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Abstract

We explicitly show that Moufang quadrangles of type Eg and E7
have classical rank one residues with non-abelian root groups, by cal-
culating the isomorphism between the exceptional and the pseudo-
quadratic rank one groups. This fact is clear from the diagrams which
describe these Moufang quadrangles, but for certain purposes it might
be interesting to have an explicit isomorphism available. This note is
not intended for publication as it is.

1 Moufang sets arising from Moufang polygons of
type Eg, E7 and Eg

We will make very intensive use of [2], in particular of the description of the
Moufang quadrangles of type Ei as in Chapters 13 and 16, and we refer the
reader to [2] for the definition of all the maps which occur in the sequel.

We first explicitly describe the Moufang sets arising from Moufang poly-
gons of type Fg, F7 and Eg in terms of one group (U, +) and a permutation
7, as in [1]. This is easy to obtain from the explicit formulas in [2, (32.10)].
The group U is simply the group S, and the permutation 7 can be obtained
as T = koinv = invo A, where p(z1(2)) = x5(k(2))z1(2)x5(A(2)), and where
inv(z) := —z, for all z € S*. We get that S = X x k as a set, where the
(non-commutative) addition in S is given by

(a,t) + (b,s) = (a+ b, t + s+ g(a,b))

for all (a,t), (b, s) € S; the map 7 is given by

a-(m(a) +te) —t+g(a, a))

7(a.t) = ( q(m(a) +te) " q(m(a) + te)

for all (a,t) € S*.



2 Moufang quadrangles of type FEj

We will now concentrate on the Moufang quadrangles of type Fg. Let
a =11 % v + 1o *x Vo + {3 *x V3 + fo3 * Vo3

be an arbitrary element in X, where tq,to,%3,t03 € F, and let
M(a) := Q1(a)y — Q2(a)y”,

where Q; and Qs are as in [3, Section 4]. In terms of the coordinates
t1,ta, 13,23, we get that

T(a) = t178] — s2- 82775 — 53 - 137745 + 503 - t237155

So II is a pseudoquadratic form over F, with involution ¢ and with Fy = k.
By [3, Theorem 4.2], we have am(a) = II(a) xa for all a € X, so if II(a) € k,
then am(a) € ak, but then 7(a) € ke, which can only happen if a = 0 by [2,
(13.49)]. Hence II is anisotropic.

Let H: X x X — E be the corresponding skew-hermitian form, and let

G(a,b) :=T(a +b) — (a) — II(b) — H(b,a)

for all a,b € X. Observe that GG is a map from X x X to k. We will show
that G coincides with g. Indeed, let a = t1 * v1 + to * V9 + t3 * V3 + tog * Vo3
and b = uj * v1 + ug * Vg + ug * V3 + Uog * vog; then

G(a,b) = tyyuf — s - toy7u§ — s3 - t377ug + sa3 - tazyugs
+ uryt] — s2 - uay’tg — s3 - usYts + sa3 - u2zYtIs
— w1 pt] + s2 - ugptg + s3 - ugp’ts — s23 - u2zptss
= T(tlfyu‘{ — s9 -ty u§ — s3 - t3y7ug + So3 - tgg'yu‘2’3) .

Since both G and g are bi-additive, and satisfy G(t * a,t *xb) = N(t)G(a,b)
and g(t *a,t*b) = N(t)g(a,b) by [3, Lemma 3.10], it suffices to check that
G(a,b) = g(a,b) for a € {vy,v9,v3,v93} and b € Exv;UE*xvyUExv3UFE%v9g3.
Recall that g(a,b) = f(h(b,a),d) for all a,b € X, where § = €/2 if char(k) #
2 and 6 = n/p = ve/p if char(k) = 2. In any case, if a € Exvyand b € Exvy
for different I,J € {{1},{2},{3},{23}}, then g(a,b) = 0. It only remains
to check that g(vr,t *v;) = G(vy,t xvy) for each I € {{1},{2},{3},{23}}
and each ¢t € E.

We have g(vi,t *xv1) = f(pt7€,d); when char(k) # 2, this is equal to
f(pt9€,e/2) = T(4t%) = G(vy,t * v1); when char(k) = 2, this is equal to
f(pt%€, (v/p)e) =T (~t7) = G(v1,t *v1) as well.

Next, consider g(va,txvy) = sof (p7te, d); when char(k) # 2, this is equal
to —saf(pte, €/2) = —soT(yt) = —s2T(77t7) = G(vg, txvy); when char(k) =
2, this is equal to sa f(pte, (7/p)e) = —s2T'(yt) = —s2T'(7717) = G(va, t*v2).

The proof of the remaining two cases is completely similar. We conclude
that g = G.



3 Moufang quadrangles of type F~

We now turn our attention to the Moufang quadrangles of type Er. Let
a4 =21 %V] + 22 %V + 23 %xVU3 + 24 *xVy

be an arbitrary element in X, where 21, 29, 23,24 € D, and let
I(a) := Q1(a)y — Q2(a)y” + e2pP(a)’,

where Q; and @y and P are as in [3, Section 5]. In terms of the coordinates
21, 29, 23, 24, we get that

g g .0 g .0 g .0
II(a) = z1v2] — s2- 227729 — 53 - 237725 — sS4 - 2477 2] .

So II is a pseudoquadratic form over D, with involution o and with Dy = k.
By [3, Theorem 4.2], we have ar(a) = II(a) xa for all a € X, so if II(a) € k,
then arm(a) € ak, but then m(a) € ke, which can only happen if a = 0 by [2,
(13.49)]. Hence II is anisotropic.

As in the Fg case, we let H : X x X — FE be the corresponding skew-
hermitian form, and let

G(a,b) :=T(a +b) — (a) — II(b) — H(b,a)

for all a,b € X. It can be shown, in a completely similar way as in the Fjg
case, that G(a,b) = g(a,b) for all a,b € X.

4 The isomorphism to Moufang sets of pseudo-
quadratic form type

We now consider the two cases Fg and E; together. In the Fjg case, we let
D = FE; in the E; case, we keep our meaning of D as in the previous para-
graph. We will explicitly describe the Moufang set M(U ,7) corresponding
to the pseudoquadratic form I : X — D. Let U = X x k as a set, with
addition in U given by

(a,t) + (b,s) = (a+b,t+ s+ G(a,b))
for all (a,t),(b,s) € U. Using [2, (32.9)] and applying the isomorphism
T —U: (a,t)— (a,t —II(a)), we obtain that the map 7 is given by

—t+ T(H(a))) 1)

7o) = ((@a) + 7" v 0, S

for all (a,t) € U*.

Lemma 4.1. For all (a,t) € S, we have



(i) T(I(a)) = g(a,a) ;

(i) N((a) +t) = q(r(a) + te) ;
(i) (II(a)
(iv) (I(a)

Proof. (i) It follows from the definition of G that G(a,a) = 2II(a) —
H(a,a). By [2, (11.19)], however, H(a,a) = II(a) — II(a)?, and hence
G(a,a) =1I(a) + (a)? = T(II(a)). Since we have shown that G = g,
this implies (i).

+t)xa=a-(m(a)+te) ;
+1)7xa=a-(w(a) +te).

(ii) In the Eg case, this follows from [3, Theorem 4.2] and a little bit of
calculation. In the E; case, this is precisely [3, Theorem 5.12].

(iii) In the Eg case, this is [3, Theorem 4.2]; in the E; case, this is [3,
Theorem 5.3].

(iv) This follows from (i) and (iii) since 7(a) + 7(a) = g(a, a).
]

Theorem 4.2. The Moufang sets M(S,7) and M(U,7) are isomorphic.

Proof. This follows from the expressions (1.1), (4.1), and Lemma 4.1. O
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