg; # xq;. Furthermore

Yqi0z,i(v)pij = yuagivi; = yvq; = yq;bz,;(v) = yqipijs,;(v) .

By Lemma 4.1.7(#), this implies 0, ;(v)pi; = ¢ij0z;(v), and this
holds for all 7 = j. Hence we find (99”(1)))Z € Upy. a

All in all, we found that an inverse system of local Moufang sets has
an inverse limit whenever lim X; has more than 2 equivalence classes.
One useful sufficient condition for this is the following:



84 CHAPTER 4. CATEGORICAL NOTIONS

Proposition 4.2.6. Let (M, p;;) be an inverse system over I. If
there is some j € I for which the map p;: 1'£1Xi — X (2); — x;
1 surjective, then we have ]@1 X;| > 2, and hence @Mi exists.

Proof. Denote ; for the natural surjection M; — M;: z — 7. If p; is
surjective, then also 7 op; is surjective. But as M is a local Moufang
set, | X;| > 2. By Proposition 4.2.1, p; preserves equivalence, and by
definition 7; also preserves equivalence. Hence 7; o p; maps equiva-
lence classes of @Xi to equivalence classes of YJ But equivalence
classes in Yj are singletons. Hence, as m; o p; is surjective, |73] > 2
implies that |££1 Xi| > 2. O

4.2.4 Some special cases

As in the categories of sets, groups..., it is common for an inverse
system to be surjective (see Definition 1.1.24). In this case, the
quotient Moufang sets of all local Moufang sets are isomorphic.

Proposition 4.2.7. Let (M, p;;) be a surjective inverse system over
I. Then M; = M; for all i,j € 1. If we fiz some i € I, then we can
define surjective homomorphisms pj: M, — M; such that PLOYjk = Pj
for all j = k.

Proof. 1f i >= j, the surjective homomorphism ¢;; induces an isomor-
phism ©;; between M and Wj by Proposition 4.1.20, so if ¢ and j are
comparable, M]; = WJ Now if 4 and j are not comparable, there is
an index k € I such that k£ > 7 and k = j. By the previous case, we
get, M & M, & ;.

For any ¢ € I, we denote the natural projection of M; onto the quotient
Moufang set M; by ;. Now, fix i € I and take any j € I. As I is
directed, there is an index k € I such that k£ = 7 and k = j. Now both
Pri and Py; are isomorphisms, so we can define p; := @ 0 Tkj*l om;.
A priori, the map p; can depend on the choice of &k, but we claim this
is not the case. If k' %= i and &' = j, we could find ¢ € I such that
¢k and ¢ = k', and then we get

B U [ — |
Pki © Pkj — = Pki O Pk © Lok~ O Pkj
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-1 _ 1
= ki © Ppk O Pkj O Pek ~ = Pui © Pij

and similarly @/ o O 1 =G0 ©Orj —1 so we find
R — = —— 1 }
Pri©Pkj OT; = PriCPRj  OTj,

and hence p; does not depend on the choice of k. As p; is the
composition of isomorphisms and one surjection, it is surjective.

Finally, assume j > k. Now there is an index ¢ € I such that ¢ = j
and £ = 1. Hence also £ = k and @y, = @ o pr;. We find
pi=PuoPr oM =ProPy 0T oFmom
=Puopm O T O Wik = Pk © Pjk »
proving the final statement. O
This means we could extend (M, ¢;;) by adding a minimal element
to the inverse system. KEssentially, we can add a new symbol 0 to I

such that j = 0 for all j € I, and defining M := M; and ©jo ‘= pj
for all j € I.

Now, if we also assume I to have a cofinal sequence, then @Mi
always exists:

Theorem 4.2.8. Let (M, ;) be a surjective inverse system over a
directed set I with a cofinal sequence i1 <19 < ---. Then

Dj: I'&nXi — X

is surjective for all j € I. In particular, |££1 Xi| > 2 and hence @Mi
ex1sts.

Proof. The surjectivity of p; follows from Theorem 1.1.26. By Propo-
sition 4.2.6 we now get the existence of @MZ O

In particular, if I = {1,2,3,...} with the usual order, surjective
inverse systems always have inverse limits.






5 SPECIAL LOCAL
MOUFANG SETS

Our final theoretical chapter introduces special local Moufang sets,
similar to special Moufang sets. We are able to determine conditions
that ensure unique k-divisibility of elements of the root groups, as well
as the entire root groups. We also study special local Moufang sets
with abelian root groups, showing that p-maps are involutions if there
are enough classes of units. Finally, we introduce a paired structure
in local Moufang sets, which is a first step towards constructing a
Jordan pair in Chapter 7.

5.1 Definition and k-divisibility

5.1.1 Definition and immediate consequences

We recall that a Moufang set is called special if ~x = —z for all
x € U*. This property was introduced in the context of abstract rank
one groups by F. Timmesfeld [Tim, p. 2|, and has been thoroughly
investigated for Moufang sets [DMST]. It is a difficult open problem
whether special Moufang sets always have abelian root groups. The
converse, namely that proper Moufang sets with abelian root groups
are always special, has been shown by Y. Segev [Seg|. We now gener-
alize this notion to the theory of local Moufang sets. In this chapter,
we will always assume we have a local Moufang set M with fixed basis
(0,00) and a fixed 7, along with all the notation we introduced in
Chapter 2.

Definition 5.1.1. A local Moufang set M is called special if for all
units x € X, ~x = —=x.

87
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This is equivalent to
(—z)7 = —(w7) for all units z € X.

Some basic properties follow immediately from Lemma 2.2.3:

Proposition 5.1.2. Let x € X be a unit in a special local Moufang
set. Then

(i Yz = —(ypg) for all units y € X;

) (=

i) fle = Qza 7;27- 10z
(m) —T =Xy = Tp—yg;

) Ha = azagixaz;

) 1

—x = Qg Qg _xO0ly.

(i) Immediate from the fact that ~y does not depend on the choice
of 7 and the definition of special.

(#4) This follows immediately from Lemma 2.2.3(v).
(44i) By Lemma 2.2.3(vi), we have —x = ~x = —((—2)uz), so z =
(—x)pg and hence —z = xzp_5. Secondly, we have

z=r~(-z) = (—(—2)p—a)iz ,

SO —& = Xfi—y = —(—T)pi_z, and hence —z = xp,.

(iv) Take T = p4, in (ii), and use (iii).

(v) This is a consequence of Lemma 2.2.3(viii) and the definition of
special. ]

Many identities involving pu-maps become simplified for special local
Moufang sets. Another important identity for special local Moufang
sets is the following.

Lemma 5.1.3. If x,y € X are units in a special local Moufang set,
and roy, s a unit. Then

Thpa, = (—Y)0—pOp, 0y .
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Proof. Let z = a'a_y piyy ey as in Proposition 2.2.4. By that propo-
sition, and since we are in a special local Moufang set, we have

/ /
Z=Ta gy oy = =~z = —(Y oyl Oy

_ -1 _ 7
=0- (a/ya—x/“x/afxl) =z a_(yla—z’uz’)

! !
=7 O‘(f(y’a_x/)),ux/ =z ax,a—yluq;/

/ ! : / /
Hence we have 2'a_,p,y = @ Oala_ iy Oy for units /.y’ € X such
that o’ £ v/.

If we now set 2’ = zay, and ¥’ = y, note that if 2/ ~ ¢/, we would
have x ~ 0, so x would not be a unit. We get

Thly = TOY Oy, Oy SO0 0 ogy, =0 payQap,,, 0y
hence ayy,, = O Oy Ay, Oty By rearranging, we get

Xrpya, = C—yl—zOppu, X—y ,

which gives the desired formula after applying it to 0. O

5.1.2 Unique k-divisibility

We study the k-divisibility of elements, similarly to what has been
done before for (ordinary) Moufang sets in [DMS1, Proposition 4.6].

Definition 5.1.4. For z € X \ 50 and k > 1, we define z -k := 0- ak.
We call y € X \ a0 k-divisible if there is an z such that y = = - k. If
there is a unique such z, we call y uniquely k-divisible.

Clearly, (of)™' =a* ,, s0o —(z-k) = (—x) - k.

—x

Lemma 5.1.5. Letk € N and x,y € X\o0. Ifx ~y, thenx-k ~ y-k.

Proof. First observe that by (LM2’) we have

Y

— N _
= QgQy =1 < a; =qy.

T~y <= O0ago,l ~0 <= 6@&;1:6
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Hence we get

R T

= Qgn=Qyr < x-k~y-k,
soindeed x ~y =— x-k~y-k. O

The following lemma shows a sufficient condition for an element to be
(uniquely) k-divisible. The proof is by induction, and this induction
requires the technical conditions to work.

Lemma 5.1.6. Let n € N and x be a unit in a special local Moufang
set. If x - k is a unit for all 1 < k < n, then the following hold:

(@)

(it) z7 -k is a unit for all 1 < k < n.

(#ii) (x-k)T-k=a7 foralll <k <n.

(iv) For alll1 <k < n, y, = (—x-k)u_, is the unique element such
that yi, - k = x, and yg - £ is a unit for all £ < n.

(v) (z-n)-kis a unit for all 1 < k < n.

(x-k)p—g-k=—x for all1 <k < n.

Proof. We prove all these statements simultaneously by induction on
n. Observe that they clearly hold for n = 1, using Proposition 5.1.2.
We now assume the following;:

the lemma holds for n and all z satisfying the conditions  (IH)

and prove the lemma for n + 1 and all x satisfying the conditions.
Hence, we now assume we have some x such that z - k is a unit for
1<k<n+1

We first claim the following;:
Yn-(n+1)-kisaunit for all 1 <k < n. (5.1)

Suppose this were not the case; then there is some 1 < k& < n for
which y,, - (n+1) -k ~ 0, so

z-(n+1)-k=yp,-(n+1)-k-n~0.
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From this we get - n -k ~ —x - k, and hence
(zn K)pia -k~ (=2 )i K
Using (v) and (7i7) of the induction hypothesis, we get
(- n)py ~ (=) g, 80 x-n ~ —x and hence x - (n+1) ~ 0,

which contradicts the assumption.

Now we prove (7). By induction, (z-k)u—, -k = —z for all 1 < k < n,
so we only need to show this for k = n + 1. We have

—(z-(n+1)p—

=(-z-(n+ 1)y

=(—z-n)a_sp—o

= (=T - N)pU_zQzfl—z0y (by Proposition 5.1.2(v))
= YnOzfl—g Oy (by (TH))
= YnQy, 30z

— (g (n+ D)psay

= ((n-(n+1) )y -n)ay (by (IH) and (5.1))
=((z-(n+1)p—yg-n)ay .

—1 n .
Hence Xt ) pie = Q- (n 1))y Cr SO indeed
—2x=0-a_,=0- a?;(lnﬂ))u—m =(@-n+1)p—p-(n+1).

Next we prove (i), where again, we only need to check that x7-(n+1)
is a unit. By Lemma 2.2.8, (z - n)ur = zput - n for any p-maps 7 and
w. Hence

27 (4 1) = (—e)piar (4 1) = (—2) - (0 + a7 40,
asx-(n+1)4£0.

Similarly we prove (ii7) using (i) and Lemma 2.2.8.

(k)T k= (x - k)p_sgpar k= ((x k)—g - k)pat

= —TUyT = XT .
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To prove (iv), we first observe that y,+1 = (—x - (n + 1))u—, indeed
satisfies yn41 - (n + 1) = =z, by (#44). We first show the following
statement.

Ifz-(n+1)==x,then z-kisaunit forall 1 <k <n+1. (5.2)

Indeed, if z-k ~ 0, then also z-k-(n+1) ~ 0, so x-k ~ 0, contradicting
the fact that z -k is a unit for all £ <n + 1.

Now we prove that y,1 is unique. Suppose z - (n + 1) = z, then

—z-(n+1)=zp_p-n+1)=(2-(n+1)p_—yp-(n+1)
= Z/"L—I 9
using (u27) for z, which is allowed by (5.2). Hence, z = y,+1, and
indeed yy41 is unique. By (5.2), yp+1 -k is a unit for 1 <k <n+ 1.
We only need to show that y - (n+1) is a unit for 1 < k < n. Suppose

Yp - (n+1) ~0,thenalsox-(n+1)=y,-(n+1) -k~ 0, which is a
contradiction.

It only remains to show (v), which we do in two steps. First, if
z-(n+1)-k~0 for some 1 < k < n, we would have

z-n-k~-—zx-k

= (x-n-k)ug -k~ (-2 -k)pz -k

= (- 1)z ~ (—T)la (by (IH) and (iii))
= r-n~-—x

= x-(n+1)~0,

which is a contradiction; so - (n+ 1) - k is a unit for 1 < k < n.

Now ifz-(n+1)-(n+ 1) ~ 0, we would have

—z-(n+1)-n~z-(n+1)

= —(x-n+1)-n)ug-n~ (@ - (n+1)ug-n
— —(x-n+1))pz~(x-(n+1)ug-n

= (z-(n+1)pz-(n+1)~0

= —x ~ 0,
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which is again a contradiction. This shows that x-(n+1) -k is a unit
for1<k<n+1.

By induction, the lemma now holds for all n. O

The essence of the previous lemma is contained in the following corol-
lary.

Corollary 5.1.7. Let M be a special local Moufang set and assume
T -k is a unit for all 1 < k < n.

1

(i) there is a unique y such that y-n = x, which we denote by x - - ;

(i) (x-n)r =271 and (z-1

(4ii) if z ~ x, then z - k is a unit for all 1 <k <n and x -

)T::m'-n;

1
Z%.

S|

Proof.

(#) By Lemma 5.1.6(iv), y := (—x - n)pu— is the unique element
satisfying y - n = x.
(i1) Lemma 5.1.6(i4) gives us (z-n)7-n = xT, so

S|

(x-n)T =27 -

Now by Lemma 5.1.6(iv) the element x - % also satisfies the
conditions of Lemma 5.1.6. Hence we have

soxT-n=(zr-+1)7.
(#it) By Lemma 5.1.5, z-k ~xz -k £ 0 for all 1 < k < n. Now we
have

€T~z = 27t~ 27! — xr o~z lon

— @rtn)r~Grloar = o ~z-1 0

3=
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5.2 Special local Moufang sets with
abelian root groups

5.2.1 Unique k-divisibility again

We have already considered the k-divisibility of elements, but one can
also look at k-divisibility of an entire group.

Definition 5.2.1. A group U is (uniquely) k-divisible if for every
u € U, there is a unique v € U such that v* = u.

Now, if the root groups of a special local Moufang set are abelian, and
the units are uniquely k-divisible, then so is the entire root group.

Proposition 5.2.2. Let M be a special local Moufang set with Uy
abelian and n € N. If for all units x and all 1 < k < n, -k is also a
unit, then Uy is uniquely k-divisible for all 1 < k < n.

Proof. Let 1 < k < n. Corollary 5.1.7 already shows that, if z is a
unit, there is a unique y such that o/yc = qy; therefore, it only remains
to check the unique k-divisibility for non-units. So suppose that x
is not a unit. Take any unit e; then a; = agzq_ . Now za_, and
e are units, so both agq_, and a. are uniquely k-divisible, say with

k- _ k- _ . . .
Ay = Qza_, and o = ae. Since Uy is abelian, we get

<

(ayaz)k =« o/; = Qgq_ Qe = Oz .

To show uniqueness, suppose there are two elements u, ' € Uy, with
uk = u'* = . Then

(a;lu)k =«

—k k

_ o~k k_ k
y Qg = oy oy

= O,

and similarly (o W')* = a.. By the uniqueness for units, we get

a;lu':aglu,sou:u’. O

5.2.2 p-maps and Hua maps

If the root groups are abelian, there are a lot of very nice identities
for p-maps and Hua maps. To prove these, we need to know there
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are at least two classes of units. In the case where for all units z, x - 2
is also a unit, we automatically get at least two classes of units.

Lemma 5.2.3. Let M be a special local Moufang set with Uy, abelian
and | X| > 3. For any unit x, we have hy = h_.

Proof. First assume y is a unit with y ¢ —z, then

(

= (—yaz)T tagaTa,
(—yaem Hag,-17a_, (as —yay is a unit)
(

—yo,T Ty

—yaxrfla_mfm'ax

_yﬂx I

where we repeatedly use

1 -1 _
(—a")a_y = 0a, o, = 0(away) V= —(2ay).
From this, we get yp, = —(—ypa) = —(—y)pi—z = ypi—z, so for any
unit y with y ¢ —x, we have yh, = yTls = yTp—y = yh_z.

Next, we look at the case where y ~ —x. Take a unit e such that
e o4 —x, then ya_. is a unit and ya_. % —x, so we can use the
previous case to get

yh:v = ya—eaehx

= (ya—c)haen, (by Lemma 2.2.8)
= (ya_e)h_gen_, (by the previous case)
= Yya_ceh_g (by Lemma 2.2.8)
=yh o .

Thirdly, we look at the case where y ~ 0. Take any unit e, then ya_.
is a unit, so we can repeat the previous argument to get yh, = yh_,.

Finally, we need to cover the case y ~ oo.

yhy, = yTh;T_l
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= yTh_ g7} (by Lemma 2.2.7(747))
= yrhy, 7! (by the previous case with z7 replacing z)
=yrhT 7! (by Lemma 2.2.7(iit))
=yh_, .

Now we know yh, = yh_, for all y € X, so hy = h_,. O

This lemma has many implications.

Proposition 5.2.4. Let x and y be units in a special local Moufang
set with Us, abelian and | X| > 3.

() pa = pi—z, 50 p2 =1;
(iw ,U/gy = Hapy s
(138) if zay is a unit, then fafipa, by = HybzayHe = Hizray,)r-
(i) her = hy';
(v) hghyhy = hyp, .

Proof.

(i) Since hy = h_,, we also have p, = 7 thy =7 h_, = u_,.
(i1) By Lemma 2.2.3(iv), we have iz, = p"%, so this follows from
()-

(449) Let z = xTay,7. Then, by Proposition 2.2.4, we have

H—yHzP—z = H(—z)a_, >

so by (i) we get p, = ppflya,tby- 1f we interchange z and
Yy, z remains the same by the commutativity of Uy, so we
also get 1, = fiypiza, e By the commutativity of Uy again,
Toy = Oazoy = yag.
(iv) Using the fact that 7 is a y-map and hence an involution and
Lemma 2.2.7(4i), we get
hor =h7 , = TTp_om = (Tpe) L = h 1.

xT

(v) By Lemma 2.2.7(iv) and the previous property, we get

hyh, = h—zhy} he = hahyhy . m

T



5.2. ABELIAN ROOT GROUPS 97

We can now wonder what the relation is between u, and p,.¢, and
similarly between h, and h,.,

Proposition 5.2.5. Let M be a special local Moufang set with Us,
abelian and take n € N. Assume that for all units x and all 1 < k < n,
x -k is also a unit. Then we have yjiy - 02 = Ypig.e and yhy - 02 = yha.,
for all units y and for ¢ € {n,n=1}.

Proof. If n = 1, there is nothing to prove, so we assume n > 2. In
this case, as z o x - 2 for any unit z, we get |X| > 3.

First assume y is a unit with y # —z - n. Then

YUhzn = YQznTO_(g.n)r T Agn

= (v %)z n)Ta @m)rT0n

1 1
Y- E)Oém’]' ) E)Oé—ac’r-l’rax'"
n

K %)OémTa_m—T : n)am.n

1
Y- E)Oél«TOé_xTTOél« -n

Y- Ype - n=yp, -n?

(

Y- l)OéITOé_m— ) l)7'04z-n
( n n

(

If y ~ —x - n, we use the previous case to get (—y)pzn = (—y) e - N2,
so as M is special, we also get yjiz., = Ytz - n2, which now holds for
all units y.

By substituting = by «x - %, we get

Yha = Ylg.1 1%, S0 Ylly 1 = Yha o
S0 we get yiz.e = Yo - £ for both values of /.
Using the previous case, we get, for all units y.

yhy - = YTl - = YTzt = Yha.o - O

5.2.3 A paired structure

We would now like to know what ypu.., is when y is not a unit. Of
course, if y ~ 0, we get yu, ~ 0o, so it would not make sense to
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compare yfiz.s to yu, - £2, since the second expression is not even
defined. To resolve this, we also use the ‘multiplication by n’ for Uy.
In short, we consider two opposite structures in the local Moufang
set, one corresponding to U, and one corresponding to Up.

Definition 5.2.6. For x € X \ 0 and k > 1, we define
vk ::oo-’yg’;,l .

Remark 5.2.7. The definition of ~ corresponds to the definition of
- when we interchange 0 and oo. As we could repeat the previous
sections with 0 and oo interchanged, we still get valid statements
when we replace - with = in Corollary 5.1.7 and Proposition 5.2.5.

Even though 7 appears in the definition of =, remember that ~,, -1 is
the unique element of Uy mapping co to = (independent of 7), so ~
does not depend on the choice of 7.

The first thing we can observe is that - and * are closely related:
Lemma 5.2.8. Let M be a special local Moufang set.

(i) If x o oo, then (x - n)T = T * n.

(@) If x £ 0, then (z=n)T = 2T - n.
Proof.

(¢) We have

1

xT v n = ooy = ocoal” = oot ralT = (0T = (z - n)T .

(#7) This follows from (i), using z7~! and replacing 7! by 7. O

Combining this with Corollary 5.1.7, we are able to express %

terms of * and we can extend Proposition 5.2.5:

in

Proposition 5.2.9. Let M be a special local Moufang set with abelian
root groups, and take n € N. Assume that for all units x and all
1 <k<n,x kisalso aunit. Let £ € {n,n"t}. Then for all units
x, we have

(i) =0 =x-L71 hence (x-€)T =7 ~{ and (v~ 0)T = o7 - {;
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(i1) For y o oo, we have yhy.p = yhy - (2.

(i1i) For y £ 0, we have yhy. ;-1 = yhyy = yhy = (2.
(iv) Fory o oo, we have ypiy.p—1 = Ypgs = Yz * %
(v) Fory 0, we have ypiz.e = Yz - £2.

Proof.

(i) By Corollary 5.1.7 and the previous lemma, we have

(z=n)r=27-n=(z 1),

so z n = x - . By switching the roles of 0 and oo, we also get

v i=2x.n Furthermore, we get a7 4 =27 -0~ = (z-0)T

and 27 - £ = (z- 0 Y71 = (2~ 0)T.
(it) We already know the identity if y is a unit, so we only need to
treat the case where y ~ 0. In that case, y = ya_.ae, so

Yheo = yo_cachg.
= (ya—e)hgeal=*
= (ya—cha - *)aen,,
= (ya_chy - 2)aey, .
= (yo_chgaen, ) - 2
= (ya_coe)hy - 12
= yhy - 0?

(4i) Now assume y ¢ 0, then

Yhyp—1 = yTh;.g_lel
= YTh(—gg=1):T"
= yTh(_ayram "
= (ymh(_ay. - )77
= (yrhy - *)7
= yrhlr 1~ ¢?
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(i) If y # 0o, we have y7—! £ 0, so
Yot = YT g =y 702 =y < 07
(v) If y £ 0, we have y7—1 % o0, s0
Yptae = YT hae =y he - 0 = ypg - 07 O

We can now make a paired structure by looking at X \ 50 and X \ 0,
and consider p-maps as going from one side to the other (and Hua
maps as maps from each side to itself). When we restrict ourselves to
these sets, Proposition 5.2.9 indicates that x — u, is close to being
quadratic in some sense. This will be important in defining a Jordan
pair in Section 7.2.



Part 11

EXAMPLES OF LOCAL
MOUFANG SETS AND
CHARACTERIZATIONS







PROJECTIVE LOCAL
MOUFANG SETS

The first examples of local Moufang sets we consider are those with
a projective line over a local ring R as underlying set. We need to
define a natural equivalence relation on this set, and define the root
groups to finally get a local Moufang set M(R). Next, we consider
a local Moufang set satisfying some extra conditions (R1-4) and we
construct a ring from it. We use this construction to characterize
which local Moufang sets are isomorphic to M(R) for some local ring
R with characteristic of the residue field different from 2. In the final
section, we give some connections between the Bruhat-Tits tree of
SLs over a valued field, and these projective local Moufang sets.

6.1 Defining projective local Moufang sets

6.1.1 Projective spaces over local rings

In this section, let R be a unital, commutative local ring with maximal
ideal m. We start with a general way of constructing n-dimensional
projective spaces over such rings. The geometric properties of these
spaces have been studied by F.D. Veldkamp in [Vel].

Definition 6.1.1. Let (ag, a1, ..., a,) € R""! such that
aR+---+a,R=R.
Then we write
[ag, ..., an] == {(uag,uay,...,ua,) | ue R*} .

103
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We define the projective space of dimension n over R as

(ag,ai,...,a,) € R"! }

PR = o] | St ST

This definition works for general rings, though it gives more structure
if we have a local ring. In this case, the condition agR + a1 R+ --- +
anR = R implies that at least one a; is invertible. Furthermore, we
can use this to find a unique representative for each point of P"(R):
if [ag,a1,...,a,] € P"(R), we take the minimal i for which a; is
invertible, and we rescale by a, 1. This means that on the positions
0,...,i—1, we have elements of m, then we have a 1, and on positions
i+ 1,...,n, we have elements of R. In short, we get a decomposition
of P"(R) according to these unique representatives:

P*(R) ={[1,71,...,7mn) | 71,..., ™0 € R}

U{[mo,l,Tg,...,T’n] ’mo em,ro,...,ry € R}
U{[mo,m1,1,7r3,...,m5] | mo,m1 € m,rs,...,r, € R}
u---

U{[mo,m1,...,mp_1,1] | mo,...,mp_1 € m} (6.1)

Another way of defining the projective space, which does not require
the choice of a basis for R"T1, is

P*(R) = {V < R"™! | V is a free submodule of rank 1} .

It is useful to observe what happens to the projective space when we
take a local ring homomorphism ¢ from R to another local ring S.
As invertible elements are mapped to invertible elements,

P*(p): P*(R) — P"(9): [ap,a1,...,as] — [p(ao), p(al),...,e(an)]

is a well-defined map. Note that this makes P into a functor from
the category of local rings with only local ring homomorphisms to the
category of sets.

Lemma 6.1.2. Let p: R — S be a local ring homomorphism, take
any [ag,ai,...,a,) € P"(R) and let

P"(¢)([ag, - .- an]) = [bo, .., bn] .
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If we choose the unique representatives for [ag, . .., an] and [bo, ..., by]
as in (6.1), we have p(a;) = b; for all i € {0,...,n}.

Proof. If P*"(¢)([ag,--.,an]) = [bo,-..,by], the i’s for which a; is
invertible are the same as those for which b; is invertible. Suppose
j is the minimal ¢ for which a; (and hence also b;) is invertible. If
[ag,...,an] and [by, ..., b,] are the representatives as in (6.1), we have
a; =1 and b; = 1. Now, by the definition of P"(y), ¢(a;) = sb; for
some fixed invertible element s € S and all i € {0,...,n}. By looking
at the j-th coordinate, s = 1, so ¢(a;) = b; for all i. O

Using all this lemma, we can prove the following:

Theorem 6.1.3. Let R be a local ring with completion R. Then
nDY _ 13 n i
P"(R) = lim P (R/m) |
with projection maps P"(p;), with p;: R — R/mI: (r3); ¥ ;.

Proof. We denote ¢;; for the natural projection R/m* — R/mJ when
i > j. As P" is a functor, (IL1) is satisfied. For the universal
property, assume X is another set with maps ¢j: X — P"(R/m/)
which commute with the maps ¢;;. Now take x € X and write
¢j(x) = [agj, ..., an,;|, using representatives from (6.1). As we have

P*(ij)([a0is - -y ana]) = [ao, - s ang]

for all ¢ > j, Lemma 6.1.2 implies that ¢;;(ar;) = ay ; for all k. This
means that for all k, (ag;); € R. As there is some k for which all Qi
are invertible (there even is a number k for which (aj;); = 1), we find
[(a0.4)i, - - (ans)i] € PM(R), giving us a map v: X — P*(R). This is
also the unique ¢ satisfying p; o ¢ = ¢;. Hence P" (R) is indeed the
inverse limit. O

6.1.2 Construction of projective local Moufang sets

We can now turn to defining projective local Moufang sets. These are
generalizations of projective Moufang sets, and hence they should act
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on a projective line. In our context, we want to add an equivalence
relation to this projective line.

Definition 6.1.4. Let (R, m) be a local ring. The projective line
P!(R) is the union

PY(R) = {[1,7] | r € R} U{[m,1] | m € m} .

We set
L,r]~[1,7] <= r—r'em forallr,r €R
[m, 1] ~ [m’, 1] for all m,m’ € m (6.2)
[m, 1] % [1,7] for all m € m,r € R.

We can let PSLy(R) act on P'(R) on the right, and we will construct
a local Moufang set using a subgroup and an element of PSLa(R).

Proposition 6.1.5. Consider (P'(R),~) and define

U= { B ﬂ € PSLy(R)

reR} T = [g _01] € PSLy(R) .

Then U and T preserve the equivalence and satisfy (C1-2), where
oo = [0,1] and 0 = [1,0].

Proof. Let u = [ 7] € U, then we immediately get [1,s] ~ [1,5] is
equivalent to [1, sJu ~ [1, s'Ju. Furthermore,

[m, 1u = [m,mr + 1] = [m(mr +1)71,1] ,

which means that u also preserves the set {[m, 1] | m € m}. Hence u
preserves equivalence. For 7 we have a few different cases:

(1) If r,7" are not invertible, then [1,7] ~ [1,7'] and also
[—T’, 1] ~ [_Tlv 1] )

as r,r’ € m. This means [1,7]7 ~ [1,7']T.
(2) If r,7" are both invertible, then

[1,7] ~[1,r] &= r—rem < r =7 (mod m)

— rl=¢"1(modm) = ! -

— [1,—r )~ [, =" = [1,r)]r ~ 1,77

rlem
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(3) If m,m’ € m, then [1,m] ~ [1,m/], and also [-m, 1] ~ [-m/, 1],
meaning [1, m]T ~ [1,m/|.

As 771 = 7, we know T preserves ~.

Next, we verify the three conditions (C1), (C1’) and (C2). For the
first, we note that U fixes [0, 1] =: 0o, and for any [1,7] and [1, s] in
X \ 30, there is a unique element of U mapping the first to the second:
[557"]. To show (C1’), we use the projection R — R/m:r > T.

We can see that [a,b] = [a,b] and [} ]] = [%ﬂ The argument to
show (C1’) is now identical to that for (C1), but using the residue
field instead of the local ring. The last condition is straightforward:

ooT = [1,0] # 0o, and coT? = oo. O

We now want to use Theorem 3.2.4 to show that we actually get a
local Moufang set. In order to do this, we need to determine the units,
a-maps and the Hua maps.

Proposition 6.1.6. Consider (P'(R),~) and set

U= { [1 r] € PSLy(R)

reR} 7= [O _1] € PSLy(R) .

01 1 0
The units are the points [1,7] with r invertible, we have ap ) = [§ 1]
and hpy ) = 75" 2]

Proof. A point of P(R) is a unit if it is not equivalent to 0 or oo, i.e.
it is not equivalent to [0, 1] or [1,0]. The first means that a unit must
be of the form [1, 7], the second means r must be invertible. Clearly,
a1,y as defined in the statement maps [1,0] to [1,7]. Finally, if [1,r]
is a unit, we find

Bl s = TOTT O (L) TO (L))
o =111 r]Jo =17[1 »71]0 1] [1 r
1 00 1fj1 0|0 1 1 0|0 1
r=1 0
N [ 0 r} ' =
With an exact expression for the Hua maps, we can now prove that
we get a local Moufang set.
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Theorem 6.1.7. Let (R, m) be a local ring and set

reR} T_F)qupﬁxm

U—{B ﬂeP&ﬂm |

acting on (P1(R),~). Then M(U,T) is a local Moufang set.

Proof. By Proposition 6.1.5 and Theorem 3.2.4, it is sufficient to show
that h ;) normalizes U for all units. Let [1,7] be a unit and take any
u=[}%] € U. We can compute that u"1:r) = [§#°] € U. Hence U
is normalized by Ay ;). O

Definition 6.1.8. Let (R, m) be a local ring and set

reR} T:E Oqepﬁﬂm

U:{B ﬂepaxm

acting on (P1(R),~). We call the local Moufang set M(U, ) a pro-
jective local Moufang set, which we denote by M(R).

6.1.3 Some properties

We are interested in seeing what some of the other notions of local
Moufang sets become for projective local Moufang sets.
Proposition 6.1.9. Let M(R) be a projective local Moufang set.

Then

(i) Up = {[7{ 0] € PSLy(R)

g 0 —r!

(i) for a unit [1,r [r 0 }

(4ii) for a unit [1, ] =[1,—r] =—[1,7];

(iv) the Hua subgroup is H = { [g 721] € PSLy(R) | r € R };
(v) the little projective group is G = PSLa(R).

Hence M(R) is special, has abelian root groups and an abelian Hua
subgroup.
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Proof.

(i) Ifu=[§7] € U, then we can compute u” = [ 1. ?]. As r runs
through R, we find Uy as desired.

(71) As we have a local Moufang set, [ ,] = T_lh[l’r].

) We compute ~[1,7] = (—[1,7]7~ Y7 = [, ]7 = [1, —7].

)

)

This follows immediately from (i7).

(v) By Theorem 1.2.16, PSLy(R) is the group generated by elemen-
tary matrices. But for 2 x 2-matrices, the set of elementary
matrices is precisely the union of U, and Uy. As the little

projective group is generated by Uy, and Uy, it coincides with
PSL2(R). O

(i
(v

Another interesting observation is that if char(R/m) # 2, then 2 is
invertible in R. Hence, if r is invertible, so is 2r, and this implies that
if [1,7] is a unit, then so is [1,7] - 2.

Finally, we want to check what happens to the local Moufang sets if
we change our local ring with a local ring homomorphism.

Proposition 6.1.10. Let (R, m) and (S,n) be local rings and f: R —
S a local ring morphism. Then PL(f) is a homomorphism of local
Moufang sets from M(R) to M(S). If R C S, then M(R) can be
embedded in M(S). If S is a quotient of R, then M(S) is a quotient
of M(R).

Proof. We first show that P1(f) preserves ~. For all r,7’ € R we have
[L,r]~[1,7] <= r—r"em
<~ f(r—r)en (this uses f(m) C n)
= [Lfn)]~[L 0]
Furthermore, [f(m),1] ~ [f(m’),1] for m,m’ € m, and [f(m),1] #
[1, f(r)] for any m € m and r € R.

Assume M(R) = M(U, 1) and M(S) = M(U’,7’) as in the definition
of projective local Moufang sets. We define

0: U — U [(1) ﬂ»—>[(1) f(lr)] :
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We can now check that up = ¢f(u) for all u € U and 7¢p = o7,
By Proposition 4.1.15, we see that P!(f) is a homomorphism of local
Moufang sets. O

By Corollary 4.1.10 this proposition means that if R is a local sub-
ring of S, then M(R) is a local Moufang subset of M(.S). Similarly
Corollary 4.1.11 implies that if S is a quotient of R, then M(S) is a
quotient of M(R).

6.2 Characterization of M(R)

6.2.1 Constructing a ring from a local Moufang set

We have seen that M(R) is an example of a special local Moufang set.
It is natural to ask what conditions can be put on a local Moufang set
to ensure that it is equal to M(R) for some local ring R. With some
additional assumptions, it is possible to recover the ring structure
from the local Moufang set, at least provided the characteristic of the
residue field is different from 2. We will use a method similar to the
related result for Moufang sets in §6 of [DMW].

Construction B. Suppose that M is a local Moufang set satisfying
the following conditions:

(R1) M is special;
(R2) Uy is abelian;

(R3) the Hua subgroup H is abelian;
(R4)

if  is a unit, then so is = - 2.

We consider the set R := X \ &0, and define an addition and a
multiplication. Note that there is a bijection between R and Uy by
T — «y. We define the addition on R as

r+y:=0-azay

for all x,y € R. This addition is simply the translation of the group
composition in Uy to the set R. Since Uy, is an abelian group, so is
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(R,+). By Proposition 5.2.2, Uy, is uniquely 2-divisible, hence also
(R, +) is uniquely 2-divisible.

To define the multiplication, we first choose a fixed unit e € R, which
will be the identity element of the multiplication. We will use the Hua
maps corresponding to 7 = fie, i.e. we use hy = hy ;. = peplz. Note
that by (R1), (R2), (R4) and Proposition 5.2.4(i), pe is an involution,
so we also have pch, = p,. For any y € R, we now define a map
R,: X — X by

T-hepy—a-hy—2x Yy, Yy + e units,
Y a unit
TRy =Qq —x-h_cpy+a+ax-hy )
1y + e not a unit

T-hoery =T heyy—x-h oo +2x y not a unit.

(We will verify in the proof of Lemma 6.2.2 below that all Hua maps
occurring in this definition can indeed be defined.) Combining this
with the unique 2-divisibility, we can now define the multiplication
on R by

xy =zR, - %
for all z,y € R.

We will now prove that this structure is a local ring, so for the remain-
der of the subsection, our local Moufang set satisfies (R1-4). First, we
observe that the action of any Hua map on R is a group automorphism
of (R, +):

Lemma 6.2.1. Let h be a Hua map. Then for any x,y € R, we have
(x +y)h = zh +yh. In particular, (—x)h = —xh and (x/2)h = xh/2.

Proof. The first identity is Lemma 2.2.8 rewritten in terms of the
addition in R. The second and the third are immediate consequences,
using the unique 2-divisibility. O

Note that if h and b’ are Hua maps, we can define z(h+h') := xh+xh/,
and the map h+ R’ is a group endomorphism of (R, +). In particular,
each R, is a group endomorphism of (R, +).
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Lemma 6.2.2. The structure (R,-) is a commutative monoid with
identity element e.

Proof. By the previous lemma and observation, we have
1 1
(z-3)Ry=2aRy 5.
Furthermore, since H is abelian, every two maps R, and 17, commute.
Hence
(zy)z = (zRy - %)RZ :
= (zR. - 3)Ry -

t=azRyR. 1 =zR.R, %
3 = (z2)y

for all x,y,z € R. This proves the identity

(zy)z = (z2)y (6.3)
for all z,y,z € R, which will be crucial for showing commutativity

and associativity.

Next, we show that e is a left identity element for the multiplication,
i.e. that ex = x for all z € R, and we will show this in each of the
three cases from the definition of R,. We use Proposition 5.1.2 and
Lemma 5.1.3, which translates to

Tflgty = =Y — T+ Tty — Y
for all x,y € R such that z, y and x + y are units.
(1) Assume z and z + e are units. We get
eRy =€ -heyy —€-hy — €= €lellers — Ellefly — €
= (—€)tetz — (—€)pta — € = —€letz + iz — €
=—(—z—e+euy —x)+euy, —e=2x,

so ex = eRy/2 = x.

(2) Assume z is a unit and x + e is not a unit. Hence z — e is a
unit, or we would have x — e ~ 0 ~ x + e, which would imply
e ~ —e, contradicting (R4). We get

eRx:—e.h_e+x—|—e—|—e-hz:—e'ﬂeu_e+x+e+e'UeMw
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= —(—€)pcta + e+ (—€)ptz
=—(—z+e+ (-, —x)+e+ (=€), =2z,

soexr =eR,/2 =u.
(3) Assume z is not a unit, so = + e and x + 2e are units (since e is
a unit and 2e ¢ 0). We get

eRy =e-hoery —€-hepp —€-h_ g +e
=€ feli2ets — € [lefletas — € Pefl—2¢ + €
= —€lets + Clleta — (—€)p—2e + €
=—(—e—T—e+ellets — €—T) + Ellets
—(e+e+(—e)pe+e)+e

= 2x,

so ex =eRy/2 =x.

Substituting e for = in (6.3), we get yz = zy for all y,z € R, so the
multiplication is commutative. In particular, ze = ex = z for all
x € R, so e is an identity element. Finally, we apply commutativity
to (6.3), and we get

(yz)z = (zy)2 = (22)y = y(x2)

for all x,y, z € R, so the multiplication is associative. O

The previous lemma contains most of the work in proving that R is
a ring. The final ingredient we need is distributivity.

Theorem 6.2.3. The structure (R,+,-) is a unital, commutative
ring.

Proof. We know that (R, +) is an abelian group with identity element
0 (isomorphic to Us), and that the multiplicative structure is a
commutative monoid with identity element e. It only remains to
show the distributivity. We have seen before that the maps R,, as
linear combinations of Hua maps, act linearly on (R, +). This means
that (z +y)R, = 2R, + yR,, and so

(x+y)z= (xR, +yR.) 3 =aR. 3 +yR. L =2z +yz
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for all z,y, z € R. By commutativity, we also get
r(y+2)=W+2)z=yx+z20 =1y + 22

for all z,y, z € R. We conclude that R is indeed a unital, commutative
ring. O

Our next goal is to show that R is a local ring. To do this, we will
identify the invertible elements, and show that the non-invertible
elements form an ideal.

Proposition 6.2.4. If x € X is a unit, then x € R is invertible with

inverse £t i= (=) .

Proof. Note that we only need to show 2~z = e, since by commuta-

tivity we will also get xzz~! = e. We will again use Proposition 5.1.2
and Lemma 5.1.3. Again, we need to proceed case by case, but since
x is a unit, only the two first cases of the multiplication occur.

(1) In this case, both = and = + e are units. We get

(—2)pe Ry = (—2)pte * heta — (—2)pte + ha — (—2) e
= (@) pteta — (@) ptz — (—T)pte
= —Tlg4e — T+ Thle
=—(—e—x+ape —€) — T+ Tt
= 2e,

soz lz=2"'R,/2=e.
(2) In this case, x a unit and = + e not a unit (so  — e a unit),
hence

(—2)peRy = —(—2)pe - heeto + (—2)pte + (—T)pte * by
= —(=@)pt—eta + (—2)pte + (=)o
=Tpy—c+ (—2)pte + T
=(e—x+ e +€) —Tpe + T
= 2e,

so again z 'z =27 'R, /2 =e. O
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Observe that we have shown that the elements we called ‘units’ in
the local Moufang set correspond to the units in the ring R.

Proposition 6.2.5. The set m := 0 C R is an ideal in R.

Proof. Let x,y € m; then
r+y=z0ay~00y=y~0,
sorx+y~0and z+y € m. Also
—x=0a_,~zxza_, =0,

so —x € m. Next, we need to verify that m is closed under multiplica-
tion with R. Take x € m and r € R. We get xr = xR, /2, but R, is
a linear combination of Hua maps. Hence xR, is a sum of z - h,, for
some r;, and xh,, ~ Oh,, = 0. Hence xR, ~ 0, and (R4) then implies
that also xr ~ 0. Hence m is an ideal. ]

We can now summarize our results of this section.

Theorem 6.2.6. Suppose that M is a local Moufang set satisfying
(R1)-(R4). Then the ring R obtained from Construction B is a local
ring, and 2 is invertible in R.

Proof. We have shown that m is an ideal in R. On the other hand,
if r € R\ 'm, then r € X \ 50 is a unit, so m is exactly the set of
non-invertible elements of R; it must therefore be the unique maximal
ideal of R. Since 2 = 2e is a unit, it is invertible in R. O

6.2.2 Characterizing M(R)

Our goal is to use Theorem 6.2.6 to characterize M[(R) as a special
local Moufang set satisfying certain conditions. As a first step, we
will apply Construction B on M(R); we will see that the resulting
local ring is indeed isomorphic to the ring R we started with.

Theorem 6.2.7. If R is a local ring with residue field not of charac-
teristic 2, then the ring R’ we get from M(R) using Construction B
with unit [1, €] is isomorphic to R.



116 CHAPTER 6. PROJECTIVE LOCAL MOUFANG SETS

Proof. We define a bijection ¢: R — R’: r — [1,re]. Then

90(1) = [17 6] )
p(r+s) =[L(r+s)e] = [1,re] + [L,se] = o(r) + ¢(s),
p(rs) = [1,rse] = [L,ree” se] = [L,re][L, se] = p(r)p(s) ,
for all r,s € R. We conclude that ¢ is a ring isomorphism. O

Remark 6.2.8. The ring R’ is, in fact, an isotope of R with new
unit e, and we have simply illustrated the (well known) fact that an
isotope of an associative ring is always isomorphic to the original ring.

Corollary 6.2.9. If M(R) is isomorphic to M(R') for local rings R
and R’ with residue field not of characteristic 2, then R = R'.

We will now characterize M(R) purely based on data from the local
Moufang set. We will need one extra assumption on the local Moufang
set, in addition to (R1-4).

Theorem 6.2.10. Let M be a local Moufang set satisfying (R1-4).
Let e and R, be as in Construction B. Assume furthermore that

ety = YRya_septe Repie  for all z ~ 0 and y 7 oo. (%)

Then M is isomorphic to M(R), where R is the local ring obtained
from Construction B.

Proof. We adopt the notations from Construction B for M, and we
will denote the root group Ujy . of M(R) by U’. We will construct
a bijection from X to P!(R) preserving the equivalence, a bijection
from Uy to U’, and an involution 7 of M(R) such that the action
of Uy and p. on X is permutationally equivalent with the action of
U’ and 7 on P!(R). By Proposition 4.1.15 this will show that M is
indeed isomorphic to M(R).

By construction, R = X \ 30, and we have 50 = Opu, by the definition
of p-maps. So we define

N I L
[—zpe,e] if x € 3.
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Note that in the second case zpe o4 00, so this is indeed an element of
the ring R. It is clear that ¢ is a bijection; we claim that ¢ preserves
the equivalence. First, if z,y € R, then

r~Yy = 10 y~0 = rz—-y~0
= r—yem < [e,z]~ ey,

where the last equivalence follows from (6.2) on p. 106. Secondly,
if x ~ y ~ oo, then zu. ~ ype ~ 0, so both are in m, and hence
zp ~ yp. Finally, if £ ~ co but y € R, then again xu. ~ 0, so
ZTpe € m, hence zp £ yp.

Let 7= [ % §]. It remains to show that the actions of U and pi

on X are permutationally equivalent with the actions of U’ and 7 on
P!(R) via o. For 7 and pi., we compute, using u2 = 1,

[—z, €] if xpe ~00 <= x~0,
Thep = 1 [e,xpe] = [e, —z71] if x € RX,
le, xpte] if xpe ~0 <= =~ 00;
[e, 7] = [~we,€?] = [~z €] ifx~0,
T = [—x,¢] = e, —1x7 1] if z € R*,
[—Tpte, €T = [—€2, —zpce] = [e,zpe] if 2~ 00

s0 xpep = x7p. To show that the actions of Uy, and U’ are the same,
we first observe that the map

0: U U Qg = Qe 1]

for all x € R, is a group isomorphism because

e x| |le vy e r+vy
O(O‘x)e(ay) = Aex]¥ey] = |:0 €:| [0 €:| = [0 e :|

= Qle,zty] = G(O‘m-&-y) = 0(0410@)
for all z,y € R. It only remains to show that
zoyp = xpbh(ay) forall z € X and y € R.

We distinguish two cases: if € R, then

Ty = (l’ + y)SO = [6, x + y] = [eax]a[e,y] = :Cgo@(ozy) .
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If 2 ~ oo, we set #’ = zpu !, which is then equivalent to 0, so by (%)

zoy = ' pecry = YRy a_gefie Ry pre = (2yx’ — 2€) pie Ry phe
*(le', - 26)_1Rx’,ue = (*2_1(?/'%/ - 6)_1)R9&’He
= (2(=27 (ya' — )2 e = (—(yz’ — e)"'a e,

where we have used the fact that (2yz’ — 2e) is invertible because
2yz’ € m. Since zay ~ oo, this implies

-1,

vayp = [~(=(y2’ — e)"'a Yepe, €] = [(y2’ — e)7'a’ ¢],

where we use 2 = 1. On the other hand,

() = [—xpe, €]ag ) = [, €] [8 ‘z]
) 1

/

=[-2'e,—a'y + €] = [(yz' —e) "2 €],

and we conclude that zayp = z¢f(ay) also in this case. O

6.3 Serre’s tree for PSL,

6.3.1 Fields with a discrete valuation and lattices

In [Ser|, J.-P. Serre describes the Bruhat-Tits building corresponding
to SLy over fields with discrete valuation. As such fields have a local
ring as valuation ring, there are connections to local Moufang sets.
We refer to [Sha] for a more expanded explanation on Serre’s tree,
from which some of the arguments here are taken.

Definition 6.3.1. Let K be a field. A discrete valuation is a surjec-
tive map v: K — Z U {oo} such that

(DV1) v(a) =00 <= a=0forall a € K;
(DV2) wv(ab) =v(a)+ v(b) for all a,b € K
(DV3) v(a+b) > min(v(a),v(d)) for all a,b € K.
We write O := {a € K | v(a) > 0} for the valuation ring and = for

the uniformizer, a fixed element such that v(m) = 1. The residue

field is O /7 O.
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It is well-known that O is a local ring with maximal ideal 7. The
vertices of Serre’s tree are homothety classes of lattices in the vector
space K2.

Definition 6.3.2. An O-lattice L is a free O-module embedded in a
vector space K™. Two lattices L and L’ are homothetic if there is an
a € K such that aL = L.

We will be working with full lattices in K2, meaning our lattices have
rank 2. Furthermore, if L and L’ are homothetic, there is a number
k € Z for which 7*L = I/, as 7 is a uniformizer.

Definition 6.3.3. If L is an O-lattice, we write [L] := {7*L | k € Z}
for the homothety class of L.

If we have two lattice classes, we want to compare them somehow.
One can show that it is always possible to find a lattice in each
homothety class such that one is contained in the other. This will be
the basis for defining a distance between lattices.

Lemma 6.3.4. If Ly and L are lattices, then there is a number k € Z
such that w°L C Lg. Hence there is a maximal lattice in [L] contained
m Lyg.

Proof. Let Lo = €10 + €20, then {e1, e2} is a basis for K2, so
L = (aeq + bez2)O + (ceq + de2)O
for some a,b,c¢,d € K. Now set k = min{v(a), v(b),v(c),v(d)}. Then
v %a) =v(a) =k >0,

so 7 *a € O, and similarly 7%b, 7 *¢,77*d € O, so L C Ly. O

Definition 6.3.5. Let Lg and L be lattices. Assume L is the maximal
lattice in [L] contained in Lg. Then also there is a minimal n € N
such that 7" Lo C L. We define d([Lo], [L]) = n.

In [Ser|, this map is defined in a different way, from which it is obvious
that it is a well-defined (in our definition, this distance can still depend
on the choice of Lgy). This distance corresponds to the distance in a
graph of lattice classes.
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Theorem 6.3.6. The graph T defined by
V(T) = {[L] | L an O-lattice in K?}

where [L] is adjacent to [L'] if and only if d([L],[L']) = 1 is a tree
and the distance in the graph between two lattice classes [L] and [L']
is precisely d([L], [L']).

Proof. This is [Ser, Theorem 1, p. 70]. O

We would like to find a connection between some actions on this tree
and local Moufang sets. To do this, we will make precise a remark
of Serre which relates the lattice classes at a fixed distance from one
lattice class to points of a projective line (see [Ser, p. 72|). For this,
we need more details on the connection between lattice classes at
distance n.

Lemma 6.3.7. Let Lo be a lattice not in [L]|, and assume L is the
maximal lattice in [L] contained in Ly. Denote n = d([Lo],[L]). Then

(i) L € wLyp.
(ir) If Lo = e10 + €20, then there are a,b € O such that

L = (aey + be2)O + 7" Ly

with at least one of a,b invertible (in O).
(ii) If Ly = e10 + €20 and

L = (aey +be2)O + "Ly = (a'e; + b'ea)O + 7" Ly

with at least one of a,b invertible, then there is an invertible
element u € O such that

a = ua' (mod 7") and b= ub’ (mod ") .

(iv) Assume Lo = e10 + 20 and L = (ae1 + bea)O + n" Loy with at
least one of a,b invertible. If a’, b’ € O are such that there is an
invertible u € O such that

a = ua' (mod 7") and b = ub’ (mod 7") ,

then L = (a’e; + be2)O + 7" L.
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Proof.

(@)

@

(i)

If L C wLg, then L C 7~ 'L C Ly, which contradicts the as-
sumption that L was the maximal lattice in [L] contained in
Lyg.

As {e1, ez} is a basis for K2, we can write

L = (aeq + bea)O + (cey + de2)O .

Since L C Ly, a,b,c,d € O, and since L & mlLg, at least one of
a, b, c,d is invertible in O. Without loss of generality, we can
assume q is invertible, which means that we get
L = (ae1 + be2)O + ((cer + dez) — ca™'(aer + be2)) O

= (aey + bez)O + (d — ca”1b)es O

= (aey + bey)O + ey O |
with & = v(d — ca™'b). As m"Lo C L, we have k < n. Further-
more, we can see that 7rkL0 C L, so n < k, which means k = n.
Hence we have L = (aey + bea)O + 7" L.

As (aep + beg)O + "Ly = (d'e; + be2)O + n" Ly, there are
u,r, s € O such that

ae + bes = u(d’'e; +V'es) + rae; + sney

hence a = ua’ (mod 7") and b = ub’ (mod 7™). As at least one
of a or b are invertible, © must be invertible.

By the assumptions, there are r,; s € O such that

(d'er +b'e2)O + 7" Lo

= ((au™ +ra™)er + (bu™ + s7™)e2) O + 7" Ly
and hence

(d'e; +'ex)O+7"Lo = (au"tey 4+ bu"tex)O + 7" Ly
:(ael—i—beg)(’)—i—W”Lo:L. O

By Lemma 6.3.7(77), the lattice classes at distance n from [Lg] now
correspond to the set

T,, = {L lattice in K? | d([Lo),[L]) =n,7"Lo C L C Lo} ,
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and by Lemma 6.3.7(iii) the map
Xn: Tn — PHO/7"0)

: (ae1 +bea)O + "Ly — [a (mod ™), b (mod 7")] . (6.4)

gives a well-defined map to the projective line P(O/x"0). By
Lemma 6.3.7(iv), the inverse map [a,b] — (ae; + bea)O + 7™ Lo is
also well-defined, where @ and b are lifts of a,b to O, so y, is a
bijection between T}, and P!(O/7x"0).

We can also prove a converse to Lemma 6.3.7(i7):
Lemma 6.3.8. Let Lo = €10 + e20 be a lattice that is not in [L]. If
L = (ae1 + be2)O + 1" Ly

with a,b € O and at least one of a,b invertible, then d([Lo], [L]) = n.
Furthermore, L is the unique lattice in [L] that can be written in such
a way.

Proof. We immediately see that L C Ly and 7Ly C L. If n =1, it is
clearly minimal with 7™ Lg C L, otherwise we would get Lo C L C Ly

and then Ly € [L], contradicting the assumptions. Hence, if n = 1,
we get d([Lo], [L]) = 1.

We can now assume n > 1 and without loss of generality, we assume
a is invertible. Suppose n was not the minimal number for which
7Ly C L, then 7" 'Ly C L. Hence 7" 'e; € L for i = 1,2. This
means that there are r, s,t € O such that

7" ey = (ar + 7"s)er + (br + 7"t)es

and hence

ar = —7"s and br=x""1'—7"s.

As a is invertible, we get v(r) > n from the first equality. The second
equality gives n—1 = v(br) = v(b) +v(r) > n, a contradiction. Hence
n was minimal to begin with, so d([Lo], [L]) = n.

Assume we also have L' = (d'e; + b'ea)O 4+ 'Ly € [L]. By the
previous, n' = d([Lg],[L]) = n. Now L is the unique element of [L]
such that #"Lg C L C Lg, but L’ also satisfies this inclusion. Hence
L=1I. O
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As a corollary of these lemmas, we can change the definition of Serre’s
tree to use these specific lattices:

Corollary 6.3.9. Let Ly = 1O + e20 be a lattice. Define the graph
T by

qu:{@q+w@xm+ﬂLo neN,abel },

at least one of a,b invertible
and two vertices L, L' are adjacent if they can be written as
L = (aey 4 bez)O + "Ly and L' = (ae; + bea)O + 7" Ly ,

forn € N, and a,b € O with at least one of a,b invertible. Then the
graph T' is isomorphic to Serre’s tree T by the map L — [L].

Proof. By Lemma 6.3.7(it), the map L — [L] is surjective (observe
that Lo = (ae; + bes)O + 7°Lg for any a,b € O). By the final
statement of Lemma 6.3.8, the map is injective.

Take L and L' in V(T"). First assume that L and L’ are adjacent in
T'. Then clearly 7L C L' C L and L # L', hence d([L],[L]) = 1, so
[L] and [L] are adjacent in T. Conversely, assume [L] and [L'] are
adjacent. Then without loss of generality,

d([Lo], [L']) = d([Lo], [L]) + 1.
Write d([Lo], [L']) = n. By Lemma 6.3.8, we can write
L' = (aeq + bea)O + 7" L
with at least one of a,b € O invertible. We now claim that
L = (aey +be2)O + "Ly = L'+ 7" Ly .
By Lemma 6.3.8, d([Lo], [L’ + 7" Lo]) = n. Furthermore,
n(L' +7"Lo) CL' C L'+ 7"Lyg,
so d([L'],[L' + m"Lg]) = 1. As T is a tree, this means that
[L'+7"Lo] = [L] .

Using Lemma 6.3.8 one last time, we get L = L'+ 7" L, which means
L and L’ are adjacent in T O
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Let {e1, e2} by the standard basis of K2. We now look at the action of
SLo(K). Clearly if g € SL2(K), g maps a lattice onto a lattice. Also,
(n*L)g = 7 Lg, so g acts on V(T). Finally, g preserves inclusion of
lattices, so g preserves d(-,-), and hence it preserves the tree 7. In
short: SLa(K) acts on the tree 7. We are interested in the point
stabilizer of this action.

Proposition 6.3.10. Let Ly = 10 + e300, then
SLa(K)(r, = SL2(K) L, = SL2(O) .
Proof. Clearly SLy(O) C SLa(K)r, € SLa(K)(r,)- Next, we assume

g € SLa(K) 1], i-e. Log = 7F Lo for some k € Z. Let g = (‘Cl Z). As
Log = ¥ Ly, there is a matrix (‘éf Z/,) in GL2(O) such that

ael + bes = a'mrey + b rFey and cey + dey = drfey + d'rFey .
Since det g = 1, we get
0 = v(det g) = v(ad — bc) = 2k +v(d'd — V') = 2k ,
so k=0 and a,b,c,d € O. Hence g € SLy(0O). O

The induced action of such a point-stabilizer is exactly what will turn
out to be an action of a local Moufang set.

6.3.2 Action on spheres

We now fix Ly = €10 + e20 and look at the induced action of SL2(O)
on the vertices at some fixed distance n. This action will give rise to
a local Moufang set which will be isomorphic to M(O/7"O).

Theorem 6.3.11. Assume Lo = 10 + exO. We set
T,, = {L lattice in K* | d([Lo],[L]) = n,7"Lo C L C Lo}
and define L ~ L' < L+ nLy= L'+ wLg.

Then the induced action of SL2(O) on (T, ~) is isomorphic to the ac-
tion of PSLa(O/7"O) on (PL(O/7"O), ~), where the correspondence
between T, and P1(O/7"O) is given by xn as defined by (6.4) on
p. 122.
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Proof. The first thing we need to check is if SLo(Q) actually acts on
T,, preserving ~. Let g € SLy(O), then Log = Ly and g preserves the
distance in the tree T. Hence for any lattice L € T, and any L' ~ L
we get

d([Log], [Lg]) = n, so d([Lo], [Lg]) = n
7" Log € Lg C Log, so 7" Lo C Lg C Lo
Lg+mLog=L'g+ mLog, so Lg+7Lo=L'g+ 7Ly .

This means Lg € T), and Lg ~ L'g.

Next, we want to know what the induced action of SLy(O) on T, is.
We want to determine the kernel of the group action, i.e. we want to
find

N := Ker(SL2(O) — Sym(T,,,~)) .

Let g € N and write g = (‘Cl g). We now have
e1O+ 1" Ly = (e10 + 7" Lo)g = (ae1 + bea)O + 7" Ly .
By Lemma 6.3.7(ii7), there is an invertible u € O such that
a=u(mod 7") and b € "0 .
Similarly
€20 + "Ly = (€20 + 7" Ly)g = (ce1 + de2)O + n" Ly

from which we get an invertible v/ € O such that ¢ € 7O and
d = v (mod ™). Finally we use

(61 + 62)0 + 7TnL() = ((61 + 62)@ + WnLo)g
=((a+c)er+ (b+d)ea)O+7"Lg ,

and find an element u” € O such that a + ¢ = v’ = b+ d (mod 7).
Combining these, we get

u=a+c=b+d=u (mod "),

so ¢ is a matrix which reduces to a scalar matrix modulo 7"O. Con-

 (u+7"d kg
9= el u + 7d

versely, assume
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with ', 0/, ¢/, d € O. If L = (aey + be)O + 7" Ly is any lattice in T,
we get

Lg = ((au+ 7"ad’ + n"bc )er + (bu + 7"ab’ + n"bd')e2) O + 7" Ly
= (auey + bueg)O + "Ly = (aey + bea) O + 7" Ly = L

so g fixes all of T},. Hence the kernel of the action of SLy(O) on T,
are those matrices that reduce to scalar matrices modulo 7O. This
means we get an action of PSLa(O/7"O) on T,, by

d/
= ((ad’ + bc)er + (ab’ + bd')ez) O + 7" Ly .

((aey + bea)O + 7" Lo) [Z// b/} (6.5)

Hence the action of [‘cl,/ 2’,] commutes with y,, so the action of

PSLy(O/7"O) on T,, and P}(O/7"0) is isomorphic.

The last thing we need to check is that x,, preserves the equivalence
relation. Let L, L' € T),, then L + nLg and L' + wLq are two lattices
at distance 1 of Lg. This means, if x,,(L) = [a,b] and x,, (L") = [a', '],

then by Lemma 6.3.7(iii), for any lifts a, b, @’ and ¥ of a, b, @’ and ¥/,

L+7TLO:L/—|—7['L0
A== (&61 + 562)0 + 7Ly = (d'el + 6/62)0 + 7L
< Ju e O0*:d =wua(mod ) and b’ = ub (mod ) .

There are now two cases: if a is invertible, then so is a’ and we get
u=a'a"! (mod 7). In this case

— V¥V =da'b(mod ) < ba~! —Vd "t €O
— [1,ba Y] ~ [1,0/d 7Y

In the second case a € 71O/7"O, so a' = ua =0 (mod 7) and we can
always choose © = b'b™!, so we always have L + Lo = L' + wLg. But
in this case, we also always have [ab~!, 1] ~ [a/b'1,1]. We conclude
that in all cases, L ~ L' <= xp(L) ~ xn(L'). O
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6.3.3 Action on the boundary

In Theorem 6.3.11, we observed that the action of SL2(O) on Serre’s
tree induces many local Moufang sets, which are also ‘local’ in the
tree, in the sense that these actions are limited to a part of the tree at
a finite distance of a fixed point. We would like to find local Moufang
sets which have a more global action. These will occur by looking at
the action on the ends of the tree.

Definition 6.3.12. Let T be a tree. A ray is a path in T that is
infinite in one direction. In other words, it is a sequence (x;); =
(zo,x1,...) of vertices where z; is adjacent to x;11 for all i € N. Two
rays are parallel if their intersection is also a ray. An end is a parallel
class of rays. The set of ends of T is the boundary of the tree, which
we denote by OT.

To simplify matters, we will identify the boundary with rays starting
in a fixed vertex.

Proposition 6.3.13. Let T be a tree with a vertex xg. Then there is
a correspondence between 0T and the rays starting in xg.

Proof. Clearly, rays starting in xg give rise to ends by taking the
parallel classes. If two such rays (z;); and (z); are parallel, then the
intersection is a ray (x;);>n for some N. As xg is in the intersection,
N =0, so the rays coincide.

Conversely, if we have an end represented by a ray (y;);, then we can
take N to be such that d(xg,yy) is minimal. As T is a tree, this N is
unique. We can take the unique path (zg,z1,...,24 = yn) from xg
to yny. The ray

(.’1}'07.’1317 s Ty YN+1, YN +25 - - )

is now parallel to (y;); and starts in xzyp. Hence any end contains a
unique ray starting in xg. ]

Now let’s return to Serre’s tree, and determine what the boundary is.
We use the description T” of the tree as in Corollary 6.3.9, as well as
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the sets T;, from Theorem 6.3.11. Remark that
T, ={L € V(T') | d([L],[Lo]) = n} ,

and if L € T),, then L + 7" 'Ly € T,,_;. This means that the rays
of T" are sequences (L;); € [[, T; such that L; = Li41 + 7t Lo for all
i. In other words, using the correspondence of Proposition 6.3.13, we
get

NmT; = 0T by (Li); — the parallel class of ([Li])i - (6.6)

We will use this correspondence to identify the ends of the tree with
a projective line.

Proposition 6.3.14. The boundary of T corresponds to Pl(@).

Proof. We already know that the boundary of T corresponds to 1&1 T;
where .
Pij - E —)11] L'—>L+7T]LO .

We will prove that the inverse system (7j, ¢;;) is isomorphic to the
inverse system (PY(O/n'O),P(¢;;)), where 1;;: O/m'O — O/7I O is
the natural projection map.

In order to show the isomorphism of these inverse systems, we need
bijections between T; and P'(O/7'O) for all i. These bijections are
precisely the maps x; as defined in Theorem 6.3.11. What we need
to show is the commutativity of the following squares for all i > j:

Pij
T; » T

Xll lXj
P (i5)

PYO/7t0) ————— PHO /71 O)

This can be checked by the definitions of the maps:
((ae1 + be2)O + ﬂ'iL())gOinj = ((ae1 + be2)O + WjLo)Xj
= [a (mod 77), b (mod /)]

((ael + be2)O + wiLo)XiIP’l (¢ij) = [a (mod 7ri), b (mod Wi)]Pl (i)
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= [¢s(a (mod 7)), i (b (mod 7*))]
= [a (mod 77), b (mod /)]

This means that Jim T; = h&lIPl((’)/ﬂi(’)). By Theorem 6.1.3, this is

P(O). O
Remark that this correspondence is also in [Ser, p. 72|, but it is not

made explicit. We can make it explicit with the following maps:

A X

PH(0)

> U T > OT
la, b)) ——— ((aie1 + biez)O + 7' Lo),

(L;); ——— parallel class of ([L;]);

Here @; € O is such that @ = @; (mod 7*) and similarly for b;. We
can use this correspondence to look at the action of SLy(O) on the
boundary. Remember that SL2(O) fixes Lo, so any g € SL2(O) actu-
ally sends a ray starting in Lg to another such ray. This means that
we can view the action of SLy(O) on 9T by looking at the action of
SL2(O) on Hm T;.

Proposition 6.3.15. Assume O is complete, then the induced action
of SL2(O) on WmT; is isomorphic to that of PSLy(O) on PYHO), with

the correspondence x.

Proof. We first determine the induced action on @TZ Let
g € Ker(SLy(0) — Sym(lim 7)) .
Write g = ( a g). As g acts trivially, we have
1O+ 7Ly = (e10 + 7' Lo)g = (aeq + bex)O + 7' Ly

for all i. By Lemma 6.3.7(iii), b € 'O for all i € O. This means
v(b) =i for all i € N, so v(b) = co and hence b = 0. Similarly,

€20 4+ 1 Lo = (e30 + 7' Lo)g = (ceq + dez)O + n' Ly
for all ¢, so ¢ = 0. We now get

(61 + 62)0 + 7TiL0 = ((61 + 62)0 + WiLo)g = (ael + deg)o + ﬂ'iL()
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for all i, so there are units u; € O such that a = u; = d (mod 7*) for
all . This means that v(a — d) = 0, so a = d. Hence g is a scalar
matrix. As all scalar matrices in SL2(O) preserve all lattices, we see
that the induced action of SL2(O) on fm T; is that of PSL2(0O).

Next, we show the correspondence between the action of PSL2(Q) on
Hm T; and on P1(O). We know the bijection

x: PLO) = Wm 7 [a,b] — ((ae1 + be2)O + 7' Lo)

If g = [‘é,/ Z/,], we get
[a,blg = [aa’ + bc, ab’ + bd']
and

((ae1 + be2)O + WiLo)ig
= (((aeq + bez)O + ﬂiLo)g)i
= (((ad’ 4+ bc')ey + (ab’ + bd')e2)O + 7' L)

i

Hence x commutes with the action of PSL2(O), so the actions are
isomorphic. O

This means that the action of PSLy(O) on UmT; can be given the
structure of a local Moufang set. A precise description is given in the
following theorem:

Theorem 6.3.16. Let T be Serre’s tree and assume O is complete.
Endow l&nTz with an equivalence relation by

Then the action of PSLy(O) on (ILn T;, ~) gives rise to a local Moufang
set. When we set 0o = (e20 + Lg); and 0 = (e1O + 7' Lyg);, we can
find the root groups by Construction A using

0 1

U= {[1 T} € PSL,(0) -

re 0} = [O _1] € PSLy(0) .
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Proof. We show that y preserves ~. Assume [1,7] ~ [1,7/] for 7,1 €
O. Then r —r' € 7O, so r = 7’ (mod 7). By Lemma 6.3.7(iv), this
means

(e1 +1e2)O +7Lg = (e1 +1'e2)O + 7l ,

so [1,7]x ~ [1,7']x. Similarly, we prove that [m,1] ~ [m’, 1] implies
[m, 1]x ~ [m/,1]x for m,m’ € 7O. Finally, if m € 7O and r € O, we
have

(mey +e2)O + mLo # (e1 +1e2)O + Lo ,

as equality would imply that there is an invertible v € O such that u =
m = 0 (mod 7), which is impossible. Hence x preserves equivalence.

The remaining statements now follow from Proposition 6.3.15, using
the description of the isomorphism between the actions. ]

Finally, we look at the case where O is not complete. We still have
an action of PSL2(O) on Jm T3, but it is no longer transitive. This

corresponds to the action of PSLy(O) on P(O) not being transitive.
The inclusion P}(©Q) > P}(O) gives us a local Moufang subset, of
which the little projective group is PSLy(O). This corresponds to a
subset of the ends of 7', on which PSL2(O) acts as a local Moufang
set.

Theorem 6.3.17. Let M be the local Moufang set defined by the
action of PSL2(O) on (l&nTZ7 ~) and set

Y ::{((a61 + be2)O + ﬂiLo)i € mﬂ }
a,b € O with one of a,b mvertible} .

Then Y induces a local Moufang subset of Ml which is isomorphic to
M(0O).

Proof. As in Theorem 6.3.16, we set 0o = (e20 + 7'Lg); and 0 =
(e10 + 7w Lg);. We get

Vi={ueUsx |OueY}

= { [(1) ﬂ € PSLy(0)

TGO},
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which clearly is a group, hence (S1) holds. Furthermore, for v =
[(1) H €V and ((ael + be2)O + FiLo)i €Y, we get

((ae1 + be2)O + wiLg)Z.v = ((aer + (ar + b)e2) O + ﬁiLo)i ey,

so (S2) is satisfied. Remark that 7 = [9 '] is a p-map, as 7 = H[1,1]x0
and [1,1]x € Y. Now

((ae1 + bea)O + ﬂiLo)iT = ((be1 — aez)O + 7TiL0)Z. ey,

which shows (S3). Hence M(V, 7) is a local Moufang subset of M, and
by the descriptions of V' and 7, it is isomorphic to M(O). O



e LocAL MOUFANG
SETS & JORDAN PAIRS

We construct a local Moufang set M(V') from any local Jordan pair
V. Next we take a local Moufang set satisfying assumptions (J1-
4), and we construct a local Jordan pair. Finally, we connect these
two constructions and characterize those local Moufang sets that are
isomorphic to M(V) for some local Jordan pair.

7.1 From local Jordan pairs to local Moufang
sets

7.1.1 Projective space

If we want to construct a local Moufang set from a Jordan pair, we
need a set to act on. The set we will use is the projective space of
a Jordan pair V. This concept was introduced by O. Loos in [Loo2|.
The description we use comes from Loos’ more recent article [Loo3].

Definition 7.1.1. Two pairs (z,y), (z/,y’) € V are projectively equiv-
alent if

(r,y —y) is quasi-invertible and 2’ = v
Using Proposition 1.3.9(v), this can be shown to be an equivalence
relation, and we will denote the equivalence class of (z,y) by [z,y].
The projective space of V is the set

P(V) == {[z,y] | (z,y) € V}.

The condition for two pairs to be projectively equivalent is not so easy
to grasp. To simplify matters, we determine some nice representatives
for points of P(V'), when V is a local Jordan pair.

133
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Proposition 7.1.2. Let V' be a local Jordan pair with e invertible.
Take any (x,y) € V then at least one of the following occurs:

(I)  There is a unique t € V' such that [z,y] = [t,0].
(I1) There is a unique t € V'~ such that [x,y] = [e,e™ ! +1].

If in either of the cases t is non-invertible, then the other case cannot
occur. If t is invertible, we can have

[t,0] = [e,e”t —t71].

Proof. Let (z,y) € V. Assume first that (z,y) is quasi-invertible.
Then we immediately have [z,y] = [2¥,0], so we are in the first case.

So assume now that (x,y) is not quasi-invertible. Then x is invertible
by Proposition 1.3.9(vii). In this case, set t = y — 2!, Now, using
Proposition 1.3.9(i4), we have

23] = e, e + 4

<« (e,e! —z71) is quasi-invertible and e
B, .~1_,-1 is invertible

— -1 -1
e—(e" =27 )Qe=2B,1_,1
Qe—lf(e—lfx—l)Qe is invertible

= _1
T Qe = xQe—lf(e—lfx—l)Qe

— Q,-1Q. is invertible and z71Q, = 2Q,-1Q.

Now e and x are invertible, so Q. and Q,-1 are invertible, and 2! =

Q1. So indeed, we found a representative for [z, y| of the second
form.

Now assume that [¢,0] = [e,e™! + s] for some s € V™. Then B, .-1_,
must be invertible, but B, .-1_; = QsQ., since e is invertible. Hence
Qs must be invertible, so s must be invertible. In this case

t=e" "t = (e— (e +5)Q)Q QL
=(e—e—5Q)Q, Q" = —sQ = —s71,

so t is also invertible. This proves the remaining statements. O
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By Proposition 7.1.2, we now have a nice set of representatives for
P(V) as follows:

P(V)={[z,0] |z € VT}U{[e,e ' +y] |y € RadV~}.  (7.1)

The second subset consists of projective points that are “close” to each
other, in the sense that they only differ by a non-invertible element.
We can define a similar closeness relation on the first subset.

Definition 7.1.3. We define a radical equivalence relation ~ on P(V)
by

[2,0] ~ [2/,0] <= -2’ € RadV ™"
et Hyl~[e,e +y] <= y—y €RadV ™
[2,0] # [e,e™ L + 9] if € RadV " ory € RadV ™.

Note that this equivalence is well-defined by Proposition 1.3.9(zi7).

Remark 7.1.4. We could have avoided the explicit choice of repre-
sentatives for P(V') by defining the radical equivalence by

there are (%,9) € [x,y] and (2,9) € [2/,¢/]
such that (2,9) = (2',9") (mod RadV) .

Remark 7.1.5. Observe that [0,0] # [e,e™!] # [e,0] # [0,0], so the
set of equivalence classes P(V') contains at least 3 classes.

[z,y] ~ [2,9] <=

7.1.2 Root groups and pu-maps

We will now construct a local Moufang set using Construction A. To
be more precise, we will use the approach described in Remark 3.2.6
and define two root groups acting on (P(V'), ~).

Definition 7.1.6. For allv € VT
[2,0] — [z + v, 0] forall z € VT
oy :
e,el 4yl [e,et +y¥] forally € RadV—
[
Forallwe V—:
Co [z,0] — [z, 0] for all z € Rad V™"
“lese t 4yl = [e, et +y+w] forallye V-
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Before we continue, we have to check that these maps preserve the
radical equivalence.

Proposition 7.1.7. The maps o, and (, preserve the radical equiv-
alence on P(V).

Proof. First, [z,0] ~ [2/,0] if and only if z — 2’ € Rad V™", which is
equivalent to (z+v) — (' +v) € Rad V', so in this case a, preserves
equivalence. If furthermore x € Rad V™ then [z,0] ~ [2/,0] if and
only if 2 € RadV™. Since 2/ € RadV*'t <= 2/ € RadV ™ and
2% € Rad VT, we find that ¢, also preserves equivalence in this case.

Similarly, [e,e™! 4+ y] ~ [e,e™! + 3] is equivalent to [e, e~ + y]Cw ~
[e,e ! + 9]¢y and if y € Rad V —,

e,e 4yl ~[e,et+9] = [e,e+ylay, ~[e,e + 1]y, .

Finally, assume # € RadV*t and y € RadV ~, so [x,0] % [e,e™! + 9.
Then z% € Rad VT, so also [z,0]¢w # [, +¥]¢w and y¥ € Rad V
so also [z,0]a, 7% [e, et + y]a,. These cover all cases. O

We will use the set of all «,, to get Uy, and the set of (,, to get Uy.
Whatever approach we take now, we will need the u-maps. More
precisely, we need the action of the p-maps, which we determine in
the next proposition. The bulk of the computational work of this
section is contained in the proof of this proposition.

Proposition 7.1.8. Let j, = (,-10,(y-1 for v € V7T invertible.
Then

[e;e™ + Yo = [yQu, 0] Jory € RadV™,
le,e ™yl =le,e =y QY] fory e VT \RadV ™,
(2,00 = [e, e + 2Q7 Y] for x € Rad V™ .

As a consequence, ,ug = 1. Using the other representations, we get
e, +yluy = [yQu, 0] forallye V™,

(2,0l = [e, e +2Qy Y] forallz e VT,
[z,0)py = [~27Qy, 0] for allz € VT \ Rad VT,
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Proof. For simplicity, we will set w = v~! throughout this proof, so
Ho = Gy Guw, Wy = v and vQy = w.
In the first case, we start with [e,e™! + y] for y € Rad V™~ and we

want to compute [e, e~ + y] .

We first check that y + w is invertible and —(y +w)™! +v € RadV+.
Since y € RadV ™~ and w is invertible, clearly y 4+ w is invertible.
Secondly, take z € V'~ arbitrary, then

(—(y+w) ' +v,2) = (—w ' +v,2) =(0,2) (mod Rad V),

so (—(y+w)~'+v,2) (mod Rad V) is quasi-invertible, and by Propo-
sition 1.3.9(z) that means (—(y +w)~! + v, 2) is quasi-invertible. As
z was arbitrary, that means —(y +w)~! +v € Rad V. We now get

[67 eil + y]ﬂv = [67 671 + y]<wav€w = [67 671 +y+ w]ava
[—(y+w) !, 0]aCu = [~ (y + w) " +0,0¢
[(—(y +w) " +0)",0],

so we want to prove (—(y +w)~t +v)¥ = yQ,. We get

(0= (y+w)™)" =yQu
= (w(v_(y+w)_l) —w)Qy' = yQ, (by Proposition 1.3.9(v))
el ™) Ly,
= (w— (0= (Y +w) Qu) By, (w1 =YW
= (0= 0Qu+ y+0) ' Quw) (Qu-(o-(yrwy H @) =y +w

(by Proposition 1.3.9(ii))

= (Y +w) ' Quy, QL =y T
= (y+w) ' Quu=y+uw,

which holds, so the identity holds.

In the second case, we start with [e,e™! + 4] for y € V= \ Rad V.
The permutation ¢, maps this element to [e,e™! +y + w]. We now
distinguish two cases according to whether y + w € Rad V™~ or not.
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Assume first that y + w € Rad V—; then

le;e™ -yl = e, e +y 4+ wlayCe = [e; e 4 (¥ + w)?]Cu
=le,et + (y +w)’ 4w .

We need to check that (y +w)? +w = —y~1Q; !

(y+w)’ +w=—y'Q,"
= (W -0 +w=—y Q! (by Proposition 1.3.9(v))
= y+w—v+wQU:— -1
= (V= (y+w)Qu)Byyyw =Y
= (0= (Y4 w)Qv)(Qu-(y+uw)Qv) ' =—y
(by Proposition 1.3.9(ii))
(0@ = (y+w)QZ, =~y
—yQ, =-y ",

which holds, so the identity holds.

11

Assume now that y +w & RadV~. If we set * = v — (y + w) 1,
then y = (v — x)~! — w. If 2 was not invertible, then we would have

= 0 (mod Rad V) (using Proposition 1.3.9(xi7)), which contradicts
y €V~ \RadV~. Hence v — (y +w)~! is invertible, so

lese™ +yluw = [e;e™" +y + wlawu = [=(y +w) ", O)onu
=[v— (y +w) ™ 0)¢w

=le.e™ + ((y+w) ™ = v) " w

=[le,e + (y+w)t —v) !+

We want to show ((y +w) ! —v) 1+ w=—y~1Q, .

((y+w)™ —v) ™ +w=—y"'Qu
= v-(y+w) =y Qutw)
— (v —(y+ w)_l)nyleer =y 'Qu+w
Now first observe that

+wQ," = y+w) 'Quru@,’
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= (Y +w) " Qyuw + Qy + Qu)Qy*
=W+w) ' Quu@y, + W+ w) T+ (Y +w) T QuQ, !

Using (i) and (ii) from Proposition 1.3.9, we get

(v=(+w) Q10+
=(v=(y+w) ") (Qy1Quw + Qy1q, + Qu)
= (= (W+w) ) Q10w T Quiy Qu+ Qu)
= 0Qy10,w + VQuwQy " Qu + vQu
— (y+w) " (Qy-10yw T Quiy Qu+ Qu)
= VQy-1g,w T WQy Qu +w
— W+ W) Qg — (U ) QuRy Qu — (¥ + ) ' Qu
= 0QuDyy—1 + wQ;le +w
—(y+w) " Dy wQu — (y+w) ' QuQy Qu — (v +w) ' Qu
=w+wD, 1 + wQ;le
— (Y +w) " Dy wQu — (y+w) ' QuQy Qu — (v +w) ' Qu
=w+ 2y 'Qu + wa_le
—(y+w) " Dy Qu — (y+w) ' QuQy Qu — (v +w) ' Qu
=w+y Qu+ (¥ +wQ, — (y+w) Dy,
—(y+w) 'QuR, — (¥ +w) ) Qu
=w+y 'Qu+ (y+w)Q,' — (W+w) "Dy,
—(y+w) 'QuR, — (¥ +w) ) Qu
—w+y ' Qut (y+w) 'QuuQy" — (y+w) " Dy-1,,) Qu
=w+y 'Qu

This finishes the second case.

In the third case, we start with [x,0] for z € Rad V™. Since z €
Rad V', we also have 2% € Rad V', so as v is invertible, so is 2% + v.
We get

[, 0] o = [, 0]CuwonGuw = [, O] awCu = [2" + v, 0]Cuw
=[e,e ™t —(2¥ +0) ¢ =[e,e = (2 )T +w) .
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Hence, we want to prove —(z% +v)™1 +w = 2Q; L.

—

2 +v) Tt w=2Qy!
(@ + )t = w - 2Q;
2V = (w—2Qyh) T —v
= ((w—2Q,")"'—v)"" (using Proposition 1.3.9(iv))

yQuv = (w—y) ' =v)™" (set y = 2Q, ")

YQu = (v — (v’ + y)_l)wl (set w = —w' and v = —)

rereue

This is precisely the identity we have proven in the first case. O

7.1.3 The local Moufang set M(V)

Now we would like to use the permutations we have to construct a
local Moufang set with Construction A from p. 57. Of course, that
requires the conditions for the construction to be satisfied.

Proposition 7.1.9. Let V be a local Jordan pair with invertible el-
ement e € V. Then U = {a, | v € V*} is a group, and together
with the permutation T = e, the conditions (C1), (C1’) and (C2) are
satisfied, with 0 = [0,0], oo = [e,e™1].

Proof. We claim first that oy = 1. We have [z,0]ag = [z,0] for
all € V*, and [e,e™ + ylag = [e,e ! +¢°] for all y € RadV ™.
Now y¥ = (y — OQy)B;é = y1, so indeed oy = 1. Next, we claim
Q0 = Q1. By definition [z,0]a,q, = [7,0]a,4, for all z € V.
By Proposition 1.3.9(iv), we have

[e;e™ +ylazay = [e.e™ + ()] = [e,e T + 57 = [e, e Fylazs

for all y € RadV~. Using these two, we get ;! = a_,, so U is a
group.

The group U fixes [e,e™}], as

0" = (0—vQo)By, =(0—-0)1 =0,
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hence we choose oo := [e, e~!]. Furthermore, by Definition 7.1.3 and
(7.1)
P(V)\le.e7!] = {[z,0] [z € VT},

and «a, acts on this set by  — xz+wv. This action of U on P(V)\[e, e~ 1]
is the regular representation of (V*,+), and hence a regular action.
This proves (C1).

For x € V7, denote T for the image of x in the quotient V?/Rad V7.
Now P(V') \ {[e, e~1]} has a natural correspondence to

{[z,0] | T€VT/RadV*}.

The induced action of a, on this set is given by T — x + v, which
only depends on =. The action of U on

{[z,0] |z € VT/RadV T}

is the regular representation of (V*/Rad VT, +), and hence a regular
action. This shows (C1’).

By Proposition 7.1.8, we have [e,e™ |7 = [0Q,, 0] = [0,0], which is

not radically equivalent to [e, e~!]. This means we can take 0 := [0, 0].
By the same proposition, [0,0]7 = [e,e™! 4+ 0Q. '] = [e, e ], which
proves (C2). O

As we can now use Construction A to create M(U, ), we would like
to use one of the equivalent conditions of Corollary 3.2.5 to prove
we have a local Moufang set. In order to do this, we need to know
how the maps of type oy, v, and u, correspond to the maps we have
already defined. Our notation in Definition 7.1.6 and Proposition 7.1.8
suggests what this correspondence will be, and we make this precise
in Proposition 7.1.10 below.

Proposition 7.1.10. Let V be a local Jordan pair with invertible
element e € V' and let U = {a, | v € VT} and 7 = pe. For all

v,t € VT with t invertible, we have ol = Cthfl. Using this, we get

U] = Qs Voo = Cer—l and pgo) = pe- Moreover, (—=[t,0])1 =
—([¢t,0]7).
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Proof. We compute the action of a4 on the points of P(V) using
Proposition 7.1.8. First, take [e,e™! +y] with y € V—. We get
yQt, Oowpir = [yQe + v, 0]t

;e + (yQr +v)Q; ]

ecet +y+0vQ;

e,e t +yl¢ vo !

le,e™! +ylpy T =

[
=
=
=

Next, take z € Rad V*, then zQ; ' € RadV ", so

[, 0]y ey = [e, e+ 2Qy awpue = [e, e+ (2Q; 1) ]
= [(#Q7 )’ Qu,0) = ["% 0]
= [:L‘,O]CUQ;1 )

where we used Proposition 1.3.9(vi). Hence for all points of P(V), the
image of (g, is equal to that of o, so these permutations are equal.

For the other statements, observe first that aj, g = @, since ay is
the unique element of U mapping [0,0] to [v,0], and by definition
Vw,0] = oz[Tv o = ahe = CUQS—I. Finally, if ¢ is invertible, we have

(—[t,0))r = [~t,0]7 = [e,e L +t7 7 = [t71Q., 0]

and similarly —([t,0]7) = [t7'Qe, 0], which shows the last statement.
Using the definition of ;g in Construction A, we get

Kt,0] =Y (=1t,0) 7= X[t,0] V—([t,0]7—1)
=V[t=1Qe,0]X[t,01 V[t—1Qe,0]
=C104G—1 = g . O

As we now know what all the maps of Construction A are, we can
use them to show that we have a local Moufang set.

Theorem 7.1.11. Let V be a local Jordan pair with invertible element
e. Set U :={a,|veVT} and 7 = e, where a, and p. are as in
Definition 7.1.6 and Proposition 7.1.8, respectively. Then M(U, 1) is
a local Moufang set.
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Proof. In Construction A, we have
Up :=U" = {1 lveVt={(lw|weV},

where the final equality follows from the fact that Q. is invertible.
Now let [t,0] be an arbitrary unit in P(V'), then pp g) = pu, so

U.U‘[t,O] = {aé"t ‘ v E V+} = {CUQt—l | (RS V+}
={Cw |weV}=Uo,

since t, and hence @y is invertible. Hence Uy = UL for all units [t,0],
and Construction A gives a local Moufang set by Theorem 3.2.4. O

Definition 7.1.12. Let V be a local Jordan pair with invertible
element e. Set U = {a, | v € V*} and 7 = p.. We define M(V) :=
M(U, 7).

7.2 From local Moufang sets to local Jordan
pairs

7.2.1 The construction and basic properties

We now investigate the reverse construction: we try to make a local
Jordan pair starting from a local Moufang set satisfying some addi-
tional assumptions. One obvious necessary assumption is that the
root groups have to be abelian, and by Proposition 7.1.10, we also
know that the local Moufang set has to be special. We will also impose
a restriction to avoid the cases where V/Rad V has characteristic 2
or 3. Finally, we will need a linearity assumption.

Notice that for a given Jordan pair V', the Moufang set M(V') cannot
detect the base ring k over which the Jordan pair was initially defined.
For this reason, the Jordan pair that we will (try to) construct will be
defined over the base ring Z, i.e., it will consist of a pair of Z-modules.

Construction C. Suppose M is a local Moufang set satisfying the
following properties:
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(J1) M is special;
(J2) Ux is abelian;
(J3) if x is a unit, then so is x -2 and x - 3.

Then we define two Z-modules as follows:

o VT :=X\c with z + 2 := Oaza,;

o V7 :=X\0 with y F w := coyyrYur-
Now we have, for all z, 2 € V* and units t, (x+2)us = s + 2, and
similarly for all y,w € V—, (y ¥ w)ur = yus + wye. Hence p-maps

induce group isomorphisms between V1 and V. We now define the
following maps:

Hr,z = Utz — Uz — Mz - Vo=Vt (7 2)
for units x, 2 € V1 such that = + z is a unit; '
floyw = flyFw = fby = po 2 VT = V7

. (7.3)
for units y, w € VT such that y ¥ w is a unit.

The final assumption we make is the following:
(J4) There are bilinear maps
po.: VI x VT — Hom(V—,VT)
fi..: V" x V" — Hom(VT, V")
that extend (7.2) and (7.3).

We now have a pair of Z-modules (V,V ™) and bilinear maps ..
and fi.. which will define a local Jordan pair, as will be shown in
Theorem 7.2.12.

Remark 7.2.1. By (J1-3), 7 is an involution, so 7, is the unique
element of Uy mapping oo to y, and hence it does not depend on 7.
In particular, y + w does not depend on the choice of 7.

Remark 7.2.2. If we have a local Moufang set satisfying (J1-4), we
can express [l » (and similarly fi, ) in terms of p-maps for any pair
of z,z € V* by the linearity:

Mz = Potz — bz — Pz T, 2 and = + z units;
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Moz = —f—g > x, z units but x + z not a unit;

Pz = Mo gtz — Moo 2 a unit but z not a unit;

P,z = g z a unit but x not a unit;

P,z = Hatez — fe,z x, z not units and e an arbitrary unit.

For the remainder of this section, we will always assume that we have
a local Moufang set satisfying (J1-4). We start by showing some basic
identities, which will help to show that the construction gives us a
Jordan pair.

Lemma 7.2.3. In a local Moufang set where (J1-4) holds, we have
the following identities:

(@)

i

@

(1

7

(

(4]

(

v
v

)

)
)

they = —x -2 for all units t and all x € V*;
Yt =Y -2 for all units t and ally € V= ;
Pshbs thit = Mefbs s = flst  for all units s,t;
Sptftst = —tis -2 for all units s,t;

Yz 2T = YTfigrzr  forallz,z €V andy € V™.

Proof.

(i) First assume ¢, x are units such that ¢ + z is also a unit. Then

by Lemma 5.1.3, we have
tptpe = —2 -2 —t + tug ,
hence
litg = —T- 2=+ tuy =t —thg = —x - 2,

since tuy = —t. If t + x is not a unit, we can replace z by —x
(as x-2is a unit by (J3),t—x =t+2 — (x-2) is a unit) and get

tpre = —tpp,—p = —(x-2) = —x-2.
Finally, if z is not a unit, we can take any unit e and get

tte = thtg—e +te =—(r—€)-2—€-2=—x-2.
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(it) We have ppy = pr.o — pe - 2. By Proposition 5.2.9(v), we get
Yp2 = Yt - 4, so

Yt =Y -4 —ype -2 =yup - 2.

(4ii) Assume first that s + ¢ is also a unit. By Proposition 5.2.4(iii),

we then have pispsepie = plfis+ifbs = P(sr4¢r)7- By the linearity
of 7, we have fi(sr147)7 = Hstt, SO We can now use the definitions
of pust and fis; to get

pos(prs,t + pos =+ pe) e = pre(pse + s + pe)pos = fise + ps + pt
so since all u-maps are involutions,
Pshbstfbt T fe T fs = [htfbs tfbs T fe T fhs = flsg T fs + fht
hence
Pstbs tit = [utfbstfhs = Flst -

If s + ¢ is not a unit, we can replace ¢t by —t and use linearity
the get the result.

(iv) From (i) we know —spus; =t -2. Hence, using (i), we get
b2 = Spusplst = Sitphs thhsfit -
Applying p:ps to both sides, we get
tups -2 = spups,  and hence  spgpgy = —tps 2.
(v) Assume first that z, z and x + z are units. Then we have

YHz, T = Y(Hatz — Po — H2)T
= yT(M(x+z)T = flgr = fzr)
- yT(:U'xTJFZT = Hzr = MZT)

=YTlhxr 2t -

By linearity, this identity now holds for all z and z in V*. [
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Remark 7.2.4. Since V* and V™~ play the same role in the construc-
tion (our choice of 0 and oo could have been reversed), any identity we
have proven will also hold with + and — interchanged. For example,
the identity ¢fi;,, == y ~ 2 also holds for all units ¢ and all y € V™.

In the next two subsections, we will prove the axioms (JP1) and (JP2)
of a Jordan pair. In the process, we will also show the linearizations of
those axioms, so by Proposition 1.3.7(ii), we will then have shown that
we have a Jordan pair, since assumptions (J1-3) imply in particular
that there is no 2-torsion. To prove (JP1) and (JP2), we will first
restrict everything to units.

7.2.2 Proving the axioms for units

We first prove (JP1) by linearizing some of the basic identities we have
shown earlier. The proof is based on ideas from the proof of Theorem
5.11 in [DMS1]. Remark that py-maps will correspond to the quadratic
maps of the Jordan pair, and .. (and fi..) will correspond to the
bilinearizations Q... In these terms, (JP1) translates to yQ. .Q, =
2Qy,.Qz, or in the local Moufang set: yfiy .., = Tiy ptz- Up to
renaming, this is the identity we will prove for units:

Proposition 7.2.5. In a local Moufang set where (J1-4) holds, we
have the following identities:

(4) P sthshbr,t + [t spsfir = o thtsplrs + prpispit,s — for all units v, s, t;
(id) rpspit,s + thsptrs = —Spyrg -2 for all units r, s, t;
(498) Tpspit,s =ty spty  for all units r,s,t;
(0) Thizp,y = Yhaztly = Zhap,y for all units x,z € VT and all
units y € V.

Proof.

(i) We start with the first identity of Lemma 7.2.3(iii), conjugating
both sides by p; and then replacing ¢ by r + ¢ - ¢, for those
¢ e€{1,2,3} for which r +t- ¢ is a unit. Since piy44.0 = pirt - £ +
o+ iy - 02, we get

(M’r,s + Mt,s : g),us(//‘r,t . e + Mo + Mt + 62)
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@

)

= (g - €+ e+ pi - ) (pirs + s - )
and after expanding,
fhrsthsfhr + (R sths ot + Pt shtsptr) -
+ (Wt,shtstirt + fhrstsiie) - 0+ pie spispie - 0
= Uplbstrs + (,Ur,tﬂsﬂr,s + Nrﬂsﬂt,s) 4
+ (/lr,tﬂs,ut,s + Ntﬂs,ur,s) Ve + Beptspie s - I

Observe that the constant terms and terms with ¢3 cancel due
to Lemma 7.2.3(ii1), so we have

(,Ur,sﬂsur,t + ,Uft,sﬂs,ufr) A+ (,Uft,sﬂs,ur,t + Mr,sﬂsﬂt) -
= (ptrthostirss + prfistin,s) - €+ (i efisfins + pefispir,s) - 02 .

Observe now that there are at least two values of ¢ for which
r—+1t-£is a unit, since ¢t and ¢ - 2 are units and adding a unit to
a non-unit gives a unit. Using those two values, we can deduce
that the coefficients on the left and right hand side of both ¢
and £? are equal. This means that

Wrslstrt + Ht stsfly = trtibsfrs + Urllsiit s -

We similarly linearize Lemma 7.2.3(iv), replacing r by r + t if
r 4t is a unit (if not, replace r by r —t). We get

(r+ t)usﬂr-l—t,s = —Spr+t - 2,
so using (J4) and the definition of s, 4,

Tlstrs + Tlisiht, s + tlspir s + Tlstit s
= =Syt 2— Sy -2 — Spty - 2.

We can now use Lemma 7.2.3(iv) twice to get
Tlstht,s + tﬂsﬂr,s = —Slrt- 2.

We apply identity (i) to the element r, and use Lemma 7.2.3 to
get

(—s- 2)Msﬂr,t + T sths by = (=t~ 2>Nsﬂr,s + (_T)Ms,ut,s .
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(i)

Using linearity, this yields
Sphrit - 2+ Ty spsply = —Tlhspirs 2 — Tlspits
and by (i),
Tt ststby = —Tlsfrs -
We now replace r by rus and apply sty
T st sfhr fbsfhs by = —Tllsflrpg stbsfor

— THslts = _t,ar,s,u,sﬂ'r
- st s = tﬁr,sﬂr .

By Lemma 7.2.3(iii), we have fi, sty = ftsitr,s, SO (iii) becomes

Tlispit,s = tibspbrs -

We can now plug this in (i7) and use the unique 2-divisibility to
get
Thspt s = —Strt -

We now apply us to both sides and use linearity to get

Sy tis = =THslt sths = ;rﬂtusfs = rﬂtuS,s .

After renaming variables, we get the first identity we wanted to
prove. For the second identity, remark that yu. i, is symmetric
in x and z, hence

Thlzpyy = Ylo,zly = Zlapy,,y - O

Remark 7.2.6. The technique used in the previous lemma will be
used extensively to linearize many identities which hold when all
unknowns are units. We describe it here in generality: replace an
unknown x by z + & - £ for some unused variable name %, and ¢ €

{1,2,

3,4}. Next, we can combine several facts to expand the resulting

identity as a polynomial in powers of £:

e the linearity of p.. and . .;

e the definition of .. to expand piz1 5.0 = pip - €+ iz + 5.0, which

requires x + & - £ to be a unit;
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e the identity pz.¢ = s - £2, which requires & to be a unit.

We assume the highest power of ¢ occurring is ¢*. By the identity
we started with, the coefficients of 0 and ¢* will always be equal.
If we now find 3 values for which =z 4+ z - £ is a unit, we can solve
the Vandermonde system of equations and then we know that the
coefficients of ¢, £? and ¢3 are also equal.

This technique will be used in many proofs to come, but it does not
necessarily work for any identity in p., p.. and fi... It can be checked
that it does work whenever it is used.

Next, we will prove (JP2) for units. This axiom for Jordan pairs
corresponds to the Triple Shift Formula for Jordan algebras (see
[McC, p. 202]), which can be deduced from the axioms of Jordan
algebras. We will use ideas from [Jac| where such a deduction is
made, and adapt them to the context of local Moufang sets. This
will require many intermediate identities and will also require the
choice of a fixed invertible element of the Jordan-pair-to-be. Hence
we fix a unit e of our local Moufang set, which we will use throughout
the following few lemmas. We begin with two basic consequences of
Proposition 7.2.5.

Lemma 7.2.7. In a local Moufang set where (J1-4) holds, we have
the following identities:

(i) for all units x € VT andy € V-~
Ylze = Cllyapctte = —Clyuc, ;
(i6) Tpreppe = —€py -2 for all units x € V.

Proof.

(1) We take Proposition 7.2.5(iv), interchange the roles of V1 and
V'~ and replace y by e, by y and z by xu.. This gives the
first equality. For the second, we use

Cly zpe e = EleMype,pepe = (;e)ﬂy,ue,x = —Clyuc,x -

(i4) Setting y = xpte in (1), we get Tiieflg.e = —€llgy = —€liy - 2. O
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We start building up some identities that we will use to prove (JP2)
for units.

Lemma 7.2.8. Let M be a local Moufang set satisfying (J1-4). Then
for all units x,z,v € V™ and all units y,w € V—, the following
identities hold:

(@)
(i)
(#4)
(i)
(v)

Halbylz + Pzpybe + P zbyfaz = Hype . + Rype yp. 5
Pzetrellz.e T Mepy,e = Ha 2;

Yz wpe, . T Yz wp, = Ty b,z + 2y awbbe;

Clzepn, = THellz,xs

Elv,epy,, = Tlhellv,z + Zlefby,z -

Proof.

(@)

We start from the identity fi;fiypte = fiyu,, and linearize y to
y ¥ ' = £. Equating the coefficients of £ on both sides yields

Hafly,y' He = Hypg y' e -

Next, we linearize x to x + z - £, and equate the coefficients of
22 on both sides of the equality; this gives

K bbyy oz F [z by B & Ha,z Hy g B,z
= Pypy' e T Pype ' e + Pype 29/ o= -
We can now set ' = y and use Lemma 7.2.3(#) to get
PPy bz« 2 pzpy b - 2+ Rz flyfla,z 2 = flyug yp. 2+ Hypg . -2 -

The unique 2-divisibility now gives us the desired identity.
We set y = z = e in (i) and get

Patletle + teflefte + faellefte.e = Hepg.e + HPeps.epe s
which reduces to
P - 2+ faeflefoe = Peg-2 + flepy,—e
and by p—_z.9 = py - 4 and linearity, we get
P+ 2+ flaellefla.e = Mo -4 — Hepge

so after rearranging we get the identity we wanted to prove.
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(i)

(@)

Starting from the first equality of Proposition 7.2.5(iv), we in-
terchange the roles of V™ and V™~ and rename some variables
to get Yiwp,,x = Ty wits- Next, we linearize x to o + 2 - ¢; the
coefficients of ¢! give the desired equality.

Set x = e and w = zp, in (ii7) to get

Yle,zpepe . T Yhz,z = eﬂy,zueﬂe,z + Zﬂy,zueﬂe .

By Lemma 7.2.7(i%), Zftefte,» = —efis - 2, so the previous identity
becomes

— Yleep, " 2+ Yz 2 = €fly 2y e,z T Zlefbyp,> - (7.4)

Next, we take identity (i), replace x by z, and apply it to y.
This gives

Yz etetz,e + Yleps,e = Yz = 2,
which we can combine with (7.4) to

—Yle,ep. + YUzelelze = eﬂy,zueﬂe,z + Zlellype,z -

By Lemma 7.2.7(7), we have

Ylhze = eﬁy,zueﬂe )
SO
Yz ellellze = eﬂy7zueﬂe,z .
From this, we get

“Yleep, = Flelype,z -

Again by Lemma 7.2.7(i), we have

—Yfte,ep. = —(—Chlypeep.) = €flype,eps -

Combining these last two identities, replacing z by x and y by
zue gives the desired identity.

We linearize x to o +v - £ in (iv), take the coefficients in ¢! and
interchange z and v to get the desired identity. O
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We are now ready to prove (JP2) for units. Our starting point is
an identity which is symmetric in two unknowns on one side of the
equality sign, and hence must also be symmetric in those unknowns
on the other side. For clarity in the notation, we will occasionally
replace p.. by p(-, ).

Proposition 7.2.9. In a local Moufang set where (J1-4) holds, we
have the following identities:

(1) eu(zpetis, z) = ep(Tpiepis,x)  for all units x,z € V*;
(ii) for all units x,z € V™ and any v e V't
ef(zptefisn, 2) = ep(Thepiz, V) + ep(Vhepiz, T) 3

(i53) for all units x,z,v € VT

ep(Tfte s Thhev,e) + (T e o cteflz, T)
= ellzuhlefafleflz e + €p(Z hebns V) leflz,e

(i) for all units x,z,v € VT

Ve p(Zptepiz, 2) — Vite M Tfiefiz, T)
= ep(Theflz, Tftethv,e) — ep(Z e, V) feflz,e ;

(V) Tpylias = Ylypy,>  for all units z,z € VT and all units y €
V.

Proof.

(i) We start with Proposition 7.2.5(iv), where we interchange the
roles of V™ and V~, set 2 = e and rename the other variables
variables:

Clypz,z = “feyHz -

Linearizing z to z + = - £ and taking the coefficients of ¢? gives
us

Cllypy oz + Clyp, 2 = Tlheyllz,z + Zleylz -

Substituting zu. for y, we get

ep(zptefle,z, ) + ep(Ztte iz, 2) = Tfle zpo a,z + Zfhe,zpe a -
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We want to show that ep(zpepiy, 2) is symmetric in z and z, i.e.
we need to show that the remaining terms are symmetric in x
and z. By Proposition 7.2.5(iv),

The zpeMx,z = €z zMHellz,z

so this term is symmetric. Hence it remains to show that
Zfe,zpe b — €U Z e iy, 2, ) is symmetric. We have

Zfle zpe o — CM(ZHe,Ux,m )
= €z zflefby — eﬂ(eﬂx,euwx)
= ellylbefls - 2 — eﬂ(eﬂx,eumw)

by Proposition 7.2.5(iv) and Lemma 7.2.8(iv). By Lemma 7.2.8(
ii) applied to eppie, this is

= elizlleflz efbeflz,e + €Lz fbellepy e — eu(e:ux,euzvx)
= €lzlelbr.efefr.e — Elen, ey — eﬂ(eﬂw,euzax) >

by Lemma 7.2.7(i). The term eficy, ey, is again symmetric in x
and z, so it is sufficient to prove that the remaining difference is
symmetric. We will, in fact, show that this expression is always
0 by using Lemma 7.2.7(i) twice:

Elz el etleltes,e = *eﬂ(e,uz,ue,ux,ea $)

= —ep(—€llep. 2, T) = ep(elaep., ) -
Putting everything together, we get
ep(2peplas 2) = €z zflefa,z — Cllep. epa >
which is symmetric in z and z, hence we must have
ep(zptefta; 2) = ep(Tpiefis, T) -

Linearize = to z +v-£ in (i) and take the coefficients of £!. This
shows the desired identity for any unit v € V. If v is not a
unit, add the identity for v — e and e (both units) and use the
linearity in v to get the identity for v.
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(iid)

(iv)

Start with Lemma 7.2.8(i77) and set z = e, v = v and y = zp,:
Ze (T, Vbl faye) + ZHept(€, Vpte i)
= Tflzpe vpe Ba,e T €zpe vpe Ha -
Using Lemma 7.2.7(7) twice, we get
2t (T, Ve iz c)
= Tflzp, wpe Pae T €fzpe pe e — Zjtepi(€, Vilefly)

= TUelbzvMHeftz,e — EMzvllells — ZM@M(UHENQC’ 6)
= —ep(Tpefizv, T) — ez pplefte + efi(2, Vtefly) |

and by (ii) with « and z interchanged, this becomes

= —Clzylelly — ep(2ptepla; V) -

Next, we apply pepiz e to this identity, and we use vjiepiz e =
Tfefby,e, @ consequence of Proposition 7.2.5(iv):

elhzplbefla fleflze + e (2 he U)Neﬂz,e
= —zpep(, $Neﬂv,e)ﬂel‘z,e
= ep(z, 2pe (T, Thev,e)) -

Finally, take (i) and set v = Zfiefiye (this need not be a unit,
but we have shown this identity for non-units as well). This
gives

ep(zptept(T, Tptefive), %)
= epu(Tpeptz, I,ueﬂv,e) + e:“(l",ue,uv,e/leﬂm ),

hence

ep(Tpettz, Ttepln,e) + (T fle v etle iz, T)
= ez vllefaflettz,e T eﬂ(zﬂeﬂxv v)ueﬂz,e .

Set z = e and y = zpe in Lemma 7.2.8(7). This gives

Helbz etz fbe T+ Helbztle bz tle + My elle bz hella,e
= p(2ptepiz,e) + p(2ptepis, ) -
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We take the difference of this identity with the same identity,
but interchanging x and z. Using zjiefiz e = Tleflz e, We get

Hxeleflzelyre — Hzellels etz e = M(Zﬂe,uxv Z) - M($M€MZ) x) ,
which we apply to vp,:
Ve, eflefbzelz.e — Videlbz eflelbalellz, e
= Ve p(Zpiez, 2) — Ve M(Tfleflz, T) -
We repeatedly use Lemma 7.2.7(7) to get
VHep(Z ez, 2) — Ve (T teftz, T)
= Vlelly eMeflzlelr,e — Ullefhz eflefla lelz e
= Tllelyefleflz ey e + Elly z el ez e
= —epu(T, Tfiepbo,eleftz) F Clby 2 e fla fleflze

= e Tfteflz, Tfieftv,e) — €U(ZHetlz, V) fleflz,e
= —epU(Tpiepiz; efizw) + ez, ep(ZHepa, V)

in which the second last step follows from (7i7).
Set z = v and v = Tep, in Lemma 7.2.8(v) to get

ep(Thettz, eftow) — Ve (Thepz, T) = Ttept(THeftz, V) -
Combining this with (iv) gives
Tpe (T ez, V) = epi(z, ep(zhepz, V) — Vie (2 hefle;s 2) -

Next, we substitute zu.pu, for z, z for v and v for x in identity
(v) of Lemma 7.2.8 to get

ez, ep(2pte i, V) — Vptefi(Zhe e, 2) = ZHeplz etz -
Combining these last two identities gives us
etz etz v = x,ufe,uf(x,ue,um U) .

Substituting zu. for y, « for z and z for v turns this into

Thyfbz 2 = Ylyuy,z

which is the identity we wanted. O
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7.2.3 The construction gives a Jordan pair

We can now prove (JP1) and (JP2) by linearizing their counterparts
for units. We will henceforth use the notation {---} from Jordan pairs
to denote the triple product, i.e. {x y 2} := yps . and {y zw} = xfiy .
We remind the reader that these triple products are linear in all their
arguments.

Proposition 7.2.10. In a local Moufang set where (J1-4) holds, we
have the following identities:

(i) for all units y,w € V™~ and all units z,z € V"

{rywpe .} +{zywps} = {yrwhie . +{y zw}ips ;

(i) for ally,w € V™ and all x,z,v € VT

(i)

{zy wﬂv,z} +{vy wﬂx,z} +{zy w:ux,v}
={yx w}ﬂwz +{yv w}ﬂx,z +{yz w}ﬂx,v

{xywpg st ={yzwluyy forally,w €V~ andz € VT,

Proof.

(@)

(i)

After renaming, {rywu,} = {yzw}pu, follows from Proposi-
tion 7.2.5(iv). We linearize x to x + z - £ in this identity, and
the equality of the coefficients of ¢! is then the desired identity.
We linearize  to = + v - £ in (i) and take the coefficients of ¢!
to get the identity we want for units, i.e.

{zy wﬂv,z} +{vy w:ux,z} +{zy wﬂxﬂf}
={yrw}lpy. +{yvwtps. +{yz w0tz

holds for all units x,z,v € V~ and all units y,w € V. We
now claim that the variables do not need to be units. If any
of the variables X is not a unit, take any unit e and write
X=(X—-e)+e(or X =(X =e)Feif the variable is in V7).
The required identity then follows, using the linearity in X, and
the fact that the identity holds for the units X —e and e. Hence
the identity holds for any x,z,v € V~ and y,w € V.
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(ii1) We take z = z = v in (i), and hence get

{rywites} -3 = {yowhits, - 3

for any x € V~ and y,w € V. By the unique 3-divisibility, we
get the desired identity. O

Proposition 7.2.11. In a local Moufang set where (J1-4) holds, we
have the following identities:

(i) for all units x,z,v € V' and any unit y € V-

foam, 2} + vy 2} = {yeny =)

(i) for all z,z,v € VT and all y,w € V~

{vapyw 2} +{zvpyw 2}
= {yﬂw,v w Z} + {w,ua:,'u Y Z} ;

(11d) {zxpyy 2zt ={ypsyz} forallz,ze VT andye VT,

Proof.

(i) Using the definition of the triple product, we can rewrite Propo-
sition 7.2.9(v) as {x xpy 2} = {yuyy 2z} for all units z,z € V*
and all units y € V~. We linearize x to x + v - £ and take
coefficients of ¢! to get the desired identity.

(i4) We linearize y to y F w = £ and take the coefficients of ¢! to get
the required identity for units, i.e.

{v Thy,w z} +{x Uy ,w z} = {y,ux,v wz}+ {w.um,v yz}

holds for all units =, z,v € V™ and all units y,w € V~. As in
the proof of Proposition 7.2.10(i7), we can use linearity to prove
this identity for all z,z,v € VT and y,w € V.

(¢i1) In (i1), set v = x and w = y to get

{rapyy 2} 2= {ypey 2} -2

for any x,2 € VT and any y € V. By the unique 2-divisibility,
we get the desired identity. O



7.2. LocAL MOUFANG SETS TO LOCAL JORDAN PAIRS 159

Using these linearizations, we can immediately show that we have a
Jordan pair.

Theorem 7.2.12. Let M be a local Moufang set satisfying (J1-4).
Then Construction C gives a Jordan pair (V*, V™) with

1 1
QF = pag - 3 forallz € V' and Qy = fyy * 5 forallye V™.
Furthermore, the non-invertible elements form a proper ideal
I=(1I"1")=(0,),

5oV is a local Jordan pair with RadV = I. Moreover, V' is uniquely
2- and 3-divisible.

Proof. By (J2), both V* and V'~ are Z-modules, and by the fact
that p-maps are morphisms between the (abelian) groups V' and
V~, the maps Q;} and @, are homomorphisms. By (J4), the map
T — [z i quadratic in x and y — f[i,, is quadratic in y. By
the Proposition 7.2.10 and Proposition 7.2.11 (which also hold when
interchanging + and —), (JP1) and (JP2) hold, along with their
linearizations, so by Proposition 1.3.7(i), (V,V ™) is a Jordan pair.

Next, we want to prove the Jordan pair is local. We first claim that
if x € V7 is a unit, then it is invertible in the Jordan pair. For such
x, we have Q7 = p,, which is an involution and hence invertible with
27! = 2u, = —x. Next, we show that I is an ideal. If x € I, we
have xp, € 177 for any unit z. For any y € V™7 the element 2@,
is a linear combination of such zp, by Remark 7.2.2, so 2Q, € 177.

Next, if z € I? and y € V=7 \ I77, we have

yQu = {wyz} = {ywzpybpy € I,
again because this is a linear combination of zu, € I77. Here we
used the fact that y is a unit (so p, is invertible) together with
(JP1). Finally, if 2 € 1?9, y € V7?2 \ 177 and z € V7, we have
{zyz} = {yx zpy}py € I9. Hence I is a (proper) ideal. In particular,
I does not contain any invertible elements. As all elements of V'\ I
are invertible, I is precisely the set of non-invertible elements; we
conclude that V is a local Jordan pair and I = RadV. The fact

that V' is uniquely 2- and 3-divisible is a consequence of (J3), using
(J1-2). 0
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7.3 There and back again

7.3.1 The Jordan pair from M(V)

In Section 7.1 we described a way to create a local Moufang set
M(V') from a local Jordan pair V', while Section 7.2 contains a way
to construct local Jordan pairs from certain local Moufang sets. We
want to investigate how these two constructions interact.

Suppose first that we start with a local Jordan pair V and apply
Theorem 7.1.11 to obtain a local Moufang set M(V'). It is natural
to ask whether we can apply Theorem 7.2.12 to M(V') in order to
retrieve the local Jordan pair V. We begin by verifying that the
conditions required to apply this theorem are indeed satisfied.

Proposition 7.3.1. Let V = (V*,V ™) be a local Jordan pair such
that V't is uniquely 2- and 3-divisible. Then M(V) satisfies the con-
ditions (J1-4) from Construction C.

Proof. By the definition of M(V) we have [z, 0]a, o) = [z + v, 0], so
U ={az |z €P(V)\ o} VT

Hence Uy is abelian and by Proposition 7.1.10, M(V) is special. Next,
if [z,0] is a unit, then x is invertible, which means @, is invertible.
As Qor = Q-4 and Q3 = Q4 - 9, we also have 2z and 3z invertible,
so [2z,0] and [3x,0] are also units. This means (J1-3) are satisfied.

To show (J4), we compute ji, o for units z = [v,0] and &’ = [v/, 0]
such that = + 2’ is also a unit. By Proposition 7.1.10, we have
Paz? = Pt — Ho — . If we apply this to any [e,e™! + y], we get

[67 6_1 + y] (M’U-H)/ - Hv — MU’) = [yQ’l}-i-v’) O] - [va) 0] - [va’7 0]
= [va,v’v 0] .

Therefore, we can define y, . for arbitrary = and z’ by

[6, 6_1 + y]ﬂx,z’ = [va,v’v 0] .
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As (z,2") = Qy, is bilinear, so is the map (x,2’) — pig 7. A similar
argument shows that we can define

[$, O]Q[e,e*1+w],[e,e*1+w’] = [6, 6_1 + wa,w/]

for arbitrary y = [e,e™! +w] and ¥ = [e,e~! 4+ w'], and that the map
(y,4) ¥ [y, is bilinear. Hence (J4) holds. O

We now know that we can apply Theorem 7.2.12 on M(V'), so we can
compare the resulting local Jordan pair to the original local Jordan
pair V.

Theorem 7.3.2. Let V. = (VT , V™) be a local Jordan pair with
quadratic maps Q such that V' is uniquely 2- and 3-divisible. Denote

the local Jordan pair we get from applying Theorem 7.2.12 to M(V)
byW =W+t W~). ThenV =W,

Proof. Denote the quadratic maps of the Jordan pair W by U. By
construction, WT = {[2,0] |z € VT} and W~ = {[e,e ! + 4] |y €
V~}. We compute the addition on W:
[z,0] + [2/,0] = [0, 0]aycy = [v + 2, 0]
[e, e+ yl + [e, e+ y/] = e, 671]7[676*1+y]r’y[e,e*1+y’}7

= les e yQ. 0y Qe

= [6’ e_l]CyCy’ = [6, 6_1 +y+ y/] y
where we used Definition 7.1.6 and Proposition 7.1.10. A second ingre-
dient we will need, is the actions of the u-maps. By Proposition 7.1.10

we have p; o) = po for all invertible z € V*. By Proposition 7.1.8
this means [e,e™! + Yliz0) = [YQz,0]. Similarly, for all invertible

YEVT, flee—14y] = H[—y=1,0] = H—y-1, SO
[, 0)ptje 11y = [ese ™! +2Q7, ] = [e;e™! +2Q,] .
We are now ready to define an isomorphism between V and W:
hy:WH = VTi[2,00 =z  h W =V ileel+y—y.

What remains to be proven is the linearity of these maps, and the fact
that they preserve the quadratic maps of the Jordan pairs. Linearity
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is immediate from our computation of the addition on W. Next, take
any [z,0] € W+ and [e,e™! +y] € W—. If [2,0] is a unit, we have

h+([€7 e’ + y]U[—;,()]) = h+([ ! + y]:u[z 0]) = yQac
= h-(le;e™ + DOy w0 -
If [x,0] is not a unit, we get

hy(le,e” " y]U[gC 0])

= hy (e, e + Yl o) w0 - 3)
= hy([e; €™ + Yl (etw,0) 2 — Hi2ea,0] T He] - 2))
=hi(le,e™ + Yl (fteta - 2 — Hoera + pe - 2))
= h+([er+a: 2 —-yQ3, ., +yQF -2,0])
=y(Qd, + Qe +Q7) 2
—y( 2+ QF +QF 4) +yQF -2
=yQf = —([676 + Q4 (fe0)) -

Similarly, we get

h_([z, O]U[ee 1+y]) h([z,0]pe.e-144) = 2Qy
= +([5C70DQ;:_([6,6—1+@/])

for [e,e™! + y] a unit, and otherwise

h-(l, O]U[e e—1+y}) h—([z, 0] Hlee= 4yl fe,e 1 +y] © %)
=h_([z,0](ke,e—1 re-14y) 7 2
= ee142e14y] T Hieetre1] 7 2))
= h*([va;qy 22— xQ;e*wy +2Q - 2])
= J:Qe__1+y 22— xQZ_e_1+y +2Q -2
=20y =i ([2.0DQ)_(fe.e-11y)) -

Hence (hy,h_) is a homomorphism from W to V, and since it is a
bijection, it is also an isomorphism. O

Corollary 7.3.3. If V and W are local Jordan pairs and M(V) =
M(W), then V = W.
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7.3.2 Characterizing M(V)

Conversely, suppose now that we start with a local Moufang set
M to which we apply Theorem 7.2.12 to get a local Jordan pair
V', and consider the local Moufang set M(V) obtained from V' by
Theorem 7.1.11; it is now natural to ask whether Ml = M(V'). We will
be able to give a positive answer to this question provided that we
impose an additional assumption determining the action of U on 3c.

Theorem 7.3.4. Let M be a local Moufang set satisfying (J1-4), and
let V' be the local Jordan pair obtained from M by applying Theo-
rem 7.2.12. Assume that

i T ~ .1 SO |
ta, = Tt to, + to‘wﬂ%xﬂt,t 1 t= Tt ™ 5

for allt ~ oo and x # oo .

()
Then M = M(V).

Proof. To avoid confusion, we will denote the set with equivalence of
the local Moufang set M by (X, ~), and the corresponding root group
Usx by U. Recall that M(V) acts on the set P(V'); we will denote
the root group Ujg by U’. To prove that M = M(V), we need
an equivalence-preserving bijection ¢: X — P(V), an isomorphism
0: U — U’ and a p-map in each local Moufang set, which we will
denote by 7 and 7/, respectively, such that the action of U and 7 on X
are permutationally equivalent with the action of U’ and 7/ on P(V).

Let e be a unit in X; then by (7.1) and Theorem 7.2.12 we can
describe P(V') as

P(V) = {[t,0] | t % co} U{[e,e™ +1] |t ~ o0} .
We define

e: X = P(V): t— 2, 0] ifte X\,
[e,e ™t +1] ifte.

We check that this bijection preserves the equivalence, using Defini-
tion 7.1.3. First, if z, 2’ # co, we have

x~r = r—a2'~0 < z—2' €¢RadV™"
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— [2,0] ~ [2/,0] &= zp~2p.
Second, if y ~ 3/ ~ oo, then y,7/ € RadV ™, so
yp=leet +yl~le e +y=yp.
Finally, if 2 # 0o and y ~ oo (or vice-versa) then [z,0] » [e,e™! + 7.
Next, we set 7 = i and 7" = i o). Then
10,0 i £ 0,
le,e ! +tue] ift ~0;

[t, 0] pape,0) = [e;e™t + Q1] if t ~ 0,
tsp'r, = [t’ O]M[e,O] = [—t_lQe’ 0] if tis a unit,
le,e™! + tppe g = [tQe, 0] if t ~ oo.

Observe that Qe = e, - % = e, SO Qe_l = ,ue_l = e, and that
t=! = tu, = —t if t is a unit. Hence, in all cases, tTyp = tor'.

We now define
9:U—>U’:aw»—>a[x70] for all x 7 co.

This is clearly a group isomorphism. It only remains to verify that
tazp = xph(ay). If t o0 0o, we have

tagp = (t+z)p = [t +2,0] = [t,0]ay, g = ted(az) ,
so the only case left to consider is when ¢ ~ co. By (%), we have
tag = Tftta, F ieafns ™5 =1t = Thes~ 3
= tag = tag Dy p F to,Q.Qr =1 = 2@y
- tag(1 = Dip + QeQy) =1t = 2Qy .

Now observe that (¢, x) is quasi-invertible because V is a local Jordan
pair and ¢t € RadV ™ hence 1 = D; , + Q,Q; is invertible and

tay = (t = 2Q)(1 = Dyp F QuQr) ' =17
We conclude that also in this case,
tagp = %9 = [t%,0] = [t, Olag o) = tpf(ca) -
Hence we have shown that M and M(V') are isomorphic. O
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Remark 7.3.5. As can be observed in the proof, the extra condi-
tion (*) is a translation of the original definition of «, in M(V):
[e,e™ + tla, = [e,e”! +#7]. Tt is at this point unclear to us whether
this assumption is strictly necessary. It seems likely that there is a
connection with the extra assumption needed in Theorem 6.2.10, but
we have not been able to verify this.






HERMITIAN LOCAL
MOUFANG SETS

Our final examples are the Hermitian local Moufang sets, which are
also our first examples which do not have abelian root groups. We first
introduce orthogonal local Moufang sets, as these are a specific class
of Hermitian local Moufang sets with a simpler description. Next, we
define the underlying set and root groups of Hermitian local Moufang
sets, and we prove that we indeed get local Moufang sets.

8.1 Orthogonal local Moufang sets

8.1.1 A set to act on

In this section, we assume R is a local ring with maximal ideal m.

Definition 8.1.1. Let W be a right R-module. A map q: W — R is
a quadratic form if

(Q1) g(xr) = q(x)r? for all x € W and r € R;
(Q2) f(z,y) = q(x +y) — q(z) — q(y) is bilinear.

A quadratic form is anisotropic if
(Q3) g(z)em = z€ Wmforallz e W.

Assume we have an anisotropic quadratic form on a right R-module
W, then we can define

W:=RxW xR GW = R:(rz,s)— qlx)—rs.
This is also a quadratic form (but not an anisotropic one).

167
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We can now take the triples (r,x, s) up to invertible scalar multiple
[r,z,s] == {(rt, xt, st) € Wlte R\m},
which, if we restrict to nice triples, gives a projective space:
P(W) :={[r,z,s] | (r,x,s) € W,rR+ sR = R} .

In this projective space, we can now look at the isotropic points of
the form ¢:

Q(VV, Q) = {[T,I, S] € P(W) ’ (j(’l“,l', S) = 0} :

Observe that the assumption rR + sR = R implies that at least one
of r and s is invertible, hence we get

QW,q) = {[L,z,q(@)] |z € W}U{[g(), z,1] | £ € Wm} .

Lastly, we can define an equivalence relation on Q(W, ¢) by saying two
points are equivalent if they reduce to the same point if we quotient
out m:

1,z,r] ~[1,y,s8] < z—y € Wm
[ryz,1] ~ [s,y,1] <= z—y € Wm

[r, @, 8] # [y, 5] otherwise.

8.1.2 A local Moufang set

We can now define equivalence-preserving permutations of Q(W, q) to
construct our local Moufang set. We define ajy 4 4], ([r,1) and 7 by

[1’3/7 S]O‘[l,m,ﬂ = [Ly + T, 5+ + f(xvy)]
S y+xs
1+7rs+ f(z,y) 1+7rs+ f(

[87 Y, ]-]a[l,m,'l‘} = |: z, y) ’ 1:| for y € Wm

1y, 5]¢ . [1 y+xs s
T N T s ) T s+ [(my)
[Saya 1]<[r,x,1} = [S +r+ f(xay)ay+x7 1]

} for y € Wm
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[r,x, s|T = [s,x,7]
One can verify that all these permutations are in Sym (Q(VV, q),~ )

We now set U = {a[; 5, | * € W}, and we consider the construction
M(U, 7). It is easy to verify (C1) and (C1’). Furthermore, U fixes
[0,0,1] =: o0, [0,0,1]7 = [1,0,0] =: 0, and 07 = oo so (C2) also holds.

It is now possible to compute the following:

7[1,x,r} = a‘[rl,%r] = C[r,:p,l]

Bter] = St —ar—1 1) Len] St —ar-1,1)  fOr z € W\ Wm

ERENICEY
Ly, slpp,en = [7"2’ (y - )T, 1 forz € W\ Wm
_ f(:z"a y) 2
(5,9, Uppzn = |1, (y— 2 . r,r°s forz € W\ Wm
Hil,z,r]
a[lvlyvs} - C[lvyvs]u[l,xm] fOI‘ T € W \ Wm

Now, by the construction,

UO = {7[1,1,7‘} ’ x e W} = {C[r,az,l] | S W} ’
and hence
Uhter) = {aﬁ[,lz}fé}r] |y €W} =yl | ¥ € WD
={{ys lyEW} =0

for all z € W\ Wm. Hence this construction gives a local Moufang
set by Theorem 3.2.4 and Lemma 3.2.2.

Definition 8.1.2. An orthogonal local Moufang set is a local Moufang
set originating from an anisotropic quadratic form ¢ on a right R-
module W in the preceding manner. We denote this local Moufang
set by M(W, q).

Remark 8.1.3. We have skipped computations here, as orthogonal
local Moufang sets can be acquired from local Jordan pairs. Indeed,
if W is a right R-module with quadratic form ¢, then we can define
a Jordan pair by

VIi=V"=W  Qu:V° =V %y yqlx) —af(z,y).
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In this case, one can check that x is invertible if and only if = €
W\ Wm, and that (Wm, Wm) is an ideal in the Jordan pair (V*,V 7).
Hence we can construct a local Moufang set M(V*, V™). The de-
scriptions of the set, maps..., one would get using the Jordan pair
construction will be different from the descriptions given here, but
the local Moufang sets will be isomorphic.

Alternatively, orthogonal local Moufang sets are also specific instances
of Hermitian local Moufang sets, which we will describe in the next
section.

8.2 Hermitian local Moufang sets

8.2.1 A set to act on

In this section, R is a unital local ring (not necessarily commutative)
with maximal ideal m, and an involution *. Remark that we automat-
ically have m* = m. Furthermore, ¢ will denote an element of Z(R)
such that ee* = 1. The following definitions and properties are from
Chapter 5 in [HO.

Definition 8.2.1. A x-form on a right R-module W is a biadditive
map f: W x W — R such that

f(zryys) =r*f(xz,y)s for all x,y € W and r, s € R.
We call such f e-Hermitian if f(x,y) = f(y,z)*e for all x,y € W.
Set

Apin == {r —r"e [r € R} and Apax :={r € R|r7e = —r} .

Definition 8.2.2. A form parameter is an additive subgroup A of
R such that Apin € A C Apax and 7*Ar C A for all r € R. We call
(R, A) a form ring.

Suppose s = s’ + A for some A € A as in the previous definition, and
take r € R. Then r*sr = r*s'r + r*\r. As r*)r is in A, we have
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r*sr + A = r*s'r + A. Hence, we can define r*(s + A)r := r*sr + A.
This gives a right action of R on the additive group R/A.

Proposition 8.2.3. If (R, A) is a form ring, and there is anr € Z(R)
such that r +1r* is invertible, then A = Anin = Amax. This is the case

if 2 ¢ m.

Proof. [HO, Example 1 of Section 5.1C]| O

Definition 8.2.4. Let (R, A) be a form ring and W a right R-module.
A pair of maps (f,q) with f: W xW — Rand ¢: W — R/A is a
A-quadratic form on W if there is a x-form A such that
f(z,y) = h(z,y) + h(y,z)"e
q(z) = h(z,z) + A
We say (f,q) is defined by h. We call a A-quadratic form anisotropic
ifglz) em+A = z€WmforalzeWW.

Proposition 8.2.5. If (f,q) is a A-quadratic form, we have

(AQL) q(x +y) = q(x) +q(y) + f(z,y) + A for all z,y € W;
(AQ2) q(zr) =r*q(z)r for allx € W and r € R;
(AQ3) f(xz,x) =r+7r*c forallz € W andr € R

such that q(x) =r + A.

For any projective module W, any e-Hermitian form f and any map
q: W — R/A satisfying these three properties, the pair (f,q) is a
A-quadratic form defined by some x-form h.

Proof. [HO, 5.1.15] O

Now assume we have an anisotropic A-quadratic form (f,q) on W
defined by some *-form h. We set

W:=RxW xR

h: W x W — R: ((T,a:,s), (', y, s')) = hx,y) —r*s’ .
Le. we have a *-form h on W, and the corresponding A-quadratic
form (f,q) is

f((T', €, 8)7 (7’/, Y, 3/)) = f(-T, y) —r*s —s*r'e
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q(r,z,s) = q(z) —r*s+ A
We now take the triples (r, z, s) in W up to invertible scalar multiple
[r,x,s] = {(rt,zt,st) e W |t € R\ m},
which, if we restrict to nice triples, gives a projective space:
P(W) :={[r,x,s] | (r,z,s) € W,rR+ sR = R} .
In this projective space, we now look at the isotropic points of §:
HW,q) :={[r,x,s] e P(W) | q(z) =r*s+ A} .

In a local ring, 7R + sR = R implies that at least one of r and s is
invertible, so we get
HW,q) ={[L,z,r] e P(W) [ q(z) = 7 + A}
U{[r,z,1] e P(W) | q(z) =7* + A,r € m}
={[L,z,r] e P(W) | ¢(x) =r+ A,r €m}
U{[r,z,1] e P(W) | g(x) =r* + A}.
If the space and form are clear from context, we will simply write
‘H. Finally, we can define an equivalence relation on H by saying
two points are equivalent if they reduce to the same point when we
quotient out m. Concretely, this means
1,z,7r] ~[l,y,s] <= z—yeWmandr—sem
[ryz,1] ~ [s,y,1]] <= z—ye€Wmandr—sem

[r, 2, 8] £ [r',y,s] when 7,8’ € m or 7/, s € m.

Proposition 8.2.6. The relation ~ is well-defined, and is an equiv-
alence relation on H.

Proof. To check if ~ is well-defined, we need to verify that whenever
two points can both be written as [1,z,r] and [s,y, 1], the equiva-
lence of these two points is independent on the choice of represen-
tation. First assume [1,z,7] ~ [1,y, s], then we want to show that
[r=Yar=t 1] ~ [s71,ys™1, 1]. We have

rrl—ysleWm < z—ys 'reWm
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— r—ys (r—s+s)eWm
= z—y—ys (r—s)€Wm,
which is the case. For the second condition, we get
rloslem = 1-slrem
— l-s(r—s+s)em
— s Hr—s)em,

~

which holds. The proof that [r,z,1] ~ [s,y, 1] implies [1,zr~ ! r71]
[1,ys 1, 571] is identical.

It is clear that this relation is symmetric and reflexive. Proving
transitivity requires a short case distinction, but is also easy when
we observe that if [1,2,7] ~ [1,y, s] and r is invertible, then s is also
invertible (as it differs from r by a non-invertible element). O

8.2.2 A local Moufang set

We can now define the permutations of (H,~) that will be part of
the local Moufang set.

Definition 8.2.7. For [1,z,7] € H, we define oy ;. as

[Ly,s] = [Ly+a,s+r+ flz,y)
a[l,x,r] : [873/7 1] '_>[S<1 +7rs+ f(m,y))fl,

1 for s € m.
(y+as)(I+rs+ flz,y) 1]
For [r,z,1] € H, we define (}, ;1) as
[s,y, 1] = [s+r+e"f(z,y),y+2,1]
C['r,at,l] . [17 Y, S] H[la (y + :ES)(l +rs+ 5*f(337 y))_17
for s € m.

s(1+rs+e*fla,y) Y
Finally, we define 7 by
[r,x, s|T:=[s,z,re] = [se*, e, ] ,
SO

[r,z, s]T7 1 = [se*, x,r] = [s, 2, €] .
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We now want define a local Moufang set by the construction M(U, )
with U := {aj1 4, | [1,2,7] € H}. For this, we first need to check if
all a1, and 7 preserve ~, and if the conditions (C1-2) are satisfied.

Proposition 8.2.8. For all [1,x,r] € H, 04[71711,77“] = Q[ —,f(x.2)—r]

and apy 4. preserves ~. Secondly, T preserves ~. Finally, (C1),

(C1’) and (C2) hold.

Proof. The first claim follows by computing oy ; )1~ f(z,2)—r] a0
AN, —x, f(z,x)—r]| X[1,2,7] -

Assume [1,y,s] ~ [1,u,t],i.e. y —u € Wmand s —t € m. Then
Ly+zstr+flzy)]~[Lutaztrr+ flzu)],
as (y+z)— (u+z)=y—u e Wmand
(s+7r+ f(z,y) — (t+r+ flz,u) =s—t+ f(z,y —u) e m.
Next, assume y € Wm and s € m, so [s,y, 1] ~ [0,0,1]. Then
[s(L+7rs+ fz,9)7" (y+as)(L+7s+ flz,y) 71 1] ~[0,0,1]

as s(1+rs+ f(z,y)) "t € mand (y +2s)(1 +rs + f(x,y)) " € Wm.
By transitivity, this means

[37 Y, 1] ~ [t, U, 1] = [37 Y, 1]0‘[1,1,7“} ~ [tv u, 1]a[1,x,r]

if z,y € Wm and s,t € m. This means that in all cases, we know
[s,y,t] ~ [s',9/, '] implies [s,y,tlap 2, ~ [,4 st 2. Since this

also holds for 2]
preserves ~.

, we get the opposite implication as well, so oy ;)

For 7, we see

1,z,r] ~[ly,8] <= z—yeWmAr—sem
= (z—y)E eWmA(r—s)E*em
= [re*,xe*, 1] ~ [se¥,ye*, 1],

and similarly for the other cases.
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Now U clearly fixes [0,0,1] =: co. Now if we have [r,z,1] with
r € m, then clearly, ¢(z) ="+ A € m+ A, so z € Wm, and hence
[r,z,1] ~ oo. This means that H \ & = {[1,z,7] € H}. The group
U acts transitively on {[1,z,7] € H}, as for every [1,z,r|, there is
an element mapping [1,0,0] to [1,z,7]. In order to prove regularity,
we observe that no element of U except for ayy g fixes [1,0,0]. This
proves (C1).

For (C1’), we need the find the induced action of U on H. This
corresponds to the same construction, but with

W :=R/m x W/Wm x R/m

and the induced quadratic form (f,q). The argument for (C1’) is the
analogous to the above argument.

Finally, we clearly have [0,0,1]7 = [1,0,0] « [0,0,1] =: 0 and
[0,0,1]72 = [0,0,1], so we have (C2). O
Next, we need to compute the different maps we need to show M(U, 1)

is a local Moufang set.

Proposition 8.2.9. For all [1,z,r] € H, we have

i,z = ai—l,x,r] = C[l,z,r]’r

and
=Lz, r] =[1,—z, f(x,z) —r]| = [1,—x,7%¢] .

If r € R\ m, we have

Bll,er] = Clerr—* —zerr— 1 Y12,/ Clerr—*,—ar—1,1] -
Proof. First, take any [s,y, 1] € H. Then
5,0, 7 o g7 = [1, 9, selap o T

lye + x,se +r + f(z,y)e]T

s, 9, 1]y 0y = 55
= [
= [see” +re* + f(x,y)ee”, yee™ + xe™, 1]
=
= [s,

s+re’ +e* f(xe®,y),y + xe, 1]
5 Y, ] [re*,xe*,1] — [S7yv ]C[I,CE,T‘]T .
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We still need to check that both actions are the same for [1,y,s] € H
for s € m.

[1,y, s]a [Tlm]

s, 9, Ut ap o7 =[5,y o o7
se*(1+rse* + f(x,y)) Y, (y + zse™) (A 4 rse* + f(x,y)) "1 17
1, (y + zse®) (1 4+ rse* + f(z,y)) L, se* (1 +rse* + f(z,y))

1, (y +ze*s)(1 +re*s 4+ ¥ f(ze*, y) "L s(L + re*s + fxz,y) 7Y
Ly, 8|Cre mex 1] = [L, ¥, 8| 207 -

e]

= s,
= [se
=
=
=

For the second claim, we use «a, = Q[ g f(z.a)—r, and we know
[1 937"] [ ) 7f( ) ) }
that if g(x) = r+ A, then f(z,z) =r+r*e, so f(z,x) —r = r*¢, from
which we get
[17 —Z, f(xa JI) - T] = [17 -, T*E] :

The identity for p; ;1 is now immediate from the definition

Hitzr) = Y(=[1,z, )71 ¥[1,2,r] V—([1,2,r]7~1) >

and previous statements. ]

The last big computation we need, is the precise action of the u-maps.

Proposition 8.2.10. Let [1,z,r] € H with r € R\ m. Then

[87 Y, 1]:“[1,&:,7‘} = [L (y - $T_1f($v y))?"*E, 7"87"*6]
for all [s,.1] € H;

Ly, slupen = [ sr™h (y —ar™ f(z,y))r 1]
for all [1,y,s] € H.

From this one can get u[_llm o] = M=z
Proof. We first compute the image of [s,y,1] € H under pp ;-

[87 Y, 1]:“’[1,36,7"]

= [87 Y, 1]([6*1"**,—ms*r**,l]a[l,x,r} C[a*r**,—x’r‘*l,l]
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=[s+er" =" flze™ry),y — 2™ r " Yo g ) Clerr— —ar—1.1]

= [5 +efrTt — T‘_lf(:L‘, y)a Y- :L'E*T_*a 1]a[1,x,r]<’[s*r_*,fzr_1,1}
We now have two cases depending on whether or not
s+t =T f(z,y) em

We first assume this is the case, and then we also know y — xe*r—* €
Wm. In the computation, we then get the inverse of the following
expression:

1+r(s+er ™ — r~Lf(x, v)) + f(z,y —xe™r™")
=1+rs+re’r ™ — f(z,y) + f(z,y) — f(x,2)e"r™"

=1l4+rst+rer ™ —(r+rie)e™r " =rs

this immediately means s is invertible, and we get

[s +er™ =17 fa,y),y — 2 Uap 40
= [(s+e" ™ —r  f(z,y)(rs) ",
(y—aer " +a(s+e v —r fz,y))(rs) ", 1]
= [(s+e"r ™ —r  f(a,y)(rs) " (y + ws —ar™ f(2,9))(rs) ", 1]

Hence we have

5, Y, i,z
= [(s+er ™ —r flz,y)(rs) !

(y+as—ar” f(2,9)(rs) " e —ar 1)
=[5,9,1],

where we need to compute 5 and y:

j=(y+as—ar " flz,y)(rs) " —ar
(y + x5 — ar 1f($, ) —ar 17”8) (7‘5)71
= (y—ar ' f(z,y))(rs)"!
(s+er ™ —r f(z,y))(rs) +efr*

e f(mar™hy +as —ar™ fw,y))(rs)
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=(s+er ™ —r 1 f(z,y) +er s
+et f(—ar™ly +as —ar™! f(z,y))) (rs)

= (s+e ™ = f(x,y) + e rs — ' f(2,y)
—e'r " f(x,x)s +"r " f(x, as)r_lf(ac, y)) (7“5)_1

= (s +e ™ = (z,y) FeFr T rs — e f (2, y)
— T rre)s + e (r + rre)r L f (a, Y)) (rs)~1

_ 6*7’_*8_17’_1

This means, if s +c*r~* —r~! f(x,y) € m, we have

[,y e = (77 (rs) ™", (y — ar ™ fa,y)) (rs) 1, 1]
=1, (y —ar U f(a, y))r*a, rsrel

Next, we assume s + *r~* — = f(x,y) € m, so we need to compute

[1,(y —2e™r ) (s + " —r7 f(z,y) 7
(s+er ™ —r " fz,9) Napes = [1,3,3]
with
g=(y—ze'r ) s+ —r T fzy) o
=(y—zer ™ +a(s+er 7 —r 7 f(2,9)))
s+ = (o y) !
= (y+as —ar  f(z,9) (s + e =1 f,y) !
S=+r(s+er™ —r " f(z,y) + flz,y —2e'r™))
(st =T fz,y)
=(1+rs+rer™ = f(z,y) + f(z,y) — flz,2)e"r™)
(st —r f(z,y) T
= (L4+rs+rer™ — (r+r¥e)er ™) (s+er™* —r f(z,y) "
= (rs)(s+ e —r 7 f(z,y) !
Now, if s € R\ m, we get

(5,9 e = [(s + 7 —r7 1 f(z,y))(rs)
<y +xs — xr_lf($7 y)))(T’S)_l, 1]C[S*T**,—a¢T*1,1]
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and this is the same as in the previous case, so again we get
[57 Y, 1]M[l,m,r] = [5*T_*(TS)_17 (y - mT_lf(SU, y))(rs)_l, 1]
=[1,(y— zr L f(z, y))rie, rsre] .
If s € m, we temporarily write t = s +*r=* —r~! f(x, %), so we have

[87 Y, 1]:“’[1,2,7"} = [17 (y +xs — :L“T'_lf(I, y))t_l’ TSt_l]C[a*r—*,—xr—l,l}
=[1,9,3]

g=((y+as—ar  fla,y)t™ —arlrst™!)
(st e f(—ar Ty as —ar T f(my))t )

= (y+as—ar ' f(z,y) — xs)
(e s+ f(—ar Ly +as —ar T f(z,y))

1

1

We now look at the second factor separately:

t+e'rtrs+e f—ary +as —ar” fz,y))

=s+e* r ™ —r f(x,y) + s — 5T f(w,y)
— e f(x,x)s + T f (@) f(w,y)

= s+ —rT flz,y) + T rs — T f(,y)
— T rrfe)s + T (r + i e)r T f(a,y)

= 8*7’7*

Hence, we get
g=(y—ar ' flay))rre

and secondly

§=rst!

1+ e rrst L+ e* f(—ar Ly + xs — ar L f(x, y))t_l)_l

=rs- (t+er T rs+ et f(—ar ™y +as — o f(2,y))

= rsr¥e
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All in all, we get
[37 Y, 1]:“/[1,90,7“] = [17 (y - acr_lf(w, y))?"*é“, 7“87“*8] : (81)

Now, we still need the image of [1,y,s] under up ,,), where s € m
and hence y € Wm. We first compute
(1,4, 8]C[exr—r —zerr—+ 1] [1,24]
=[1,(y — ze*r*s)(1 4+ e*r*s — flar *,y)) "},
s(L+e"r*s — flar™,y) " ap e
=[1,9,4],
with
§=(y—ar )1+ r s — flar ™ y) o
=(y—ze'r Ts+ax+aer s —af(zr " y))
c(L+e*r s — flar™,y) "
=(+z—ar flo,y) L+ s —r fz,y) 7
S=(s+r(l+er*s— r (@) + fz,y — ze*r™*s))
(L4 s —rlf(a,y) !
= (s +r+refrs— f(z,y) + flz,y) — f(=x, :z:)s*r**s)
A+ r s —r f(y) Tt
= (s +r4+refrts—(r+ T*e)s*r_*s) (1+e*r*s—rLf(z,y))™?
=r(14er*s —r Lf(z,y) !

Hence we get

(L, slug,2,0]
=[(1+er*s—r 1 f(x,y)r 1,
(y+az—ar (@) e r— —ar11]
=[5, (y —ar™ flz,y)r 1],
where we still need to compute §:
=1+ r*s—rtf(zy))r t+er

e flmarhy va —arT f(a,y))r
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1 1

—r ()T e T — T f ()T
— e f(z,x)r T et T f () f ()
=r e e =T ()T e T =T f ()

—er T (rrre)r T e T (e e ) f (2, )

=7yl e r s

Hence, for [1,y, s] € H with s € m, we have

[17 Y, S]ﬂ[l,x,r] - [E*T_*Sr_lv (y - xr_lf(x, y))r_la 1] :

1

If s is invertible, we have [1,y,s] = [s™!,ys~!,1], and hence we can

use identity 8.1 to compute the action:

[L Y, S]M[l,x,r} = [5_17 ys_lv 1]:“’[1,&:,7”}

=1, (ys*1 — xrilf(a:, y)sil)r*a, rsilr*e]
= [e*r_*sr_l, (y — xr_lf(x, y))r_l, 1],
so we get the same formula for all [1,y, s] € H. O

Using the previous computation, we can now verify that the conjugate
of an ayy , 4 by a p-map corresponds to some (:

Proposition 8.2.11. For [1,z,7],[l,y,s] € H with r € R\ m, we

/'L[l,z,r] _
ha'l)e a[l,y,s] - C[lvyvs}p‘[l,z,r] :

Proof. We will verify that the action of the two permutations is the
same. Note that the right hand side is

g[lzyvs]“[l,z,r] = C[E*r—*sr—l,(y—xr—lf(x,y))r—l,l] :

First, take [t,u, 1] € H, so

[t’ u, 1]<[17y’5}#[1,x,r]
=[t+erFsr e f((y—ar  fz,y)r ),
u -+ (y - xr_lf(:E?y))r_la 1] .

Now we compute the image of the left hand side:

[t, u, 1]:“’[1,79:,7"*5}a[l,y,s}u[l,x,r}
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= [17 (u - LL‘E—I*’I"_*f(iﬂ, ’LL))?", r*trg]a[l,y,s],u[l,x,r}
=1, (u—ze’r " f(z,u)r + vy,
rtre + s+ f(y,w)r — f(y, 2)e"r™ " f (2, w)r]pp z

t=c*r*(r*tre + s+ f(y,u)r — f(y,x)e*r ™ f(z,u)r)r~!
=t+e r T sr T e (r T f(y,u) — T fy,2)ef T fw, )
=ttt e (flyrTu) = fla(rT (g, 2)e ) w)
=t+er s e (flyr ) — flar T f(my)rt )
=t+er s+t f(y(—ar T f(z,y)r Tt u)

U= u—xe*r " f(v,u) +yr

* -1

—zr U (z, ur — ze¥r T f(z,u)r + y)r
=u—ze*r " f(z,u) +yr~t —ar (2, )
+ zr L f(z, x)s*r_*f(ac u) — xr_lf(a:, y)r
:qu(ny“ 1f(::: y)) *r *f(x,u)f:m“_lf(x,u)
+ar- (7’—1—7’ ee*r—* f(x, u)
=u+ (y—ar flz,y))r !

-1

hence we have
[t’ u, 1]“[1,fgc,r*5]a[l,y,s]u[l,x,r] = [t7u7 1]4[17yas]ﬂ[1,z,r] :

Next, we look at the image of [1,u,t] € H with ¢ € m. The image of
the right hand side is

[17 u, t]C[l,y,s]u[17E77.] = C[z—:*r**sr*l,(yfzrflf(:v,y))rfl,1]
= [1, (u+ (y — 2r~ fa,y))r~'t)d " td 1],

with d = 1+ e*r*sr~t + e* f((y — 2r L f(z,y))r 1, u). We now
compute the image of the left hand side:

[17 u, t]u[l,fx,r*a]O‘[l,y,s]:“’[l,x,r]
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= [e*r™ r ™, (u— ze™r T f(@,w)e ™, oy s 1]
_ [8*7’71757'7*6571,
with

d=1+se*r ' r ™ + f(y, (u—a*r™" f(z,u)e"r™)
=14+ se*r Y+ fly,w)e™r™™ — f(y,z)e"r " f(z,u)e*r™*
=r*(1+ r*serr T 4+ T f (y, u)et
—r* fly, )" fz,u)e)r
=r* (1 +e*r s et f(yr )
— " fla(r™ fly, )" ™) u))r™"
=" (L4 sr 4 e f((y — ar ™ fla,y)r " w)r

=r*dr=".
Hence we get

[1, Uu, t],Uu[l,—z;r*s}O‘[l,y,s}:u[l,m,r}
= [5*r_1td_1r_*,
(ue* — we*r™* fa,u)e* + yer™ ") d ' pp

= [1,a,t]
with

i = (ue* — e fz,u)e* + ye*r 't
—zr” f(z,ue* — ze*r T fz,u)e* +yerTt))d e
= (u+yr 't —ae*r " f(z,u)
—ar U f(z,u — ze*r T f(x,u) + yr_lt))d_l
= (u+yr 't —ar  flz,y)r it —ze*r T fz,u)
—ar  f(z,u) + a7 f(z, x)etr T f(x, u))d_l
= (u+ (y—2r ' flz,y))r 't —aze*r ™" fz, u)
—ar U f(z,u) + 2r (4 rre)etr T f(x, u))d*1
= (ut(y—ar  fley)rt)d
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t=re*r Ytd lr—r*e
td=1

so indeed, we have, for [1,u,t] € H with ¢t € m

[17 U, t]/«‘[l,—m,r*a]a[l,y,s]“[l,x,r] = [17 u, t]([l,y,s]u[lyx’r] : 0
After this extensive amount of computation, we can prove that the
object we constructed is a local Moufang set.

Theorem 8.2.12. Let (f,q) be an isotropic A-quadratic form on W
and take 7 and U = {ap 4y | [1,7,7] € H} as defined in Defini-
tion 8.2.7. Then the structure M(U, 1) created by Construction A is
a local Moufang set.

Proof. By the construction, we have
Up=U"={of ;| [Lz,r] € H} = {(pay | [ 2, 1] € H} .

By Lemma 3.2.2 and Theorem 3.2.4, it is sufficient to show UL =
Uy for all units [1,z,r]. By the previous proposition, we have

Uttt = {ag ol | 1y, s] € HY = {Cuy,siug o | Ly 5] € H)

(1,y,5]
= {C[s,y,l] | [Sayv 1] € H} =Uo .
Hence M(U, 7) is a local Moufang set. O

Definition 8.2.13. A Hermitian local Moufang set is a local Moufang
set originating from an anisotropic A-quadratic form (f,¢) on a right
R-module W in the preceding manner. We denote this local Moufang
set by M(W, £, q).
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A IDEAS FOR FURTHER
INVESTIGATION

During my research, I encountered many other interesting problems
that could increase our understanding of local Moufang sets and how
they are connected to other parts of mathematics. This appendix
collects some of these problems, and in some cases, ideas on how to
approach them.

A.1 Twisting projective local Moufang sets

In Chapter 6 we defined projective local Moufang sets, and we were
able to characterize them in Theorem 6.2.10. The assumptions of this
theorem are the natural conditions (R1-4), but also the identity

Tpety = YRyo_gepie Rypre  for all z ~ 0 and y o oo. (%)

It is unclear whether or not (%) can be removed from the conditions.
In other words, we can wonder if M(R) is the only special local
Moufang set structure we can get acting on the set with equivalence
relation P1(R), with root groups isomorphic to (R,+) and abelian
root groups. One possible way of trying to construct counterexamples
to this, would be to try to twist M(R) somehow, by changing the
action of all ay; ;) on [0, 1]: for each r € R, pick a &, € Sym(m) fixing
0, and set

) .{[l,s]l—)[l,s—l—r]

Y 1] > [, 1]

One clear assumption we need to make, is the compatibility of the
&y, i.e. we need a,&,» = @yyr. We keep 7 as defined for M(R) and

187
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set U' = {o/[1 . | » € R}. Then (C1-2) are satisfied, so we get a local

pre-Moufang set M(U’, 7). If we took méd, = m(mr +1)"1, we would
find M(R). If we would be able to find other choices for &, giving rise
to a local Moufang set, we would have a candidate counterexample
to Theorem 6.2.10 without condition ().

Open problem. Can we find a local ring R, along with &, € Sym(m)
fizing O for all r € R, such that M(U’,T) as defined above is a local
Moufang set?

Remark that if R is generated by {r1,..., .}, then it is sufficient to
define &,, fori =1...n.

A.2 Local Moufang sets from structurable al-
gebras

Structurable algebras have been introduced in by Allison in [All],
and division structurable algebras have been shown to give rise to
Moufang sets.

Definition. Let K be a field with char(K) ¢ {2,3} and A a K-
algebra with involution *. For all z,y,z € A, we set

Vay(2) = A{z,y, 2} i= (2y")z + (zy")z — (227)y .
We say (A, ) is a structurable algebra if

WVays Vel = Vw2 = Vav, o(w) for all z,y, z,w € A.

We write W, yz := V, .y and W,y := W, .y, and define the set of
skew elements
S={rxeA|z"=—z}.

An element x € A is called invertible if there is a y € A such that
Vzy = 14, and in this case we call Z := y the inverse of . We call A
a structurable division algebra if all nonzero elements are invertible.

The following theorem by L. Boelaert now shows how one can con-
struct a Moufang set from a structurable division algebra:



A.3. SuzukI-TIiTS LOCAL MOUFANG SETS 189

Theorem. Let A be a structurable division algebra over a field of
characteristic different from 2, 3 and 5. Define

v Ax A= St (x,y) — zy* —yz*
Gz: S = S: s 2y(z, Wy(sz)) .

We set U = A x S with group operation

(z,8) + (v, 1) = (z +y, s +t +Y(2,y))

and define a permutation T of U \ {(0,0)} by

0)
8)

7:4(0,5)— (0 |
q:(s) +8)° % + 3(s + q2(8)) 2, — (s + ¢=(8))")

(2,0) = (-2
(x,8) — (é(

where all x # 0 and s # 0. Then M(U, ) is a Moufang set.
Proof. This is [Boe, Theorem 6.25| O

As structurable algebras generalize Jordan algebras (if x is trivial,
then a structurable algebra is a Jordan algebra), it seems likely that
there is some way to define local structurable algebras, and to construct
local Moufang sets using these. An ideal in a structurable algebra is
a two-sided ideal in the algebra that is invariant under *, so we could
say a structurable algebra is local if the set of non-invertible elements
is a proper ideal.

Open problem. Does this notion of local structurable algebras give
rise to local Moufang sets?

A.3 Suzuki-Tits local Moufang sets

In our examples, we have omitted a few more exceptional Moufang
sets. The easiest of those are the Suzuki-Tits Moufang sets (discovered
in [Suz|). These require a field K of characteristic 2 with a Tits
endomorphism 6 (an endomorphism such that a? = a?). Set K 0 —
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{a’ | a € K}, then K is a K%vector space. Now take a subspace L
of K which contains K?.

Now set U = L x L with group operation
(a,b) + (¢,d) :== (a+¢,b+d + ac’)

and define a permutation 7 of U \ {(0,0)} by

( b) o b a
GOT =\ 02 ab+ b9 ¥ 2 +ab+ b0 )

Then M(U, 7) is a Moufang set, called the Suzuki-Tits Moufang set of
(K,0,L). The set of points of this Moufang set can be embedded in
a projective space (see for example [VM, p. 1880]), so we could try to
generalize the Suzuki-Tits Moufang sets by trying to generalize the
construction in a projective space over a local ring.

Open problem. Can we generalize Suzuki-Tits Moufang sets to
Suzuki-Tits local Moufang sets?

A.4 Improper local Moufang sets

All our examples of Moufang sets so far have been proper Moufang
sets, meaning that the Hua subgroup is non-trivial. There are also
improper Moufang sets, which are just sharply two-transitive permu-
tation groups where the root groups are the point stabilizers. The
only examples known originate from near-fields

Definition. A triple (F,+,-) is called a near-field if (F,+) is an
abelian group, (F*,-) is a group, - is left distributive over 4+, and
O-a=0forallaekF.

If F' is a near-field, we can define a sharply two-transitive group
AG(L,F):={¢ap: F=>F:x—a-z+blac F' beF},
and hence we get a Moufang set.

We can generalize this to local Moufang sets using the following
structures:
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Definition. A local near-ring is an abelian group (R, +) with a sub-
group M < R and an associative multiplication - such that

(LNR1) (R\ M,-) is a group with identity element 1 € R;
(LNR2) none of the m € M have a multiplicative inverse;
(LNR3) - is left distributive over +;

(LNR4) 0-r =0 for all r € R.

We get a group
AG(L,R) :={¢rs: F > F:oz—r-z+s|reR\M,se F},
acting on R with r ~ s < r —s € M, with subgroup
U={¢ro|reRr\M}

and 7 = ¢1 1. Now, if we assume |R/M| > 2, we can show that
(C1-2) are satisfied. Furthermore, we can compute that p, = 7 for
all » € R\ M, hence we get a local Moufang set M(U, 7) with trivial
Hua subgroup.

There are many results on the connection of sharply two-transitive
groups and near-fields, for example every finite sharply two-transitive
group arises from a near-field (see [Zas]).

Open problem. To what extent can we generalize results on sharply
two-transitive groups to improper local Moufang sets?

A.5 Trees

In Section 6.3, we studied the Bruhat-Tits tree corresponding to PSLs
over a local field. We have been able to connect this Bruhat-Tits tree
to local Moufang sets using the nice description of the tree using
lattices.

We hope that general Bruhat-Tits trees also have strong ties to local
Moufang sets, though we have been unable to make a connection in
full generality.

Open problem. Which Bruhat-Tits trees induce actions correspond-
ing to local Moufang sets?
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Another notion from building theory is that of Moufang trees.

Definition. A Moufang tree is a tree T with a bi-infinite path
(..., 7_2,2-1,%0,21,%2,...) and for each i € Z, two groups U; )
and U; _y acting on T, satisfying the following properties:

(MT1) For each i € Z, Uy ) fixes (v, Tit1,Tix2,...) and acts
sharply transitively on

{x S V(T) ‘ d(a:,xz) = 1} \ {xi:l:l} .

(MT2) For each i < j we have

U6+, Ugonl <
06, Ul < UG-y, -5 Ug-1,0)) -
(MT3) For alli € Z and all u € U(i+) with u # 1, there is a

My € Uz uli.)

such that x;m, = x9;—; for all j € Z. This means m,
interchanges (.’L’i, Li41s Li425 - - ) and (.’Ei, Ti—1yLj—2, . - )
(MT4) For all n =m,, as defined in (MT3), U4y = Ui—js)-

A few properties that follow from this definition are the following (for
proofs, see for example [Ron]):

Proposition. Let T be a Moufang tree. Then
(i) For everyi € Z and k € N, the set U(; -+ Ugi_p +) is a group.
(i1) For each k > 1, the group U yy--- Uy 4) acts sharply transi-
tively on
{r e V(T)|d(z,z0) =k+1 and d(z,21) =k + 2} .
(iit) The map

U(07+) s U(_/ﬁ_,_) — U(O,-i-): UpU—1 - U—_f > UQ

is a well-defined group homomorphism.
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We can now set U = U4y - U—gq) and X = {z € V(T) |
d(xz,x9) = k + 1}. Define an equivalence on X by saying = ~ y
if and only if the path from x to y does not contain zy. Finally, take
any u € U 4) \ {1}, and set 7 = m,,. Then we can show that (C1-2)
are satisfied, so M(U, 7) is a local pre-Moufang set.

Open problem. Which Moufang trees induce actions corresponding
to local Moufang sets?






NEDERLANDSTALIGE
SAMENVATTING

B.1 Historische context

Matrixgroepen, of lineaire groepen, worden al bestudeerd sinds de
19de eeuw, met toepassingen in vele gebieden van de wiskunde en
fysica. Oorspronkelijk werden deze groepen vooral beschouwd over
velden, maar vanaf het midden van de 20ste eeuw begon men ook
lineaire groepen over algemene ringen te onderzoeken. Lineaire groe-
pen over algemene ringen zijn lastig om te bestuderen, maar voor
enkele types ringen is het wel mogelijk om interessante resultaten te
bewijzen over de corresponderende lineaire groepen. In de jaren '60
bestudeerde Klingenberg een aantal lineaire groepen over een lokale
ring, een ring R met een uniek maximaal ideaal m. In [Klil] bepaalde
hij de normaaldelers van GL,(R), en hij bestudeerde ook orthogonale
en symplectische groepen in [Kli2, K1i3].

In de jaren ’90 introduceerde J. Tits Moufangverzamelingen in |Tit]
om enkelvoudige algebraische groepen van relatieve rang 1 axioma-
tisch te benaderen. Een Moufangverzameling is een verzameling met
een klasse groepen die op deze verzameling werken, en die voldoen
aan een aantal axioma’s. Voor enkelvoudige algebraische groepen van
relatieve rang 1 is de verzameling die van de parabolische deelgroepen,
en is de klasse groepen de corresponderende worteldeelgroepen. Er
zijn een aantal equivalente manieren om naar Moufangverzamelingen
te kijken: ze komen overeen met gespleten BN-paren van rang één
(nog een notie ingevoerd door Tits), zijn sterk gerelateerd met ab-
stracte rang één groepen (ingevoerd door Timmesfeld in [Tim]), en
zijn equivalent met delingsparen (recent gedefinieerd door Loos in
[Loo4])

195
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T. De Medts en R. Weiss begonnen in 2006 met de studie van wille-
keurige Moufangverzamelingen. Sindsdien is de theorie van Moufang-
verzamelingen uitgediept en zijn heel wat voorbeelden van Moufang-
verzamelingen beschreven. Alle Moufangverzamelingen die we kennen
zijn op één of andere manier van algebraische oorsprong, maar een
classificatie van Moufangverzamelingen is nog lang niet in zicht.

De gekende Moufangverzamelingen zijn niet alleen algebraisch van
oorprong, maar de onderliggende algebraische structuren zijn alle-
maal ‘delingsstructuren’, waarin alle elementen verschillend van nul
inverteerbaar zijn. Bijvoorbeeld: projectieve Moufangverzamelingen
worden gedefinieerd over alternatieve delingsalgebras, elke Jordan de-
lingsalgebra geeft aanleiding tot een Moufangverzameling, en recen-
ter bewees L. Boelaert dat elke structureerbare delingsalgebra een
Moufangverzameling bepaalt (zie [Boe|). Elke Moufangverzameling
afkomstig van een enkelvoudige lineaire algebraische groep van re-
latieve rang 1 (over een veld met karakteristiek verschillend van 2
and 3), is afkomstig van zo een structureerbare delingsalgebra (dit
is aangetoond in [BDMS]). We zien de ‘delingsvoorwaarde’ in de
constructies van de gekende Moufangverzamelingen: er staan overal
inversen! Er zijn nog Moufangverzamelingen die niet rechtstreeks af-
komstig zijn van algebraische groepen, maar deze worden nog steeds
gedefinieerd over velden (ook bekend als delingsringen).

Een gerelateerd gevolg van de definitie van Moufangverzamelingen is
dat morfismen van Moufangverzamelingen altijd injectief zijn. Dit
betekent dat er relatief weinig morfismen zijn, en dat er bijvoorbeeld
geen nuttige manier is om quotiénten van Moufangverzamelingen in
te voeren.

We kunnen ons afvragen wat er gebeurt als we Moufangverzamelingen
proberen te maken met algemenere algebraische structuren, en dat
is precies waar dit doctoraat over gaat. Ter vervanging van de de-
lingsstructuren beschouw ik lokale structuren. Dat betekent dat er
niet-inverteerbare elementen kunnen zijn in de structuur, maar dat
deze elementen in zekere zin beheersbaar zijn. Ik probeerde de gekende
constructies uit te voeren over lokale ringen en lokale Jordanalgebras,
en destilleerde daaruit een aantal axioma’s die Moufangverzamelingen
veralgememen tot lokale Moufangverzamelingen.
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B.2 Schets

Mijn doctoraat bestaat uit twee delen. In Deel I definiéren we lokale
Moufangverzamelingen, en ontwikkelen we de algemene theorie van
lokale Moufangverzamelingen. Deel II bevat een aantal voorbeelden
van lokale Moufangverzamelingen, karakteriseert er enkele van, en
verkent een aantal verbanden met andere gebieden van de wiskunde.

Het eerste deel begint in Hoofdstuk 2 met de definitie van lokale Mou-
fangverzamelingen en enkele basiseigenschappen. Het grote verschil
met Moufangverzamelingen is dat er meer structuur op de verzame-
ling is, namelijk een equivalentierelatie. We hebben nog steeds een
klasse groepen, genaamd wortelgroepen, die op de verzameling wer-
ken. De axioma’s moeten aangepast worden, zodat ze compatibel zijn
met deze extra structuur. Net zoals in de theorie van Moufangver-
zamelingen is het handig om twee (niet-equivalente) punten van de
verzameling te kiezen (dit noemen we een basis). Een belangrijk nieuw
concept voor lokale Moufangverzamelingen zijn de eenheden, die in
de voorbeelden verband houden met de inverteerbare elementen van
de onderliggende algebraische structuur. Wanneer we gebruik maken
van deze eenheden, kunnen we een groot deel van de theorie van Mou-
fangverzamelingen veralgemenen naar lokale Moufangverzamelingen.
Het bestaan van de p-afbeeldingen is daar een voorbeeld van. Dit
zijn afbeeldingen die de twee punten van de basis verwisselen.

Een eerste doel bij het opbouwen van de theorie van lokale Mou-
fangverzamelingen, is het bepalen van de stabilisator van de basis.
De Hua deelgroep, de groep voortgebracht door producten van een
even aantal p-afbeeldingen, is een goede kandidaat voor deze stabi-
lisator. We hebben aangetoond dat deze twee groepen samenvallen
in Stelling 2.3.7. Om dit aan te tonen hebben we het concept van
quasi-inverteerbaarheid, dat afkomstig is uit Jordantheorie, ingevoerd
voor lokale Moufangverzamelingen.

In Hoofdstuk 3 beschrijven we een algemene manier om lokale Mou-
fangverzamelingen te construeren met heel wat minder informatie: we
hebben slechts één wortelgroep nodig, en één permutatie die de ba-
sispunten verwisselt. Deze constructie is gelijkaardig aan de gekende
constructie voor Moufangverzamelingen. Enkel gebruik makend van
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deze twee objecten, kunnen we nu alle wortelgroepen maken, en zo
alle data voor de lokale Moufangverzameling. Het is echter niet altijd
zo dat deze data voldoet aan de axioma’s. In Gevolg 3.2.5 bepalen
we enkele nodige en voldoende voorwaarden opdat de constructie een
lokale Moufangverzameling geeft. Deze constructie en voorwaarden
zullen we zeer vaak gebruiken om lokale Moufangverzamelingen te
definiéren, en om te bepalen wanneer een structuur een lokale Mou-
fangverzameling is.

Homomorfismen van lokale Moufangverzamelingen worden in Hoofd-
stuk 4 ingevoerd. Deze definitie vormt één geheel met de definities
van lokale Moufang deelverzamelingen, quotiénten, en uiteindelijk de
categorie van lokale Moufangverzamelingen. Het is interessant om de
verbanden te zien tussen homomorfismen van lokale Moufangverza-
melingen, afbeeldingen van de onderliggende verzamelingen, alsook
groepsmorfismen tussen de wortelgroepen. Deze concepten worden
voornamelijk gebruikt voor het invoeren van de inverse limiet van
lokale Moufangverzamelingen, en om te bepalen wanneer zo’n inverse
limiet bestaat.

In het laatste theoretische hoofdstuk, Hoofdstuk 5, bestuderen we spe-
ciale lokale Moufangverzamelingen, i.e. lokale Moufangverzamelingen
die aan een specifieke extra voorwaarde voldoen. Men verwacht dat
deze eigenschap sterk gerelateerd is aan het abels zijn van de wortel-
groepen. Ondanks enkele noodzakelijke aanpassingen, kunnen we veel
van de theorie van speciale Moufangverzamelingen veralgemenen naar
speciale lokale Moufangverzamelingen. De voornaamste resultaten
in dit hoofdstuk veronderstellen dat de lokale Moufangverzameling
speciaal is, en abelse wortelgroepen heeft. In dat geval kunnen we
aantonen dat de p-afbeeldingen involuties zijn (Propositie 5.2.4), en
een voorwaarde geven waaruit volgt dat de wortelgroepen uniek k-
deelbaar zijn (Propositie 5.2.2).

Vervolgens bekijken we wat voorbeelden van lokale Moufangverzame-
lingen. De eerste voorbeelden zijn de projectieve lokale Moufangver-
zamelingen in Hoofdstuk 6. Deze worden gedefinieerd over een lokale
ring R, waarbij de onderliggende verzameling de projectieve rechte is,
en de wortelgroepen deelgroepen van PSLa(R) zijn. Omgekeerd, als
we een lokale Moufangverzameling hebben die aan enkele voorwaar-
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den voldoet, kunnen we er een lokale ring mee construeren. Deze ring
kunnen we gebruiken om projectieve lokale Moufangverzamelingen te
karakteriseren (Stelling 6.2.10). De derde sectie van dit hoofdstuk
maakt de connectie met de Bruhat-Tits boom van PSLy over een veld
K met een discrete valuatie. Zo'n veld bevat een lokale ring, en de
actie van PSL2(K) op de boom induceert verschillende projectieve lo-
kale Moufangverzamelingen. In het bijzonder gebruiken we de inverse
limiet van lokale Moufangverzamelingen om de actie op de rand van
de boom te beschrijven.

In Hoofdstuk 7 onderzoeken we de link tussen lokale Moufangver-
zamelingen en Jordantheorie. De meest natuurlijke aanpak maakt
gebruik van Jordanparen, en we geven een manier om een lokale Mou-
fangverzameling te maken uit een lokaal Jordanpaar. Omgekeerd
kunnen we een lokaal Jordanpaar maken uit een lokale Moufangver-
zameling die aan enkele voorwaarden voldoet. Met deze constructie
kunnen we de lokale Moufangverzamelingen die afkomstig zijn van
lokale Jordanparen karakteriseren in Stelling 7.3.4.

Zowel de projectieve lokale Moufangverzamelingen als de lokale Mou-
fangverzamelingen afkomstig van Jordanparen zijn speciaal en hebben
abelse wortelgroepen. In Hoofdstuk 8 is ons doel om Hermitische
lokale Moufangverzamelingen te definiéren. We definiéren eerst or-
thogonale lokale Moufangverzamelingen. Deze zijn een speciaal geval
van Hermitische lokale Moufangverzamelingen (en kunnen ook wor-
den geconstrueerd m.b.v. Jordanparen). Dit voorbeeld illustreert de
aanpak die we gebruiken om Hermitische Moufangverzameling te ver-
algemenen naar de lokale versie. De definitie van Hermitische lokale
Moufangverzamelingen is nogal technisch, en om aan te tonen dat
aan de axioma’s van lokale Moufangverzamelingen is voldaan, hebben
we heel wat algebralsche manipulaties nodig.

Een groot deel van deze thesis is vervat in de twee artikels [DMRI,
DMR2]. Hoofdstuk 4, Sectie 6.3 en Hoofdstuk 8 zijn de voornaamste
delen van deze thesis die niet in de artikels te vinden zijn.
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We were amazed and overwhelmed by

the strange beauty of these sounds.

The rest, to us, is until this day unexplainable.
The transmission ended.
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