
KNOWN EXAMPLES OF MOUFANG SETS

TOM DE MEDTS

Abstract. Moufang sets were introduced by Jacques Tits in order to
understand isotropic linear algebraic groups of relative rank one, but
the notion is more general. We describe all known classes of Moufang
sets, and we list various interesting properties of each example.

This overview is (hopefully) up to date, but let me know if you know
of other examples that are missing in this manuscript. This overview is
not meant for publication in its current form.
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1. Generalities

Definition 1.1. A Moufang set is a set X together with a collection of
subgroups Ux of Sym(X), one for each x ∈ X, such that:

(i) each Ux fixes x and acts sharply transitively on the remaining elements;
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(ii) each Ux acts on the collection {Uy | y ∈ X} by conjugation.

The groups Ux are called the root groups of the Moufang set, and the group
G := 〈Ux | x ∈ X〉 generated by the root groups is called the little projective
group of the Moufang set.

Each Moufang set is completely determined by the structure of one (and
hence all) of the root groups, together with one additional permutation τ of
the non-trivial elements of this group.

More precisely, let (U,+) be an arbitrary group (not necessarily abelian
but nevertheless written additively), and let τ ∈ Sym(U∗), where U∗ :=
U \ {0}. Define a set X := U ∪ {∞}, where ∞ is a new symbol. We extend
τ to an element of Sym(X) by demanding that it exchanges the elements 0
and ∞.

Next, we define subgroups Ux ≤ Sym(X) as follows. For each a ∈ U , let
αa be the permutation of X fixing ∞ and mapping each x ∈ U to x + a.
Then U∞ := {αa | a ∈ U} is a subgroup of Sym(X) isomorphic to U , and
satisfying property (i) of a Moufang set. Next, define U0 := U τ

∞ (where
we mean conjugation by τ inside Sym(X)), and for each a ∈ U∗, define
Ua := Uαa

0 , and notice that all Ux now satisfy property (i) of a Moufang set.
Denote the resulting data (X, (Ux)x∈X) by M(U, τ).

Then M(U, τ) is not always a Moufang set, but every Moufang set can be
obtained in this fashion (as we point out below). In fact, there is a precise
criterium for when the pair (U, τ) gives rise to a Moufang set.

Remark 1.2. The action of elements of Sym(X) on the set X will always
be denoted on the right. For instance, we have

aαb = a+ b

for all a, b ∈ U . Consequently, when we compose elements of Sym(X), we
will always compose them from left to right.

The following lemma (and the definition that goes with it) are crucial.

Lemma 1.3. Let M = (X, (Ux)x∈X) be a Moufang set. For each a ∈ U∗,
there is a unique element µa contained in the double coset U0αaU0 inter-
changing 0 and ∞.

Notice that in particular, if M = (X, (Ux)x∈X) is a Moufang set, then we
can take U := U∞ and τ := µa for an arbitrary element a ∈ U∗, and we see
that M(U, τ) = M.

Definition 1.4. Let M = M(U, τ) be a Moufang set with little projective
group G. Then we define the Hua subgroup of M as the two-point stabilizer
of 0 and ∞, i.e. H := StabG(0) ∩ StabG(∞).

Theorem 1.5. Let M = M(U, τ) be a Moufang set. Then

H = 〈µaµb | a, b ∈ U∗〉.

Very often, we will choose a specific element e ∈ U∗ which will play the
role of a unity (in some algebraic sense). It is then natural to choose τ = µe.
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Once we have made this choice, it makes sense to specify certain elements
of the Hua group H, as follows.

Definition 1.6. Let M(U, τ) be a Moufang set. Choose some fixed element
e ∈ U∗, and assume (without loss of generality) that τ = µe. For each a ∈
U∗, we the define the Hua map ha := τµa. Notice that H = 〈ha | a ∈ U∗〉.

The Hua maps usually take a fairly simple form (although computing
them might be very cumbersome!). They often help in understanding the
structure of a given Moufang set.

2. Sharply two-transitive Moufang sets

If G is a permutation group acting sharply doubly transitively on some
set X, then G is in a natural way the little projective group of a Moufang
set. Indeed, we can take Ux := StabG(x) for each x ∈ X, and it is obvious
that both defining properties (i) and (ii) of a Moufang set are satisfied.

It turns out that Moufang sets of this kind behave very differently from
all other known Moufang sets.

Remark 2.1. A Moufang set has a sharply two-transitive little projective
group if and only if its Hua subgroup H is trivial. By Theorem 1.5, this is
in turn equivalent to the statement that all µ-maps coincide, i.e. µa = µb

for all a, b ∈ U∗.

An excellent concise reference in a somewhat hidden place in the literature
is [BN94, Section 11.4].

2.1. Affine one-dimensional groups. Let k be a commutative field. Let

AG(1, k) := {φa,b : k → k : x )→ ax+ b | a ∈ k×, b ∈ k}.
This group acts sharply two-transitively on the set X = k. Notice that
U0

∼= k×, which is abelian. In fact, it is well known that these are the only
sharply two-transitive groups having abelian point stabilizers. See [Ker74]
or [BN94, Corollary 11.49].

2.2. Near-fields. Every other known example of a sharply two-transitive
group arises from a so-called near-field.

Definition 2.2. A triple (F,+, ◦) is called a (left) near-field if it satisfies
the following axioms:

(i) (F,+) is an abelian group;

(ii) (F ∗, ◦) is a group;

(iii) a ◦ (b+ c) = a ◦ b+ a ◦ c for all a, b, c ∈ F (left distributive law);

(iv) 0 ◦ a = 0 for all a ∈ F .

For every near-field F , we can again define a group

AG(1, F ) := {φa,b : F → F : x )→ a ◦ x+ b | a ∈ F ∗, b ∈ F}.
Notice that if F is a near-field which is not a field, then the point stabilizers
are non-abelian.
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Example 2.3 (Dickson near-fields). Let q be a prime power, and let n be
an integer such that all prime factors of n divide q−1. If q ≡ 3 (mod 4), we
require in addition that 4 ∤ n. Let (F,+) be the elementary abelian group
of order q, let · be the usual product of the finite field Fq, and let ζ be a
fixed primitive element of Fqn . Define a new product ◦ on F ∗ by

u ◦ w = u · wqi ,

where

qi ≡ 1 + j(q − 1) (mod n(q − 1)),

u = ζkn+j .

Notice that (F,+, ◦) is a subalgebra of Mn(Fq); if n = 1 then F = Fq.

The simplest non-trivial example of a Dickson near-field arises for q = 9
and n = 2.

Construction 2.4. Let (F,+, ◦) be a near-field. Let

U := (F ∗, ◦),

let ∞ := 0 ∈ F , and let

τ : F → F : a )→ 1− a.

Then M(U, τ) is a Moufang set, with little projective group AG(1, F ).

Remark 2.5. (i) The finite near-fields have been classified by Zassenhaus
[Zas35b]. It turns out that every finite near-field is either a Dickson
near-field, or one of a list of 7 sporadic examples. These examples have
order 52, 72, 112, 112, 232, 292 and 592, respectively.

(ii) It was a longstanding open question whether every sharply two-transi-
tive group arises from a near-field. This is known to be true in the finite
case [Zas35a, KW72], so in particular there is a complete classification
of all finite sharply two-transitive groups. In general, the statement
is equivalent to the assertion that a sharply two-transitive group al-
ways contains a regular normal subgroup (which is then automatically
abelian).

Recently, this question has been answered negatively [RST17].

3. Proper abelian Moufang sets

From now on, we restrict our attention to proper Moufang sets.

Definition 3.1. (i) A Moufang set is called proper if its little projective
group is not sharply two-transitive, or equivalently, if its Hua subgroup
is non-trivial.

(ii) A Moufang set is called abelian if its root groups are abelian.

Every known example of proper abelian Moufang sets arises from a qua-
dratic Jordan division algebra.
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Definition 3.2. (i) Let k be an arbitrary commutative field, let J be
a vector space over k of arbitrary dimension, and let 1 ∈ J∗ be a
distinguished element. For each x ∈ J , let1 Wx ∈ Endk(J), and assume
that the map W : J → End(J) : x )→ Wx is quadratic, i.e.

Wxt = t2Wx for all t ∈ k, and

the map (x, y) )→ Wx,y is k-bilinear,

where

Wx,y := Wx+y −Wx −Wy

for all x, y ∈ J . Let

Vx,y(z) := Wx,z(y)

for all x, y, z ∈ J . Then the triple (J,W, 1) is a quadratic Jordan algebra
if the identities

QJ1. W1 = idJ ;

QJ2. Vx,yWx = WxVy,x ;

QJ3. WWx(y) = WxWyWx [“the fundamental identity”]

hold strictly, i.e. if they continue to hold in all scalar extensions of J .
(It suffices for them to hold in the polynomial extension Wk[t] and this
is automatically true if the base field k has at least 4 elements.)

(ii) An element x ∈ J is called invertible if there exists y ∈ J such that

Wx(y) = x and WxWy(1) = 1.

In this case y is called the inverse of x and is denoted y = x−1. An
element x ∈ J is invertible if and only if Wx is invertible; we then have
W−1

x = Wx−1 . In particular,

(x−1)−1 = x and x−1 = W−1
x (x) .

(iii) If all elements in J∗ are invertible, then (J,W, 1) is called a quadratic
Jordan division algebra.

Construction 3.3. Assume that (J,W, 1) is an arbitrary quadratic Jordan
division algebra. Let

U := (J,+),

the additive group of the vector space J , and let

(3.1) τ : U∗ → U∗ : x )→ −x−1.

Then M(U, τ) is a Moufang set, which we will denote by M(J). We will
denote its little projective group by PSL2(J). It turns out that the Hua
maps coincide with the U -operators:

ha = Wa

for each a ∈ U∗.

1The mapsWx are called the U-operators of the Jordan algebra, and are usually denoted
by Ux. We have chosen the uncommon notation Wx instead, to avoid confusion with the
notation for our root groups.
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Remark 3.4. In the theory of Jordan algebras, there is the important
notion of the structure group for J , which is the group of isomorphisms from
J to an arbitrary isotope of J . The group 〈Wx | x ∈ J∗〉 is known as the
inner structure group of J , and plays an important role in understanding the
structure of J . Since ha = Wa in our case, we see that the inner structure
group is precisely the Hua subgroup H of M(J), and this illustrates once
more that this group H ought to be very important in the theory of Moufang
sets in general.

Quadratic Jordan division algebras have been classified by K. McCrimmon
and E. Zel’manov [MZ88]. We give a very brief overview of the outcome of
this classification, and we refer to [MZ88] for more details.

Theorem 3.5 ([MZ88, Theorem 15.7]). Every quadratic Jordan division
algebra belongs to one of the following (non-disjoint) classes:

(a) an algebra D+ for some associative division algebra D, defined by

Wa(b) = aba

for all a, b ∈ D ;

(b) a hermitian algebra H(D,σ) = {x ∈ D | xσ = x} ⊂ D+ for some
associative division algebra D with involution σ ;

(c) an ample hermitian algebra H0(D,σ) ⊂ H(D,σ) over a field k with
char(k) = 2 ;

(d) a Jordan Clifford algebra J(q, ε) associated to a non-degenerate aniso-
tropic quadratic form q with basepoint ε (which lives inside the classical
Clifford algebra with basepoint C(q, ε)) ;

(e) an ample outer ideal J⊳J(q, ε) in a “small” Clifford algebra of an aniso-
tropic quadratic form q with base point ε over a field k with char(k) = 2;

(f) an Albert division algebra, i.e. an exceptional 27-dimensional Jordan
division algebra.

Many of these examples also arise naturally in different settings. Notice
that all of the Jordan algebras in (a)–(e) are special, i.e. they live inside
a Jordan algebra of type A+ for some associative algebra A (which is not
necessarily a division algebra itself!). In particular, the inverse in such a
Jordan algebra coincides with the usual inverse in the algebra A.

3.1. Moufang sets from alternative division algebras. Let A be an
alternative division algebra, i.e. a not necessarily associative algebra, such
that for every non-zero element a ∈ A, there is a unique element a−1 ∈ A
such that a−1 · ab = b = ba · a−1 for all b ∈ A.

By the Bruck–Kleinfeld–Skornjakov theorem, every such algebra is either
a Cayley–Dickson division algebra (also known as octonion division algebra),
or it is associative after all.

We can construct a Moufang set M(A) from A in the usual fashion, i.e.
we declare U := (A,+), and we define τ(x) := −x−1 for all x ∈ A. Notice
that if A is associative, then M(A) = M(A+), and we obtain a Moufang set
arising from a Jordan algebra of type (a). When A is an octonion division
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algebra, then M(A) = M(NA), where NA is the norm form of A, and we
obtain a Moufang set arising from a Jordan algebra of type (d).

When A is an associative division algebra, such a Moufang set arises
naturally as the projective line P1(A), acted upon by the little projective
group PSL2(A) (the projective group of classes of 2×2 matrices over A with
determinant 1). Indeed, the root groups U∞ and U0 are now simply the
subgroups

U∞ :=
!
( 1 a

1 )
"" a ∈ A

#
, U0 :=

!
( 1a 1 )

"" a ∈ A
#

of PSL2(A). When A is a Cayley–Dickson algebra, a similar description is
possible, but some more care is needed because of the non-associativity.

A Moufang sets M(A) is often referred to as the projective Moufang set
over A, or simply as the projective line over A.

3.2. Moufang sets of involutory type. We now consider the examples
arising from Jordan division algebras of type (b) and (c).

LetD be an associative division algebra, and let σ : a )→ a be an involution
of D, i.e. a map from D to D such that σ2 = idD, a+ b = a+b, and ab = b a
for all a, b ∈ D. We define

H(D,σ) := {a ∈ D | a = a}.

The elements ofH := H(D,σ) are in general not closed under multiplication,
but clearly they are closed under the U -operators, i.e. if a, b ∈ H, then
Wa(b) = aba ∈ H again. Hence H forms a Jordan subalgebra of D+. Since
D is itself a (Jordan) division algebra, the corresponding Moufang sets arise
as Moufang subsets of the projective lines M(D).

When char(k) = 2, there are Jordan subalgebras of H(D,σ) of a slightly
more general shape.

Definition 3.6. Let (D,σ) be an associative division algebra with invo-
lution, and let H = H(D,σ) be as before. An ample subspace of H is a
k-subspace H0 such that 1 ∈ H0 and aσH0a ⊆ H0 for all a ∈ H0.

Notice that when char(k) ∕= 2, the only ample subspace of H is H itself,
but when char(k) = 2, other examples exist. In [TW02, Chapter 11], the
ample subspaces are called involutory sets.

Again, the corresponding Moufang sets arise as Moufang subsets of the
projective lines M(D).

3.3. Moufang sets of quadratic form type. We now have a detailed
look at the examples arising from Jordan division algebras of type (d).

Definition 3.7. Let q : V → k be an anisotropic quadratic form.

(i) An element ε ∈ V is called a base point of q if q(ε) = 1. A given
anistropic quadratic form q does not necessarily have a base point, but
if v ∈ V ∗ is an arbitrary element, then the similar form q(v)−1q has v
as a base point.
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(ii) If we fix a base point ε for q, then we define an involution of the vector
space V by

v := f(ε, v)ε− v

for all v ∈ V . Notice that q(v) = q(v) for all v ∈ V .

(iii) If ε is a base point for q, then we define the Clifford algebra with base
point C(q, ε) as follows. Let T (V ) be the tensor algebra of V , i.e.

T (V ) = k ⊕ V ⊕ (V ⊗k V )⊕ (V ⊗k V ⊗k V )⊕ . . . ,

and let I(q, ε) be the ideal

I(q, ε) := 〈ε− 1, v ⊗ v − q(v) | v ∈ V 〉
of T (V ). Then

C(q, ε) := T (V )/I(q, ε).

We will denote the product of elements in C(q, ε) by juxtaposition
instead of using the tensor product symbol ⊗; in particular, we have

ε = 1, vv = q(v), uv + vu = f(u, v)

for all u, v ∈ V . It can be shown that C(q, ε) is isomorphic to the even
Clifford algebra C0(q) of q.

(iv) The Jordan algebra of q with base point ε is now defined as the subal-
gebra V of the Jordan algebra C(q, ε)+. Notice that

Wu(v) = uvu

= u
$
f(u, v)− uv

%

= f(u, v)u− q(u)v ∈ V

for all u, v ∈ V , so that V is indeed a Jordan subalgebra. Every non-
zero element of V is invertible, with inverse

(3.2) v−1 = q(v)−1v ∈ V.

Lemma 3.8. Let q : V → k be an anisotropic quadratic form, and let ε be
a base point of q, i.e. q(ε) = 1. Let U := (V,+). Then the four different
choices for τ given by

τ1(v) := q(v)−1v, τ2(v) := −q(v)−1v,

τ3(v) := q(v)−1v, τ4(v) := −q(v)−1v,

for all v ∈ V ∗, all give rise to the same Moufang set. Moreover, if J
is the Jordan algebra of type (d) associated to q as in Definition 3.7(iv),
M(J) = M(U, τi) as well.

Proof. It follows immediately from the definition of M(J) together with
equation (3.2) that M(J) = M(U, τ4). We will show that M(U, τ1) =
M(U, τ4); the other equalities are completely similar.

So let

γ(1)v := ατ1
v = τ−1

1 αvτ1, γ(4)v := ατ4
v = τ−1

4 αvτ4

for all v ∈ V . We claim that

γ(1)v = γ
(4)
−v ,
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which will show that the groups U
(1)
0 and U

(4)
0 coincide (but have a different

parametrization), and consequently the Moufang sets M(U, τ1) and M(U, τ4)
are the same.

To show our claim, we simply compute the value of both sides on an
element x ∈ V , and we get

xγ(1)v = q
$
q(x)−1x+ v

%
·
$
q(x)−1x+ v

%
,(3.3)

xγ(4)v = −q
$
−q(x)−1x+ v

%
·
$
−q(x)−1x+ v

%

= q
$
q(x)−1x− v

%
·
$
q(x)−1x− v

%
;

= q
$
q(x)−1x− v

%
·
$
q(x)−1x− v

%
,

proving the claim. □

Remark 3.9. Notice that τ1 and τ2 are independent of the base point ε,
which shows that the Moufang set M(q, ε) is independent of the choice of
this base point. Hence we will denote this Moufang set simply by M(q), or
by M(V, q) if we want to mention the underlying vector space explicitly. (In
some circumstances, it might even be desirable to write M(k, V, q) instead.)

These Moufang sets can also be described using a quadratic form of Witt
index one; this fits more in the general setting describing any (projective)
quadric starting from an isotropic quadratic form.

Proposition 3.10. Let q : V → k be a quadratic form of Witt index 1, and
let qan be the anisotropic part of q. Let X be the projective quadric of q, i.e.
the set of points in the projective space P(V ) that are isotropic for q. Then
the orthogonal group O(q) is a semisimple linear algebraic group of k-rank 1,
and its Moufang set is isomorphic to M(k, V, q).

Proof. The fact that O(q) is a semisimple linear algebraic group of k-rank 1
is well known; see, for instance, [Bor91, Example 6.6(3)]. It also follows from
loc. cit. that the root groups can be described as follows. (We have slightly
modified the parametrization.) Choose a basis (e1, e2, . . . ) for V such that
q has the form

q(x1, x2, v) = x1x2 + qan(v),

where v = (x3, . . . , xn), and where qan is the anisotropic part of q. We will
write Van for the subspace 〈e3, . . . , en〉 on which qan is defined. We will from
now on write the elements of V as triples (x, y, v) ∈ k × k × Van.

Let ∞ be the element of X represented by (1, 0, 0) ∈ V , and for every
v ∈ Van, we will denote the corresponding element of X by [v], represented
by

(−qan(v), 1, v) ∈ V.

For every w ∈ Van, we now define an element αw ∈ O(q) by

αw(x, y, v) :=
$
x− f(w, v)− q(w)y, y, v + yw

%
,

and similarly an element γw ∈ O(q) by

γw(x, y, v) :=
$
x, y + f(w, v)− q(w)x, v − xw

%
.
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(It is not hard to check that these elements indeed belong to O(q).) We now
set

U∞ := {αw | w ∈ Van}, U0 := {γw | w ∈ Van}.
By [Bor91, Example 6.6(3)], these are precisely the unipotent parts of the
appropriate minimal parabolic k-subgroups.

We now show that U∞ and U0 coincide with the root groups of M(qan).
Fix some w ∈ Van. Let v ∈ Van be arbitrary; then αw maps [v] to

[v]αw = αw(−q(v), 1, v) =
$
−q(v)− f(w, v)− q(w), 1, v + w

%
= [v + w].

(We have slightly abused notation in passing from a class to a representa-
tive.) Similarly,

[v]γw = γw(−q(v), 1, v) =
$
−q(v), 1 + f(w, v) + q(w)q(v), v + q(v)w

%

=
$
−1, q(v)−1 + q(v)−1f(w, v) + q(w), q(v)−1v + w

%

=
&
q
$
q(v)−1v + w

%
·
$
q(v)−1v + w

%'
,

and we have recovered the formula from equation (3.3). □

3.4. Moufang sets of small Clifford type. We now have a look at the
Moufang sets arising from Jordan division algebras of type (e).

Definition 3.11. Let q be a quadratic form over a field k with char(k) = 2.

(i) The defect Def(q) of q (also known as the bilinear radical BilRad(q)
of q) is defined to be

Def(q) := {v ∈ V | f(v, V ) = 0}.

The quadratic form q is called defective if it has a non-trivial defect.
Notice that a quadratic form can be defective but still be anisotropic,
since f(v, v) = 0 does not imply q(v) = 0 in characteristic 2.

(ii) The quadratic form q is called small if it is defective and dimDef(q) =
dim q − 2, i.e. q has a defect of codimension 2.

Remark 3.12. This definition looks rather different from the definition
in [MZ88, Section 6], where a Jordan algebra of quadratic form type is called
small if its tight scalar extension with the algebraic closure is the Jordan
algebra of quadratic form type arising from a quadratic form of dimension 3
(which is automatically defective). However, our definition is equivalent
to the one of [MZ88]. See also [MZ88, Example 5.2], and in particular its
insightful conclusion that “the defect is really part of the scalars, not part
of the quadratic form”.

Definition 3.13. Let J be a Jordan algebra over a field k. A subspace
I of J is called an ample outer ideal if 1 ∈ I and UaI ⊆ I for all a ∈ J .
If char(k) ∕= 2, then J itself is the only ample outer ideal of J , but in
characteristic 2, there can exist proper ample outer ideals. Notice that
every ample outer ideal is automatically a Jordan subalgebra.

Proposition 3.14. Let q : V → k be an anisotropic small quadratic form
over a field k with char(k) = 2. Assume that q has a base point ε which is
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not contained in the defect Def(q) (i.e. the quadratic form with base point is
not traceless). Fix an algebraic closure k of k, and let

√
k := {x ∈ k | x2 ∈ k}.

Then:

(i) V can be decomposed as V = D⊕E, where D = Def(q) is a k-subspace

of
√
k, and where E/k is a separable quadratic extension with norm N

and non-trivial Galois automorphism σ, such that

q(x, a) = x2 +N(a) = x2 + aaσ

for all (x, a) ∈ V .

(ii) Let J := J(q) be the corresponding Jordan algebra. Then every ample
outer ideal 2 of J has the form I = D ⊕ L, where L is an E2-subspace
of E containing 1 and such that βL = Lσ for all β ∈ D2. Conversely,
every set I of the form I = D ⊕ L with these conditions is an ample
outer ideal of J .

Proof. (i) Consider the restriction of q to its defect D, and consider the
composition

ϕ : D
q−−→ k

√
·−−→
√
k.

Then ϕ is a k-linear injective map from D to
√
k, and in particular,

the image imϕ is a k-subspace of
√
k. When we identify D with this

subspace of
√
k, we have q|D(x) = x2 for all x ∈ D.

Now let E be a complement of D in V . Then the restriction of
q to E is a non-defective anisotropic 2-dimensional quadratic form.
Every such form is similar to the norm form of a separable quadratic
extension E/k. Since q|E has a base point ε, we have, in fact, that q is
isometric to such a norm form, and we get the required expression for
q.

(ii) Let I ≤ D ⊕ E be an arbitrary ample outer ideal of J(q). We first
explicitly compute the U -operators in J(q), and we get

U(x,a)(b, s) = f
$
(x, a), (y, bσ)

%
· (x, a)− q(x, a) · (y, bσ)

=
$
T(ab)x+ (x2 +N(a))y, T(ab)a+ (x2 +N(a))bσ

%

=
$
T(ab)x+ (x2 +N(a))y, a2b+ x2bσ

%
.

In particular,

U(x,a)(0, 1) =
$
T(a)x, a2 + x2

%
∈ I

for all (x, a) ∈ V . Subsequently choosing (x, a) = (x, 0) and (x, a) =
(0, a) shows that also (0, a2 + x2) ∈ I for all (x, a) ∈ V , and it follows
that (T(a)x, 0) ∈ I for all (x, a) ∈ V . Hence D⊕0 ≤ I, and we already
see that I = D ⊕ L for some additive subgroup L of E.

We now invoke the fact that a2b+ x2bσ ∈ L for all b ∈ L. Choosing
x = 0 shows that L is an E2-subspace of E; choosing a = 0 shows

2The ample outer ideals are only assumed to be k2-subspaces of J (and not k-sub-
spaces). See [MZ88, Theorem 15.5(IIa)]; the conditions on the base fields have unfortu-
nately been omitted in the statement of [MZ88, Theorem 15.7(IIa)].
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that D2Lσ ⊆ L. Since D2 is σ-invariant, applying σ yields D2L ⊆ Lσ

as well. Now let β ∈ D2 be arbitrary; then βL ⊆ Lσ and β−1Lσ ⊆
β−2 · βLσ ⊆ E2L ⊆ L, and we conclude that βL = Lσ.

Conversely, if L is an E2-subspace of E containing 1 and such that
βL = Lσ for all β ∈ D2, then it is immediately checked that I = D⊕L
is an ample outer ideal of J(q). □

Remark 3.15. (i) The corresponding Moufang sets are of the formM(U, τ)
with U = (I,+), where I is an ample outer ideal I = D⊕L as in Propo-
sition 3.14(ii), and where τ is as in Lemma 3.8. Explicitly,

τ : D ⊕ L → D ⊕ L : (x, a) )→
$
x(x2 + aaσ)−1, aσ(x2 + aaσ)−1

%
.

(ii) The first explicit occurrence of these Moufang sets is in the paper
[MVM06], where they are obtained in a geomtric fashion, namely as
the fixed-point structures of polarities of mixed Moufang quadrangles.
The description which is given in [MVM06, Section 3, p. 826] seems to
have more data than our description, but it is, in fact, equivalent to
our simpler description.

3.5. Moufang sets of Albert type. Finally, we consider the Moufang sets
arising from Albert division algebras, i.e. from exceptional Jordan division
algebras, of type (f). We will show that these are precisely the Moufang sets
arising from linear algebraic groups of type E78

7,1, i.e. with Tits index

.

This fact is often stated without proof, mainly because it is very plausible
by looking at the invariants: the only exceptional groups with relative root
system A1 (i.e. of k-rank 1 with abelian root groups) are the ones of type
E78

7,1, and they are classified by anisotropic forms of type E6 with trivial Tits
algebras, which in turn are classified by the norm forms of Albert division
algebras.

We will first explain how every Albert division algebra gives rise to such
an algebraic group of type E78

7,1.

Theorem 3.16. Let J be an Albert algebra over a field k with char(k) ∕= 2, 3,
and let

V =

(
k J
J k

)

be a 56-dimensional vector space, equipped with a bilinear form b : V ×V → k
given by

b

((
α1 x1
y1 β1

)
,

(
α2 x2
y2 β2

))
= α1β2 − α2β1 + T (x1, y2)− T (y1, x2),

and with a quartic form q : V → k given by

q

(
α x
y β

)
= 4αN(x) + 4βN(y)− 4T (x$, y$) + (αβ − T (x, y))2.

Then the subgroup of GL(V ) consisting of linear automorphisms preserving
both b and q is a linear algebraic group of type E7 with trivial Tits algebras.
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Conversely, every linear algebraic group of type E7 with trivial Tits algebras
can be obtained in this way.

Proof. See [Gar01, Theorem 3.5]. □

We will denote the group of type E7 constructed from J in this fashion
by E7(J). Notice that E7(J) contains a k-subgroup of type E6, which is the
group Inv(J) of norm-preserving automorphisms of J . Indeed, if s ∈ Inv(J),
then there is a unique adjoint map s∗ ∈ Inv(J) such that T (s(x), s∗(y)) =
T (x, y) for all x, y ∈ J , and hence the map

fs : V → V :

(
α x
y β

)
→

(
α s(x)

s∗(y) β

)

belongs to E7(J). Also notice that E7(J) contains a k-split torus T of
dimension 1 consisting of the maps

gλ : V → V :

(
α x
y β

)
→

(
λ−3α λx
λ−1y λ3β

)
;

it is easy to check that the centralizer of T in E7(J) is precisely the group
of norm similarities of J , which is a reductive group of type E6 with derived
subgroup Inv(J).

It follows from this that there are exactly three possible Tits indices for
the groups of type E7 that we obtain:

; ; .

They correspond to the case where J is a division algebra, J is reduced but
non-split, and J is split, respectively. Notice that we do indeed obtain all
possible groups with these Tits indices, since these group always have trivial
Tits algebras; see [Tit71, 6.5.5].

Next, we introduce a collection of unipotent elements, that we will need
to describe the root groups. For each z ∈ J , we define maps αz and γz given
by

αz : V → V :

(
α x
y β

)
)→

(
α+ T (y, z) + T (x, z$) + βN(z) x+ βz

y + x× z + βz$ β

)
;

γz : V → V :

(
α x
y β

)
)→

(
α x− y × z + αz$

y − αz β − T (x, z) + T (y, z$)− αN(z)

)
;

see, for example, [Gar01, (5.13)–(5.14)]. It is not hard to verify that these
maps belong to E7(J), and that they are unipotent, i.e. (αz − id)4 = 0 and
(γz − id)4 = 0 for all z ∈ J . Moreover, the sets

A := {αz | z ∈ J}, B := {γz | z ∈ J}
form abelian unipotent subgroups of E7(J).

We now focus on the rank one case, i.e. the case where J is an Albert
division algebra, giving rise to a linear algebraic group of type E78

7,1. The

Moufang set obtained from such an algebraic group G = E7(J) is, by defini-
tion, the set of k-points of the flag variety G/PΘ, where PΘ is a (standard)
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minimal k-parabolic subgroup of G. The description of these flag varieties
in [Gar01, Theorem 7.6] shows that V has singular ideals3 of dimension 1,
but no singular ideals of higher dimension. Moreover, the set of k-points of
the flag variety G/PΘ can be identified with the space of all 1-dimensional
singular ideals.

We will now explicitly determine these singular ideals. By [Gar01, Lemma
5.7], an element v = ( α x

y β ) ∈ V is singular if and only if the following four
conditions are satisfied:

(i) T (x, y) = 3αβ;

(ii) y$ = αx;

(iii) x$ = βy;

(iv) 〈x, y〉 = 0.

Moreover, the last condition is automatically satisfied if (i)–(iii) hold with
α ∕= 0 or β ∕= 0. Notice, however, that J is now an Albert division algebra, so
if z$ = 0 then z = 0, for all z ∈ J . In particular, if α = β = 0, then (ii) and
(iii) imply x = y = 0 as well, so we can in fact forget about condition (iv).
Also notice that a scalar multiple of a singular element is again singular.

Assume first that β = 0; then also x = 0 and y = 0, and we get that v is
a scalar multiple of ( 1 0

0 0 ). So we may assume now without loss of generality

that β = 1; then y = x$ and α = N(x), and hence v is (a scalar multiple of)
(
N(x) x
x$ 1

)
.

We conclude that the Moufang set X = G/PΘ consists of the corresponding
1-dimensional ideals, and hence

X =

*+
N(x) x
x$ 1

, "" x ∈ J

-
∪
*+

1 0
0 0

,-
,

where the matrices with square brackets denote the corresponding elements
of the projective space P(V ). Denote

[x] :=

+
N(x) x
x$ 1

,
(x ∈ J); [∞] :=

+
1 0
0 0

,
.

For each k-point of G/PΘ, there is a corresponding minimal k-parabolic
subgroup, namely the stabilizer of the corresponding singular ideal. For
instance, for [∞], the corresponding stabilizer is the group generated by

CG(T ) = 〈fs, gλ | s ∈ Inv(J),λ ∈ k〉 and A = {αz | z ∈ J}.
The corresponding root group U[∞] is the unipotent radical of this k-parabolic,
which is precisely A. (Indeed, the decomposition P[∞] = U[∞]⋊CG(T ) is ex-
actly the Levi decomposition of this k-parabolic.) Similarly, the root group
U[0] coincides with the group B = {γz | z ∈ J}.

3An element v ∈ V is called singular or strictly regular if Uv(V ) ⊆ kv, where Uv is
the U -operator in the structurable algebra associated with V . A singular ideal of V is
a subspace of V consisting entirely of singular elements. The precise definition is not so
relevant for our purposes, since we will use the characterization in [Gar01, Lemma 5.7]
instead.
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We can finally verify that the Moufang set
$
X, (U[x])x∈J∪{∞}

%
we have

just described is isomorphic to the Moufang set M(J). Indeed, notice that
A fixes [∞] and

αz[x] = αz

+
N(x) x
x$ 1

,
=

+
N(x+ z) x+ z
(x+ z)$ 1

,
= [x+ z]

for all x, z ∈ J ; a slightly longer computation shows that B fixes [0] and

γz[x] =
&
(x−1 − z)−1

'

for all x, z ∈ J . This is exactly the description of the root groups U∞ and
U0 of the Moufang set M(J).

Notice that the permutation τ of the Moufang set can be explicitly realized
inside E7(J) by the simple map

τ : V → V :

(
α x
y β

)
→

(
−β −y
x α

)
,

which indeed acts on X as [x] )→
&
−x−1

'
.

Remark 3.17. We had to exclude characteristic 2 and 3, because the de-
scription of groups of type E7 in terms of Freudenthal triple systems only
makes sense over fields of characteristic not 2 or 3. We are confident that
also in these “bad” characteristics, the Moufang sets M(J) are isomorphic
to the Moufang sets arising from the linear algebraic groups of type E78

7,1,
but we are not aware of a rigorous proof of this fact.

4. Proper non-abelian Moufang sets

4.1. Skew-hermitian Moufang sets. A large class of proper Moufang
sets with non-abelian root groups arises from skew-hermitian forms.

Definition 4.1. (i) Let D be a skew field with involution σ, and let V
be a right D-module. A skew-hermitian form on V is a bi-additive
map h : V × V → D such that h(v, w)σ = −h(w, v) and h(va, wb) =
aσh(v, w)b for all v, w ∈ V and all a, b ∈ D.

(ii) Let D be a skew field with involution σ, and let D0 be an ample
subspace of D w.r.t. σ (see Definition 3.6). Let V be a right D-module,
and let p be a map from V to D. Then p is a pseudo-quadratic form
on V (with respect to D0 and σ) if there is a form h on V which is
skew-hermitian with respect to σ such that

p(a+ b) ≡ p(a) + p(b) + h(a, b) (mod D0) ,

p(at) ≡ tσp(a)t (mod D0) ,

for all a, b ∈ V and all t ∈ D.

(iii) Following [TW02], we define a pseudo-quadratic space as a quintuple
(D,D0,σ, V, p) such that D is a skew field with involution σ, D0 is an
ample subspace of D w.r.t. σ, V is a non-trivial right D-module and
p is a pseudo-quadratic form on V with respect to D0 and σ. A pseudo-
quadratic space (D,D0,σ, V, p) is called anisotropic if p(a) ∈ D0 only
for a = 0.
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(iv) Let (D,D0,σ, V, p) be a pseudo-quadratic space. The unitary group
U(p) is defined as

U(p) := {ϕ ∈ GLD(V ) | p(ϕ(v)) ≡ p(v) (mod D0) for all v ∈ V }.

Notice that, unlike [TW02], we have added the non-triviality of V as
part of our definition of a pseudo-quadratic space. In particular, [TW02,
Remark before (11.19)] now implies that an anisotropic pseudo-quadratic
space always has D0 ∕= D, and by [TW02, (11.19)], the skew-hermitian form
h is then uniquely determined by p. Also by [TW02, (11.19)], we see that
when D0 ∕= D, the unitary group U(p) is a subgroup of the unitary group

U(h) := {ϕ ∈ GLD(V ) | h(ϕ(v),ϕ(w)) = h(v, w) for all v, w ∈ V }.

When char(D) ∕= 2, we always have U(p) = U(h), but when char(D) = 2,
U(p) can be a proper subgroup of U(h).

For more information about these unitary groups, we refer to [HO89,
Section 5.2], in particular the restricted classical unitary groups as defined
in Example (F) on page 211. (The paper [Li91] is another quite readable
approach to these groups, but it is unfortunate that the author claims that
his groups are “new” . . . )

Definition 4.2. Let (D,D0,σ, V, p) be an anisotropic pseudo-quadratic space
with corresponding skew-hermitian form h. Define a group

U := {(v, a) ∈ V ×D | p(v)− a ∈ D0},

with group operation

(v, a) + (w, b) :=
$
v + w, a+ b+ h(w, v)

%
,

and define a map τ ∈ Sym(U∗) given by

(v, a).τ := (−va−1, a−1)

for all (v, a) ∈ U∗. Then M(U, τ) is a Moufang set, which we call a skew-
hermitian Moufang set or a Moufang set of skew-hermitian type, and which
we denote by M(D,D0,σ, V, p), or simply by M(p) if the pseudo-quadratic
space is clear from the context.

Theorem 4.3. Let (D,D0,σ, V, p) be an anisotropic pseudo-quadratic space
with corresponding skew-hermitian form h. Assume that D is finite-dimen-
sional over its center k = Z(D), and that V is finite-dimensional over D.

Let V̂ := D ⊕ V ⊕D, and consider the pseudo-quadratic form

p̂ : V̂ → D : (a, v, b) )→ aσb+ p(v)

with corresponding skew-hermitian form

ĥ : V̂ × V̂ → D :
$
(a, v, b), (c, w, d)

%
)→ aσd− bσc+ h(v, w)

of Witt index 1. Then the unitary group U(p̂) is a simple pseudo-reductive
linear algebraic group of k-rank 1 (which is reductive only in the extremal
cases D0 = {a + aσ | a ∈ D} or D0 = FixD(σ)), and its Moufang set is
isomorphic to M(D,D0,σ, V, p).
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Proof. The fact that G = U(p̂) is an (abstractly) simple linear algebraic
group of k-rank 1 is well known, although it is most often stated for her-
mitian forms rather than skew-hermitian forms, and often not including the
most general situation in characteristic 2. The simplicity of the appropriate
quotient of the subgroup generated by the unipotent elements (in the most
general situation that we consider) can be found, for instance, in [HO89,
Theorem 6.3.16]. I haven’t been able to find a proof for the fact that G is
pseudo-reductive, so this is mostly guessing (but this point is not relevant
for the rest of the proof).

Before we proceed, notice that D0 ∕= D because (D,D0,σ, V, p) is aniso-

tropic, and hence U(p̂) ≤ U(ĥ).

Following the same ideas as in [Bor91, Example 6.6(3)], we see that the
root groups can be described as follows. (See also [BT84, (10.1.2)].) Let

w := (1, 0, 0) ∈ V̂ , and consider the partial flag

0 ≤ 〈w〉 ≤ 〈w〉⊥ ≤ V̂ .

(Notice that 〈w〉⊥ = D⊕V ⊕0 ≤ V̂ .) The set of elements of U(p̂) stabilizing
this partial flag is a parabolic k-subgroup P of G. Its unipotent radical
consists of the elements of P acting trivially on 〈w〉, on 〈w〉⊥/〈w〉 and on

V̂ /〈w〉⊥.
For each element (z, s) ∈ U , consider the map

αz,s : V̂ → V̂ : (a, v, b) )→
$
a+ h(z, v) + sb, v + zb, b

%
.

We claim that the unipotent radical of P consist precisely of these elements
αz,s. First, the elements αz,s are indeed contained in U(p̂); this is an easy
computation, using the fact that p(z) + sσ = (s − p(z))σ ∈ D0 and hence
bσ(p(z) + sσ)b ∈ D0 because D0 is an ample subspace. Next, the elements
αz,s are contained in the unipotent radical of P because they fix w, stabilize

w⊥, and act trivially on both 〈w〉⊥/〈w〉 and V̂ /〈w〉⊥.
Conversely, any element of P fixing w, stabilizing w⊥ and acting trivially

on both 〈w〉⊥/〈w〉 and V̂ /〈w〉⊥ takes the form

α : (a, v, b) )→ (a+ ϕ(v) + ψ(b), v + χ(b), b)

for some k-linear maps ϕ : V → D, ψ : D → D and χ : D → V . Expressing
that α preserves ĥ then gives rise to the identities

h(χ(b), v) = bσϕ(v),

h(χ(b),χ(d)) = bσψ(d)− ψ(b)σd

for all v ∈ V and all b, d ∈ D.

Let z := χ(1) ∈ V and let s := ψ(1) ∈ D. Taking b = 1 in the first
identity already gives ϕ(v) = h(z, v) for all v ∈ V . This same identity now
takes the form h(χ(b), v) = bσh(z, v) = h(zb, v) for all v ∈ V , and since h
is non-degenerate, this implies χ(b) = zb for all b ∈ D. The second identity
now becomes bσh(z, z)d = bσψ(d) − ψ(b)σd for all b, d ∈ D. Substituting
b = 1 gives h(z, z)d = ψ(d) − sσd for all d ∈ D. Setting in addition d = 1
shows that h(z, z) = s − sσ, and substituting this back in the previous
equation then implies that ψ(d) = sd for all d ∈ D. Finally, expressing that
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p̂(0, 0, 1) ≡ p̂(ϕ(0, 0, 1)) (mod D0) gives 0 ≡ sσ+p(z) (mod D0), and hence
p(z)− s ∈ D0. We conclude that α = αz,s.

The elements of the Moufang set of G, i.e. the minimal k-parabolics of G,
correspond precisely to theD-equivalence classes of isotropic elements w ∈ V̂
(i.e. those w ∈ V̂ for which p(w) ∈ D0); so two elements of V̂ are equivalent
if and only if they can be obtained from each other by right multiplication
by a non-zero element of D. Let ∞ be the element of X represented by
(1, 0, 0) ∈ V̂ , and for every (v, a) ∈ U , we will denote the corresponding
element of X by [v, a], represented by

(a, v, 1) ∈ V̂ .

(Observe that p̂(a, v, 1) = aσ + p(v) ∈ D0.)

For every (z, s) ∈ U , we now define a permutation αz,s of X given by

(4.1) αz,s(a, v, b) :=
$
a+ h(z, v) + sb, v + zb, b

%
,

and similarly a permutation γz,s of X given by

(4.2) γz,s(a, v, b) :=
$
a, v + za, b− h(z, v)− sa

%
.

We now set

U∞ := {αz,s | (z, s) ∈ U}, U0 := {γz,s | (z, s) ∈ U}.

We now show that U∞ and U0 coincide with the root groups of M(p). Fix
some (z, s) ∈ U . Let (v, a) ∈ U be arbitrary; then αz,s maps [v, a] to

[v, a]αz,s = αz,s(a, v, 1) =
$
a+ h(z, v) + s, v + z, 1

%
= [(v, a) + (z, s)],

where the sum (v, a) + (z, s) denotes the group operation of U . (We have
slightly abused notation in passing from a class to a representative.) Simi-
larly,

[v, a]γz,s = γz,s(a, v, 1) =
$
a, v + za, 1− h(z, v)− sa

%

=
&
(v + za)

$
1− h(z, v)− sa

%−1
, a

$
1− h(z, v)− sa

%−1'
.

On the other hand, the corresponding map in the Moufang set M(p) is given
by

[v, a]γz,s = [v, a]τ−1αz,sτ

= [va−1,−a−1]αz,sτ

=
&
va−1 + z, −a−1 + h(z, va−1) + s

'
τ

=
&
(va−1 + z)a

$
1− h(z, v)− sa

%−1
, a

$
1− h(z, v)− sa

%−1'
,

and we see that both formulas coincide. □
Remark 4.4. Alternatively, we could have computed the µ-map corre-
sponding to the element (0, 1) ∈ U directly from (4.1) and (4.2). (Notice
that (0, 1) ∈ U because 1 ∈ D0 by definition.) By the uniqueness of the
µ-maps, it suffices to find elements (z, s) and (y, t) in U such that the com-
position γz,sα0,1γy,t swaps 0 (i.e., (0, 0, 1)) and ∞ (i.e., (1, 0, 0)). We get
(z, s) = (y, t) = (0, 1), so

µ0,1 = γ0,1α0,1γ0,1,
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and we see that µ0,1 maps an element (a, v, b) ∈ V̂ to (b, v,−a). Hence

[v, a]µ0,1 = (a, v, 1)µ0,1 = (1, v,−a) ∼ (−a−1,−va−1, 1) = [−va−1,−a−1]

and we recover the expected formula for τ .

Remark 4.5. Every Moufang set arising from a classical absolutely simple
linear algebraic group of k-rank 1 with non-abelian root groups is a Moufang
set arising from a pseudo-quadratic space (D,D0,σ, V, p) with σ ∕= 1 and
either D0 = {a + aσ | a ∈ D} or D0 = FixD(σ). This follows, for instance,
from [BT87, Chapter 1], in particular paragraphs 1.1, 1.2 and 1.8(2).

4.2. Moufang sets arising from structurable algebras. Every known
proper Moufang set in characteristic not 2 or 3 arises from a so-called struc-
turable algebra.

Definition 4.6. Let k be a field with char(k) ∕∈ {2, 3}. Let A be a not
necessarily commutative nor associative k-algebra with involution σ : x )→ x.
For all x, y, z ∈ A, we define

Vx,y(z) := {x, y, z} := (xy)z + (zy)x− (zx)y.

Then (A,σ) is called a structurable algebra if the operator identity

[Vx,y, Vz,w] = V{x,y,z},w − Vz,{y,x,w}

holds, for all x, y, z, w ∈ A.

For all x, y, z ∈ A, we write

Ux,yz := Vx,zy and Uxy := Ux,xy.

We will refer to the maps Vx,y ∈ Endk(A) as V -operators, and to the maps
Ux,y ∈ Endk(A) and Ux ∈ Endk(A) as U -operators.

An important subspace of A is the subspace of skew elements.

Definition 4.7. Let A be a structurable algebra over k, with involution σ.
Then we define

S := {x ∈ A | xσ = −x}.
The elements of S are called skew elements, and the dimension of the sub-
space S is called the skew dimension of A.

Lemma 4.8. Let A be a structurable algebra over k, with involution σ.
Then σ = idA if and only if A is a Jordan algebra.

Proof. Expand the defining operator identity, and use char(k) ∕= 3. □

There is an important k-bilinear map on A taking values in S.

Definition 4.9. Let A be a structurable algebra over k, with involution σ.
Then we define a map

ψ : A×A → S : (x, y) )→ xy − yx.

The definition of invertibility in a structurable algebra is not as straight-
forward as one might think, but looking at the case of Jordan algebras, it is
not a surprise that the operators play a role here.
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Definition 4.10. (i) Let A be a structurable algebra over k. An element
x ∈ A is (conjugate) invertible with (conjugate) inverse y ∈ A, if Vx,y =
idA. If an element x ∈ A is (conjugate) invertible, its (conjugate)
inverse is unique, and is denoted by x̂.

(ii) The algebra A is called a (conjugate) division algebra if every non-zero
element of A is invertible.

Remark 4.11. When A is a Jordan algebra, the notion of conjugate invert-
ibility coincides with the classical notion of invertibility in a Jordan algebra.
On the other hand, when A is an associative algebra with involution σ, then
the conjugate inverse of x is equal to x̂ = x−σ, whence the name.

Theorem 4.12 ([BDMS19, Theorem 5.1.6]). Let A be a structurable divi-
sion algebra over a field of characteristic different from 2, 3 and 5. Define
the group U := A× S with addition

(x, s) + (y, t) = (x+ y, s+ t+ ψ(x, y)).

Define

qx : S → S : s )→ 1

6
ψ(x, Ux(sx)),

and define the permutation τ of U∗ by the formula

(x, 0) )→ (−x̂, 0),

(0, s) )→ (0,−ŝ),

(x, s) )→
$
ŝ
$
(qx̂(s) + ŝ)∧x̂

%
+

$
s+ qx(ŝ)

%∧
x, −

$
s+ qx(ŝ)

%∧%

for all 0 ∕= x ∈ A and 0 ∕= s ∈ S. Then M(U, τ) is a Moufang set.

Structurable division algebras in characteristic different from 2 and 3 have
been classified.

Theorem 4.13. Let A be a structurable division algebra over a field of
characteristic different from 2 and 3. Then A is isomorphic to (at least)
one of the following:

(1) a Jordan division algebra;

(2) an associative division algebra with involution;

(3) a structurable algebra constructed from a non-degenerate anisotropic
hermitian form over an associative division algebra with involution;

(4) a structurable division algebra arising from a hermitian cubic norm
structure;

(5) a structurable division algebra that is a form of a tensor product of two
composition algebras.

We refer to [BDMS19, Theorem 6.6.1], and for the description of class (4),
which looks different from loc. cit., we refer to [DM19].

4.3. Mixed Moufang sets in characteristic 2.
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4.4. Suzuki–Tits, Ree–Tits, F4–Tits Moufang sets. There are exactly
3 remaining classes of non-abelian Moufang sets, all occuring in small char-
acteristics, and arising from polarities of mixed Moufang polygons:

(1) The Suzuki–Tits Moufang sets in characteristic 2, of type 2B2, arising
from polarities of Moufang quadrangles of indifferent type;

(2) The Ree–Tits Moufang sets in characteristic 3, of type 2G2, arising from
polarities of Moufang hexagons of indifferent type;

(3) The F4–Tits Moufang sets in characteristic 2, of type 2F4, arising from
polarities of Moufang quadrangles of type F4.

In each of these cases, we need a Tits endomorphism of the underlying
field.

Definition 4.14. Let k be a commutative field of characteristic p > 0. A
ring endomorphism θ : k → k is called a Tits endomorphism if (xθ)θ = xp

for all x ∈ k.

4.4.1. Suzuki–Tits Moufang sets. Let k be a commutative field of charac-
teristic 2, equipped with a Tits endomorphism θ, and consider the subfield
kθ ⊆ k; notice that k is a vector space over kθ. Let L be a kθ-subspace of k,
and assume (without loss of generality) that L generates k as a ring. Notice
that L is closed under multiplicative inverses.

Let (U,+) be the non-abelian group with underlying set L×L, and with
group operation

(a, b) + (c, d) := (a+ c, b+ d+ acθ).

We define a Suzuki norm N on U by the formula

N(a, b) := aθ+2 + ab+ bθ

for all (a, b) ∈ U . Notice that N is anisotropic, i.e., N(a, b) = 0 only for
(a, b) = (0, 0). Let τ ∈ Sym(U∗) be given by

(a, b)τ :=
$
b/N(a, b), a/N(a, b)

%
.

Then M(U, τ) is a Moufang set, called the Suzuki–Tits Moufang set of the
triple (k, θ, L).

4.4.2. Ree–Tits Moufang sets. Let k be a commutative field of characteristic
3, equipped with a Tits endomorphism θ.

Let (U,+) be the non-abelian group with underlying set k × k × k, and
with group operation

(a, b, c) + (x, y, z) := (a+ x, b+ y + axθ, c+ z + ay − bx− axθ+1).

We define a Ree norm N on U by the formula

N(a, b, c) := −acθ + aθ+1bθ − aθ+3b− a2b2 + bθ+1 + c2 − a2θ+4

for all (a, b, c) ∈ U . Notice that N is anisotropic, i.e., N(a, b, c) = 0 only
for (a, b, c) = (0, 0). We also define a first and second Ree trace on U by the
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formulae

T1(a, b, c) = aθbθ − cθ + ab2 + bc− a2θ+3

T2(a, b, c) = a2b− ac+ bθ − aθ+3

for all (a, b, c) ∈ U . Let τ ∈ Sym(U∗) be given by

(a, b, c)τ :=
$
−T1(a, b, c)/N(a, b, c), −T2(a, b, c)/N(a, b, c), −c/N(a, b, c)

%
.

Then M(U, τ) is a Moufang set, called the Ree–Tits Moufang set of the
pair (k, θ).

4.4.3. F4–Tits Moufang sets. This final class of examples is perhaps the
most difficult to describe. The most conceptual way is through polarity
algebras, introduced in [DMSW17], where the corresponding Moufang sets
were called outer F4 Moufang sets.

We assume again that k is a commutative field of characteristic 2, equipped
with a Tits endomorphism θ, and we write [k] for the k-vector space with
underlying additive group (k,+) but with scalar multiplication given by

a[t] := [aθt]

for all a, t ∈ k.

Definition 4.15. A polarity algebra over (k, θ) is a k-algebra V equipped
with an anisotropic quadratic form q over k such that the bilinear form
f := ∂q is not identically zero, t )→ [t] is a k-linear embedding of the k-vector
space [k] into the radical of f , and (u, v) )→ u · v is a multiplication on V
(which we often denote by juxtaposition), satisfying the following conditions
(R1)–(R7):

(R1) The map x )→ xv from V to itself is k-linear,

(R2) v[t] = tv,

(R3) u · tv = tθ · uv,
(R4) [t]v = [tq(v)],

(R5) uv · v = q(v)θ · u,
(R6) v · uv = q(v) · vu,
(R7) u(v + w) = uv + uw + g(vu,w),

for all u, v, w ∈ V and all t ∈ k, where g(u, v) = [f(u, v)] for all u, v ∈ V .

Let U be the group with underlying set V × V , the elements of which we
will denote by {u, v} with u, v ∈ V , and with group operation given by

{u,w}+ {a, b} = {u+ a,w + b+ ua+ g(a,w) + g(a, uu)}
for all u,w, a, b ∈ V . Define the norm on U by the formula

N({w, u}) = q(u)θ+q(u)q(w)+q(w)θ+2+f(u,ww)θ+f(u,wu)+q(w)f(u,ww)

for all {w, u} ∈ U . Finally, let τ be the map from U∗ to U∗ given by

{w, u}τ =

*
q(u)w + f(u,w)u+ u(ww + u)

N({w, u}) ,
q(w)u+ w(ww + u)

N({w, u})

-
.
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Then M(U, τ) is a Moufang set, called the F4–Tits Moufang set of the po-
larity algebra.

The polarity algebras can be described explicitly. Without going into too
much detail, we mention the following result and we refer to [DMSW17] for
more details.

Theorem 4.16 ([DMSW17, Theorem 9.11]). Let V be a polarity algebra
over (k, θ) with corresponding quadratic form q. Then q is a so-called qua-
dratic form of type F4 (as first introduced in [TW02]) and there exists:

(i) a standard decomposition S = (E/K,F,α,β) of q such that α = β−θ

and F = Kθ,
(ii) an extension of θ to a Tits endomorphism of E and
(iii) an identification of V with E ⊕ E ⊕ [K] with respect to which t )→ [t]

is the map t )→ (0, 0, t), · is given by the formula

(a, b, r) · (u, v, s) =
$
sa+ α(ūθb+ β−1vθ b̄), sb+ uθa+ β−1vθā,

sθr + β−1r(uū+ αvv̄)

+ αβ−1
$
aθuv̄ + āθūv + β−1(bθūv̄ + b̄θuv)

%

and
q(u, v, t) = β−1(N(u) + βθN(v)) + tθ

for all (u, v, t) ∈ E ⊕ E ⊕ [K], where N is the norm of the extension
E/K.
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en groupes. Existence d’une donnée radicielle valuée, Institut des Hautes
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[Zas35b] , Über endliche Fastkörper, Abhandlungen aus dem Mathematischen
Seminar der Universität Hamburg 11 (1935), no. 1, 187–220. MR 3069653

Tom De Medts
Ghent University, Department of Mathematics: Algebra and Geometry
Krijgslaan 281 (S25), B-9000 Gent, Belgium
tom.demedts@ugent.be


