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Abstract

The algebraic groups of type 1D512) are classified by triples of quater-
nion algebras whose sum is trivial in the Brauer group. We explain on
an elementary level why this is true, and in the case where the charac-
teristic of the underlying field is not 2, we relate it to a cohomological
invariant which was introduced by Bartels.

We then proceed to show that the Moufang sets (i.e., the build-
ings corresponding to these groups) contain enough information to re-
cover the three quaternion algebras and the three corresponding skew-
hermitian forms, thereby solving the “isomorphism problem” for this
class of Moufang sets.

These notes date back to early 2007 but have been slightly up-
dated in 2017 before making available online. They are not intended
for publication in their current form. (The paper has been rejected
by 3 different people in the past, which proves that it is not worth
publishing; the main objection was that it is too elementary.)

1 Introduction

The algebraic groups of type Dy are very intriguing. On the one hand, they
belong to a classical family, but on the other hand, they often behave so
differently that it is not exaggerated to include them in the list of exceptional
groups. This is of course due to the peculiar symmetry in their diagram.

In this paper, we study the absolutely simple isotropic algebraic groups
of type 1D512) and relative rank one, i.e. those with Tits index
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and not involving a diagram symmetry (i.e. of inner type). Of course, these
groups are well understood, but we will focus on a peculiar aspect arising
from the symmetry in the diagram. The anisotropic kernel Gy of such a
group is of type A1 x A; x Ay, and hence Gy = SL1(Q1)xSL1(Q2)xSL1(Q3)
for some quaternion division algebras (Q1, QY2 and Q3. It follows, in fact, from
the theory of algebraic groups (see for example [12, Satz IV.6.3.1]) that it is
necessary and sufficient for such a group to exist, that [Q1]+ [Q2] +[Q3] =0
in the Brauer group Br(k).

However, the theory of algebraic groups does explain directly how these
three quaternion algebras can be obtained from the skew-hermitian form
which describes such a group, nor does it explain on an algebraic level why
we should be unable to distinguish between these three quaternion algebras
if we only know the algebraic group.

The first goal of this paper is precisely to understand this on a more
elementary algebraic level, and this is what we aim to do in section 2. It turns
out that, starting from one particular skew-hermitian form over one of the
quaternion division algebras, the two others can be obtained from a certain
cohomological invariant which was introduced by Bartels [2]. In our specific
case, however, this invariant can be constructed in a very elementary way
(although it would be difficult to trace down that it is indeed an invariant).

The second (and perhaps main) goal of this paper is to solve the “iso-
morphism problem” for the corresponding Moufang sets. Moufang sets were
introduced by Jacques Tits [16] precisely as an axiomatization of the abso-
lutely simple algebraic groups of relative rank one. (They were introduced
in the context of twin buildings, but this is not important for us.)

In our case of groups of type IDE‘Z), these Moufang sets can be described

in an elementary way only using the skew-hermitian form which determines
the group. The underlying vector space, which is an 8-dimensional k-vector
space, has the structure of a vector space over each of these three quaternion
algebras (Q; simultaneously, in such a way that these three multiplications
pairwise commute; in some sense, V' becomes a “left”, “right” and “middle”
vector space at the same time (where it would of course be better to think
of these as the three directions in the Dynkin diagram).

In section 3, we show that the three quaternion algebras (and the three
corresponding skew-hermitian forms) can indeed be recovered starting from
the Moufang set, thereby solving the isomorphism problem for this class of
Moufang sets. It is interesting to note that we unexpectedly rely on the
theory of spreads in incidence geometry for the final step of this process.

We have separated the characteristic 2 case from the rest (see section 4)
for two reasons. First, the technical details in this case would interfere too
much with the general ideas; second, the Bartels invariant is only defined



when the characteristic is not 2, so we cannot pursue this link —see, however,
Remark 2.5 below— though our main result continues to hold.

Acknowledgment

I am very grateful to Bernhard Miihlherr, for proposing this problem to me,
and for the many valuable discussions we have had on this matter. I would
also like to thank Jan Van Geel, for making me aware of the existence of
the Bartels invariant, and Eva Bayer-Fluckiger, for pointing out that this
invariant is essentially already due to Tits. I also thank Norbert Knarr, for
providing a reference for Proposition 3.3.

2 Structure of the rank one groups of type 1D4(12)

Let k be an arbitrary commutative field with char(k) # 2. We start by
describing the algebraic groups of absolute type 1D512) and k-rank one and
their corresponding Moufang sets. By [13], these groups are the groups
SU4(Q, f), where @ is a quaternion division algebra over k, and f is a
non-degenerate skew-hermitian form with trivial discriminant and index 1,
relative to the standard involution ¢ of (). Such a form f is uniquely deter-
mined by its anisotropic part h, which is a form of dimension 2 over ) with

trivial discriminant.

So let X be a 2-dimensional right vector space over @, let ¢ be the
standard involution of @), and let N and T be the norm and the trace from
Q to k, respectively, i.e. N(t) =t°t and T(t) =t7 +t for all t € Q. Let h
be an anisotropic skew-hermitian form from X x X to ). We denote the
pseudo-quadratic form corresponding to h by 7, i.e. w(a) := h(a, a)/2 for all
a € X. Observe that T'(w(a)) = 0 for all a € X. Let g be the map from
X X X to k defined by

g(a,b) :=m(a+b) —7w(a) — w(b) — h(a,b) (2.1)
for all a,b € X; it is easily checked that
g(a,b) = T(h(b,a))/2 (22)

for all a,b € X.

2.1 The Moufang set

Definition 2.1. A Moufang set is a set X together with a collection of
permutation groups (U;).cx, where each U, < Sym(X) fixes x and acts
sharply transitively on X \ {z}, such that UY = U, for every ¢ € G :=



(Uy | y € X). The groups U, are called the root groups of the Moufang set,
and the group G is called the little projective group.

This notion was introduced by J. Tits [16] as an axiomatization of some
of the structure of the absolutely simple algebraic groups of relative rank one.
More precisely, if G is such an algebraic group defined over k of k-rank 1,
then the set X is the set of all minimal k-parabolics of G, and each root
group Uy, is precisely the root subgroup of the k-parabolic subgroup x (which
in this case coincides with the unipotent radical of the k-parabolic z); the
action is given by conjugation. The group G is precisely the group of
k-rational points of the adjoint representation of G.

Each Moufang set is completely determined by the structure of one (and
hence all) of the root groups, together with one additional permutation 7 of
the non-trivial elements of this group, as we now explain.

Definition 2.2. Let (U, +) be an arbitrary group (not necessarily abelian
but nevertheless written additively), and let 7 € Sym(U*), where U* :=
U\ {0}. Define a set X := U U {00}, where oo is a new symbol. We extend
7 to an element of Sym(X) by demanding that it exchanges the elements 0
and oo.

Next, we define subgroups U, < Sym(X) as follows. For each a € U, let
g be the permutation of X fixing co and mapping each z € U to = + a.
Then Uy := {aq | a € U} is a subgroup of Sym(X) isomorphic to U. Now
define Uy := UZ, (where we mean conjugation by 7 inside Sym(X)), and for
each a € U*, define U, := U{*. Denote the resulting data (X, (Uy)zex) by
M(U, 7).

Then M(U, 7) is not always a Moufang set, but every Moufang set can
be obtained in this fashion; see, for instance, [4, 3].

The Moufang set corresponding to h, i.e. corresponding to the group
SUL(Q, f), is equal to M(U, 7), where U is the (abstract) non-abelian group
with underlying set X x k and with group “addition” given by

(a,s)+ (b,t) = (a+b,s+t+g(a,b))
for all (a,s), (b,t) € U, and where 7 is the map from U* to itself given by
72 (a,8) = (a(s +7(a)) ™!, —sN(s +m(a)) ")
for all (a,s) € U*.

Remark 2.3. These formulas can be calculated from [17, (32.9)]; note that
our group U is isomorphic to the group 7" in [17] under the isomorphism
U—T:(a,s)+— (a,s+ m(a)). More precisely, the permutation 7 can be
obtained as 7 = Kk oinv = inv o A, where u(x1(2)) = x5(k(z))z1(2)x5(A(2)),
and where inv(z) := —z, for all z € U*. Observe that we have used the fact
that T'(m(a)) = 0 to obtain the formula for 7.



2.2 The structure of h

We will first examine the structure of the skew-hermitian form h. By [9,
Chapter 7, Theorem 6.3], (X, h) has a basis consisting of two pairwise or-
thogonal vectors, say v and v, and hence X = u@ 1L v(@Q. So there exist
fixed elements z, w € @ such that

h(uzy 4+ vy1, uxe + vy2) = 27 222 + YT WY (2.3)

for all x1, 9, y1, y2 € Q; since h is skew-hermitian, we have T'(z) = T'(w) = 0.
Since disc(h) = 1 € k*/(k*)?, we have N(z)N(w) € (k*)? and therefore
N(z) = r2N(w) for some r € k*. It follows that (1,z) and (1,w) are
isomorphic subfields of (). Since any two isomorphic subfields of ) are
conjugate in @, we have twt € (1, z) for some t € Q. But since T (twt) =
T(z) = 0, this implies that twt = sz for some s € k*. (We are grateful to
Richard Weiss for this argument.) If we now replace the basis vector v by
v' = vt, then we get from (2.3) that

h(uzy + v'y1, uws + v'ys) = 220 + yJt7wtys

= z{zx9 + sy{ zyo (2.4)

for all 1,2, y1,y2 € Q. Conversely, any skew-hermitian form A of the form
(2.4) has trivial discriminant.

Now let E := (1, z); then E is a quadratic subfield of @). Following the
notation in [17], we write Q@ = (F/k,0) where § € k*, i.e. Q = E @ eF,
where ae = ea’ for all @ € E and e = 4.

Lemma 2.4. Let h be an arbitrary 2-dimensional skew-hermitian form over
a quaternion division algebra Q with trivial discriminant, and write

h(uz1 4+ vy1, uxe + vy2) = 7 zx2 + SY{ 2Y2

for all x1,x9,y1,y2 € Q. Let Q = E ® eE as above. Then h is anisotropic
if and only if
s¢ —N(E)UN(eE).

Proof. First assume that h is anisotropic. If we would have s = —N(t) for
some t € F, then we would have 27 (ut+v") = t°2t—N(t)z = 0, contradicting
the fact that h is anisotropic. If we would have that s = N(et) for some
t € E, then we would have 2w (u(et) + v') = —etzet + N(et)z = 0, again
contradicting the fact that h is anisotropic.

Conversely, assume that h is isotropic. Then there exist elements x,y €
Q@ such that 7(uz + vy) = 0. (Observe that 7(ux + vy) can never be an
element of k* since its trace is 0.) Hence 27zz = —syzy. Let w := zy~!,
then this implies that

wlzw = —sz. (2.5)



Taking norms, we get that N(w)?N(z) = s?N(z) and hence s = £N (w).

If s = —N(w), then (2.5) becomes w?zw = w’wz and hence zw = wz,
implying that w commutes with E. But since Centg(E) = E, this implies
that w € E, and therefore s = —N(w) € —N(E).

On the other hand, if s = N(w), then (2.5) becomes w?zw = —wwz
and hence zw = —wz. This implies that z - ew = ezw = —ezw = ew - z,
and therefore ew € Centg(FE) = E, implying that w € eE. We conclude in
this case that s = N(w) € N(eE). O

Remark 2.5. Even though this result is stated in terms of the subfield
E, this subfield is not an invariant of the skew-hermitian form h, since
it depends on the choice of the first basis vector w, which is completely
arbitrary.

2.3 Three related skew-hermitian forms

We will now construct three different skew-hermitian forms, defined over
three different quaternion division algebras, which will nevertheless give rise
to the same Moufang set. The calculations appearing in this section are of
course not very deep, but it is intriguing to observe how everything works
out well. They might also be useful for later reference.

So let @1, Q2 and Q3 be three quaternion division algebras such that
[Q1] + [Q2] + [@3] = 0 in the Brauer group Br(k). By a famous theorem of
Albert [8, (16.30)], this implies that these three quaternion algebras have a
quadratic subfield F in common (which is not necessarily unique). Hence we
can find constants «, 8,7 € k* such that Q1 = (E/k,af), Q2 = (E/k, 5v),
and Q3 = (E/k,a7). (Of course, two constants would be sufficient to de-
scribe this situation, but we prefer to use three constants to have a symmetric
description.) As in the previous paragraph, we let e; be the element of Q;
such that ae; = e1a? for all a € F and e% = af3; similarly we define e3 € Q2
and e3 € Q3.

Nowlet X = E® E® E® E. We will view X as a vector space over
all three quaternion division algebras simultaneously, in such a way that the
three scalar multiplications commute. This very peculiar situation can be
achieved as follows.

Proposition 2.6. Let X = E®@ E® E® E, and define the following multi-
plications on X, for allt € E, and where the e; are the elements of Q; (for



i=1,2,3) as above.

(a,b,c,d) eyt := (at,bt?, ct,dt); (a,b,c,d)eier = (afb,a,Bd”, ac’);
(a,b,c,d) eg t := (at,bt,ct?,dt); (a,b,c,d) ez ey = (aye,vd,a,ab’);
(a,b,c,d) ezt := (at,bt,ct,dt’); (a,b,c,d)eses:= (Bvd,~vc,Bb,a);

for all a,b,c,d € E. Then these multiplications extend to scalar multiplica-
tions e; by Q; (for each i); moreover, o; and e; commute when i # j (but
not when i = j!).

Proof. 1t is easily checked that each e; extends to a scalar multiplication by
Q; (for example, z o1t e ec; = x o1 ¢c) 0t and e ¢ 01 ¢ = = o af for
all x € X). On the other hand, an equally easy calculation shows that the
scalar multiplications e; and e; commute when ¢ # j. O

Let z be a fixed element of E such that T'(z) = 0. We now fix our
attention on ()1 and the scalar multiplication e;; we will simply write - in
place of 1. Let u :=(1,0,0,0) € X and v := (0,0,1,0) € X; then

(a,b,c,d) =u-(a+e1b”) +v- (c+a erd)

for all a,b,c,d € E. We now define a skew-hermitian form h;i over (1 with
trivial discriminant, by the formula (2.4) with s = —ary. Note that N(ej) =
—e? = —af. Since Qs is a division algebra, —s = ay € N(FE). Since Qs is
a division algebra, sN(a"te;) = By € N(E) and hence s ¢ N(e1E) either.
By Lemma 2.4 therefore, hy is anisotropic.

The explicit formulas for the skew-hermitian form h; and its correspond-
ing pseudo-quadratic form 7, are given by

hi((a1,b1,c1,dr), (az, b, ca,d2))
= z(afag + afb1b§ — aycfco — fyd]da)
— elz(albg + b({az — ’)/(Cldg + dlcg)) ; (2.6)
mi(a,b,c,d) = z(N(a) + aBN (b) — ayN(c) — BYN(d))/2 — e1z(ab” — ycd) .

Completely similarly, we can define anisotropic skew-hermitian forms ho and
hs (over Q2 and @3, respectively) and we get

ha((a1,b1, c1,d1), (az, b2, c2,d2))
= z(aJag — afb]by + aycrc§ — Bydids)
— eoz(a1cd + cJag — B(brds + dibe)) ;

ma(a, b, c,d) = Z(N(a) —afBN(b) + ayN(c) — B’yN(d))/Q — egz(ac” — pbd) ;



hs((a1,b1,c1,d1), (az, ba, c2,d2))
= z(aJag — afb]by — aycca + Bydids)
—ezz(a1dg + dfag — a(bica + c1b2)) ;
m3(a, b, c,d) = z(N(a) — afN(b) — ayN(c) + ByN(d)) /2 — e3z(ad” — abe).
Already by their construction, these three forms are not unrelated, but

it turns out that they have some important related objects in common.

Proposition 2.7. Let hi, ho and hs be the three skew-hermitian forms
defined above. Then

N, k(s +m(x)) = Ngyr(s + m2(x)) = Nog k(s + m3(2)) ; (2.7)
zeo (s+mi(x)) =xey(s+mr)) =xe3(s+ms3(z)); (2.8)
91(z,y) = g2(x,y) = g3(x,y); (2.9)

for all x,y € X and all s € k. In particular, these three forms define the
same Moufang set.

Proof. First, observe that these three forms are defined over different quater-
nion division algebras, but if we take the norm of their values, then we end
up in their common center k, so it makes indeed sense to compare the maps
Ng,/k o mi. We get
N(mi(a,b,c,d)) = N(2)(N(a) + aBN(b) — ayN(e) = ByN(d))* /4
— afN(z)N(ab® — yed)
= N(2)/4- (N(a)? + 282N ()? + 0y N(e)? + B2 N (d)?
—2afBN(a)N(b) — 2ayN(a)N(c) —28yN(a)N(d)
—202ByN (b)N(c) — 26%ayN(b)N(d)
— 272aBN(c)N(d) + 4a67T(ab(’c"d")>
for all a,b,¢,d € E. In a similar way, we can calculate N(m2(a,b,c,d)) and

N(m3(a,b,c,d)), and we get the same result, hence Ng, jpom = Ng, jpom2 =
Ng, /i © m3. Since T'(w(z)) = 0 for all x € X, it follows, in fact, that

N(s+m(z)) = N(s+m(x)) = N(s + m3(2))

for all z € X and all s € k, which proves (2.7). By similar calculations, one
can check that, for each i € {1, 2,3}, we get

(b) — ayN(c) — BYN(d))/2 + afyzbed,
bz(N(a) — aBN(b) + ayN(c) + ByN(d)) /2 — yzac®d”,
cz(N(a) + aBN(b) — ayN(c) + ByN(d))/2 — Bzab’d”
dz(N(a) + aBN(b) + ayN(c) — ByN(d))/2 — azab’c” )



for all a,b,c,d € E; this proves (2.8). Moreover, using (2.2), it is readily
checked that

gi((a1, b1, c1,d1), (az, b, c2,dz))
=T(2(afaz — aBbTbs — aycca — Bydids))

for all a;,bj,c¢j,d; € E and for each ¢ € {1,2,3}, and hence (2.9) holds.

Looking back at the construction of the Moufang set in paragraph 2.1,
it now follows from the equalities (2.7), (2.8) and (2.9) that the three skew-
hermitian forms hy, ho and hg give rise to the same Moufang set. ]

2.4 The Bartels invariant

It is natural to ask what the deeper connection is between the three skew-
hermitian forms of the previous paragraph. It will turn out that they are
related by a certain cohomological invariant which has been introduced by
Bartels [2]. In its full generality, this invariant is defined on pairs of skew-
hermitian forms over a given quaternion division algebra () which have the
same dimension and the same discriminant. We will only need the invariant
when one of the two forms is a hyperbolic form (i.e. of maximal Witt index);
hence the other form will need to have trivial discriminant.

We will sketch the construction of this invariant in this specific case;
see [2] for more details. (Those familiar with cohomological invariants will
perhaps find our sketch already too detailed.) So let h be an arbitrary
skew-hermitian form over () with trivial discriminant, and let j a hyperbolic
form over @) of the same dimension. Let K denote the separable closure of
k = Z(Q). For every finite Galois extension L/k which splits h, there exists
a @ ®y, L-isomorphism ¢ mapping h ®j, L to j ®y L. For every s € Gal(L/k),
let as := ¢! o%p; then this defines a cocycle (as) € H(Gal(L/k),U(j)1),
which is independent of the choice of ¢. Taking the projective limit over
all such extensions, we obtain an element a(h) of H'(k,U(j)), which only
depends on the @-isomorphism class of h. Now consider the exact sequence

1->SU(G)k 2 U(j)gk = Z2 — 1
which induces the exact Galois cohomology sequence
1= SUGj)k = UGk = Zo 5 H'(k, SU(j)) > H' (k,U(5))
S HY(k, Zo) 2 k) (k)2
Since disc(h) = 1 € k*/(k*)?, we have a(h) € ker(d) = im(¢). Since Q is a

division algebra over k, we have SU(j)r = U(j)k, and hence v is injective.
Therefore ker(¢) = im(¢) = Zg, and in fact, every fiber of ¢ contains exactly



two elements. In particular, there are exactly two cohomology classes, say
with representatives (bs) and (b,), in H'(k, SU(j)) whose image under ¢ is
a(h). Now consider the exact sequence

1 — Zy — Spin(j)x = SU(j)x — 1

(with an appropriate notion of the spin group for skew-hermitian forms).
Then for each s € Gal(K/k), the elements bs, b, € SU(j)k can be lifted
to Spin(j)x in such a way that the maps s — b, and s — b, are still
continuous (but of course not cocycles in general). Now let ¢ ¢ := bssbtbs_t1
for all s,t € Gal(K/k) and define c{ , similarly. Then x(cs:) = 1 and hence
Cst € Ly for all s,t, and therefore the maps (s,t) — cs¢ and (s,t) — i,
define cocycles in H?(k,Z2) = Bra(k), the 2-torsion subgroup of Br(k). It
turns out that
c+c =[Q],

and hence the pair (¢, ¢’) can be seen as an element of Bra(k)/[Q]. Since the
whole construction only depends on the Q-isomorphism class of h, this pair
(¢, ) is indeed an invariant, which we will denote by c(h).

Proposition 2.8. Let h be an arbitrary skew-hermitian form over ) with
discriminant § := disc(h), let t € k* be arbitrary, and let f := h L th; then
disc(f) = 1.
(i) If6 =1, then c(f) =0 mod [Q].
(ii) If 6 # 1, then let E := k(\/9) be the discriminant extension field of h.
Then c(f) = [E/k, —t] mod [Q].
Proof. This follows from [2, Satz 4 (iv),(v)]. O

Using Proposition 2.8, it is not difficult to compute the Bartels invariant
c(h;) for the skew-hermitian forms of the previous section. Let us concen-
trate on hq, for example, and recall that h; has the form

hi(uxy + vy, urs + vy2) = ] 202 — Y] 2y2

for all z,y; € Q1. Let h be the one-dimensional form mapping (ux1,ux?)
to x{zxg for all z1,x9 € Q1; then clearly hy ~ h L —avyh. Also, disc(h) =
N (z)(k*)? is non-trivial; in fact, the discriminant extension field is precisely
the field £ = (1, z). It therefore follows from Proposition 2.8(ii) that

c(h1) = [E/k,ay] mod [Q1]
=[Qs3] mod [@Q4].

Remembering that [Q3] +[Q1] = [@2], this is equivalent to saying that c(h;)
is in fact equal to the pair ([Q2], [@3]). The converse also holds:
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Proposition 2.9. Let Q1, Q2 and Q3 be three quaternion division algebras
with [Q1] + [Q2] + [@3] = 0 in Br(k). Up to similarity, hy is the only
2-dimensional skew-hermitian form over Q1 with trivial discriminant and
with Bartels invariant ([Q2], [Q3]).

Proof. We have already computed the Bartels invariant of h; above. So let
I/ be an arbitrary 2-dimensional skew-hermitian form over Q1 with trivial
discriminant and with Bartels invariant ([Q2], [@3]). By paragraph 2.2, we
know that we can write A’ in the form

K ~hlsh

where h is the one-dimensional form mapping (uxi,ux2) to z{zxs for all
x1,T2 € @1, as above. It remains to show that sh ~ —a~yh. Since ¢(h') =
[E/K,—s] mod [Q1], we know that [E/K, —s| = [Q2] or [E/K, —s| = [Q3],
and therefore —say € N(E) or —sfy € N(E).

Assume first that —ay = sN(t) for some ¢ € E, and let v’ := wt.

Then sh(u'zy,u'ze) = sxtztres = —aya§zxe, showing that sh ~ —avh.
Assume now that —f3y = sN(t) for some t € E, and let v’ := uejtf~'.
Then sh(u'zy,u'ze) = B 2sx7t%e{ze1try = —ayx{ 2wz, showing again that
sh ~ —a~vh. O

It is clear that similar results hold when the roles of @)1, Q2 and Q3 are
permuted. Hence we have characterized the three skew-hermitian forms hq,
ho and hgz in terms of their defining quaternion algebra and their Bartels
invariant only.

Remark 2.10. As Eva Bayer-Fluckiger pointed out to the author, the Bar-
tels invariant for forms with trivial discriminant had already been intro-
duced by J. Tits [14] in a different manner which is also valid in the case
char(k) = 2. More precisely, Tits introduces the notion of a Clifford algebra
Cl() corresponding to a pseudo-quadratic form 7 (over any central sim-
ple algebra D of degree d), and shows that if the discriminant is trivial,
then Cl(7) decomposes as the direct sum of two simple algebras C and Cj.
Moreover, if d is even (in particular if D is a quaternion division algebra),
then [C4] + [C2] = [D]. See [14, Proposition 7.

Remark 2.11. One of the referees cleverly observed that there is another,
probably more natural, way to explain the three pairwise commuting mul-
tiplications and the connection with the Bartels invariant, in terms of the
Clifford algebra of the skew-hermitian form (see Remark 2.10!), as follows.

Since [@Q1] 4 [Q2] + [@3] = 0 in Br(k), we have Q1 ® Q2 ® Q3 = End(X)
for some 8-dimensional vector space X over k. Moreover, there is a non-
degenerate alternating bilinear form b on X, uniquely determined up to
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a scalar, whose adjoint involution is 01 ® 092 ® 3. We can view X as a
2-dimensional vector space over each ();, hence

Q2 ® Q3 = Endg, (X), Q1®Q3=Endg,(X), Q1®Q2=Endg,(X).

So for each i, there is a skew-hermitian form h; on the Q;-vector space X,
whose adjoint involutions are

02 & 03, 01 ® os, o1 ® oo,

respectively. Let T; be the reduced trace form of @);; then the transfers
T;(h;i(z,y)) are alternating bilinear k-forms whose adjoint involution is o1 ®
09 ® o3, for each 7. Hence we may assume, after rescaling, that

b(z,y) = Ti(hi(z,y)) = Ta(he(x,y)) = T5(hs(z,y))
for all z,y € X.

The fact that the adjoint involution of h; is 03 ® o3 now yields immedi-
ately that the Clifford algebra of hy is Q2 X @3, and if both ()2 and Q)3 are
division algebras, then h; is anisotropic [8, (15.12), (15.14)].

3 Recovering the structure from the Moufang set

We now take the opposite point of view. We start from the rank one group
(or equivalently, from the Moufang set), and we would like to recover as
much structure as possible. In view of the results in paragraph 2.3, we
cannot expect to recover the complete structure in a unique way, but we
hope to be able to recover “triples of related structures”. It will turn out
that this is indeed possible.

3.1 Properties of the Moufang set

Let h be an anisotropic skew-hermitian form of dimension 2 over a quater-
nion division algebra ), with trivial discriminant. In view of Lemma 2.4,
we can write h in the form

h(uz1 + vy1, uxe + vy2) = 7 222 + SYT 2Y2 (3.1)

for all z1,2z2,y1,y2 € Q, with s € —N(E) U N(eE). Let M(h) be the
Moufang set M(U, 7) as in paragraph 2.1, and denote its Hua maps by 7, )
for (a,s) € U*. (For the definition of these maps, which only depend on
U and 7, see [4, 3]; we use 7, in place of h, to avoid confusion with the
skew-hermitian map h. Note that these maps coincide with the “double u-
maps”; see [4, Theorem 3].) By [17, (33.13)] and some calculation involving
the isomorphism U — T': (a, s) — (a,s + w(a)), we have

Mas) (0,1 = (b= als + (@) "hla,h)) - (s + w(@))”, EN (s + 7(a))

12



for all (a,s) € U* and all (b,t) € U. Observe that (X,+) =2 U/Z(U) and that
each 7)(q,5) normalizes Z (U); hence each N(a,s) induces a k-endomorphism of
X (which we will continue to denote by 7,.)) given by

N(a,s) (D) = (b—a(s+ w(a)) " h(a, b)) - (s +m(a))” (3.2)

for all (a,s) € U* and all b € X. We now consider the endomorphisms

Ca,s,t = Ma,s+t) — M(a,s) — 71(0,t)

with a € X*, s € k and t € k*. Using (3.2), we get
Cass(0) = a (s+7(a)) ™ ha, ) (s+7(@))” (s+t-+m(a)) " hla, b) (s+-+7(a))” )

foralla e X*, be X, se kandt € k*. Let E, be the quadratic subfield
(1,7(a)) of @, and let e, be an element of () orthogonal to E, (with respect to
the trace T of Q). Write h(a,b) = hi(a,b)+ezh2(a,b) with hi(a,b), ha(a,b) €
FE,. Then

Cass(b) = ahi (a,0) ((s+ (@) (s +7(a))7 — (s+t+ () (s+t+m(a))°)

and therefore (, 5+(b) € aE, = (a,an(a)) for all a € X*, s € k and t € k*.
Hence

Ca,k,k* (X) = <CL, aﬂ—(a» (33)

for all a € X*. These two-dimensional k-subspaces will play a very impor-
tant role; we will denote them by R, := (a,an(a)) for all a € X*.

Lemma 3.1. Ifb € R}, then Ry = R,.

Proof. Let b = as + an(a)t for certain s,t € k. We only have to show
that bm(b) € R,, and for that, it suffices to show that 7(b) € E,. In-
deed, w(am(a)) = w(a)?7m(a)r(a) = N(n(a))w(a) € E, and h(aw(a),a) =
m(a)’h(a,a) = w(a)?2r(a) = 2N(w(a)) € E,, and hence w(b) = w(as +
ar(a)) € E, as claimed. O

Now let a € X* be arbitrary and let b € X \ R,. By Lemma 3.1,
R,N Ry =0, and hence Ly, := (Rq, Rp) is a 4-dimensional k-subspace of X.
It turns out that some of these 4-spaces behave nicer than others.

Proposition 3.2. Let a € X* be arbitrary. Then there exist precisely three
4-spaces L[(f) of the form L such that for each c € L((f), R. C L((f). In fact,
these three subspaces are the spaces a ¢; Q; for i € {1,2,3}.
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Proof. Without loss of generality, we may assume that ¢ = u as in (3.1). If
we write X = E®@ E® E@F as in paragraph 2.3, then R, = (E£,0,0,0) C X.
Let b be an arbitrary element of X \ R,, i.e. b= (q,r,s,t) with ¢,r,s,t € E
and r, s and ¢ not all three equal to zero. Note that a = (1,0,0,0).

Suppose that R. C Lgy for all ¢ € Lyy. Since Lgy is a k-subspace, this
implies that Royycy C Loy for all ¢ € Lgp and all A, u € k not both zero.
One computes that

(aX+cp)m(ar+cp) = A\ ()\ (em(a)+ah(a,c))+p(am(c)+ch(a, c))) (mod Ly )
for all ¢ € Lo and all A\, € k. Since k is an infinite field, this implies that
cr(a) + ah(a,c) € Lqyp (3.4)

for all ¢ € Lg .

We now choose ¢ = (0,7,s,t) € Lqyp and we apply the explicit formula
(2.6). After some calculation, we obtain that

cm(a) + ah(a,c) = (0,72/2,52/2,t2/2) (mod R,)
cm(c) = (0,72/2 - vy, $2/2 - v, t2/2 - 1) (mod R,)

where

(
vs = +afN(r) —ayN(s) + pyN(t),
vi = +afiN(r) +ayN(s) = fyN(t).

Since, by (3.4), em(a)+ah(a,c) € Lap = (E,0,0,0) & (¢, cm(c)), this implies
that there exist elements A, u € k such that

vp = —afN(r) + ayN(s) + SyN(t),
)+
) -

(077‘,2/2 “Up, 822 vg, 12/2 - I/t) = (0,rz/2,sz/2,tz/2) A+ (0,7, 8,t) - s

since vy, v, 1y € k and z ¢ k, this can only occur if = 0. (Recall that r, s
and t are not all three equal to zero.)

Now suppose that r # 0 and s # 0. Then A = v, = v,, implying
that BN (r) = yN(s) and hence v = N(yr~!s), contradicting the fact
that By ¢ N(F). It follows that at most one (and hence exactly one) of
the elements r, s and ¢ is non-zero. We conclude that L, is one of the
subspaces (E, E,0,0), (E,0,E,0) or (E,0,0, FE). Observe that these spaces
are equal to u e; Q; for i € {1,2,3}.

Moreover, keeping in mind that am(a) = a e; m;(a) is independent of i by
(2.8), we get immediately that

(a o; 961')7T(a o; 961) =ae;T;e; m;(a o; SUZ) cae;Q;
for all z; € Q; and all ¢ € {1,2,3}, so that the subspaces L,(f) :=ae; Q; do

indeed satisfy the required condition. O
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The collection of all 4-spaces ng‘) for a fixed ¢ forms an interesting
incidence-geometric object. We refer to [7], for example, for definitions of
the incidence-geometric notions which we will use.

Proposition 3.3. For each i € {1,2,3}, let
S; = {aOiQZ"CLGX*}.

Let X be the T-dimensional projective space corresponding to X ; the elements
of S; are 3-dimensional (projective) subspaces of X. Then S; is a k-regular
spread of X. Moreover, the translation plane arising from the spread S; is
isomorphic to the projective plane over Q;.

Proof. The last statement is obvious, since we can also view X as a 2-di-
mensional vector space over (), which we can also look at as a projective
plane over J; the elements of S are precisely the points of this projective
plane. The translation plane arising from this projective plane is this plane
itself, which proves the statement.

It is shown in the main theorem (Satz 1) of [6] that the translation
plane arising from a spread is regular if and only if the translation plane
is Moufang, from which the first statement follows, since a projective plane
over a division algebra is Moufang. O

3.2 Recovering the three quaternion algebras

Using the properties of the Moufang set which we have derived in the previ-
ous paragraph, we can now reconstruct the quaternion algebras using only
the Moufang set M(U, 7).

To start with, the additive structure of k£ can be recognized as the cen-
ter Z(U) of the group U, and the additive structure of X as the quotient
U/Z(U). The maps 7, in (3.2) are defined only using the Moufang set
(but we have of course no idea yet what the multiplication is or what h
and 7 are). We recognize (0,1) as the only element (a,s) of U such that
N(a,s) = 1. We can define a “multiplication” map from X X k to X by setting
b-s:= 1), (b) for all b € X and all s € k; this fits with (3.2). In particular,
we have recovered the multiplication on k, since we can put r = s -t to be
the only element of k such that 1 n,s) = n(0,r), for all s,¢ € k. Hence X
has the structure of a k-vector space (which we know to be 8-dimensional).

By (3.3), we can recognize the subspaces R, for all a« € X*. By Proposi-
tion 3.2, we can recognize the three “nice” subspaces {Lgl), L((f), Lég)} con-
taining R, (but we cannot distinguish them from each other). However, we
know that

(LY |ae X" ie{1,2,3}} ={a®; Q;|ac X*,ic{1,23}}.
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Denote this set of 4-spaces by F; then by Proposition 3.3, F is the union of
three regular spreads. Moreover:

Proposition 3.4. The only three reqular spreads which are contained in F
are S1, So and S3.

Proof. We will call an element of F of type 7 if it belongs to S;. Let S be an
arbitrary regular spread contained in F. Let K, L and M be three arbitrary
elements of S, and consider the regulus R through K, L and M. Since k is
infinite, there exist a j € {1,2,3} such that at least three elements of R are
of type j. But since §j is a regular spread, this implies that all elements of
R are of type j, and in particular, K, L and M have the same type. Since
K, L and M were arbitrary, we conclude that all elements of S are of the
same type, and hence S = S; for some j € {1,2,3}. O

Using Proposition 3.4, we can recognize the three regular spreads S; =
{a ¢; Q; | a € X*}. By Proposition 3.3 again, we can reconstruct the
projective planes over the quaternion division algebra Q; for each i € {1,2,3}
as the translation planes of these spreads. But this implies that we can
recover the three quaternion algebras @; (for example as the kernel of the
translation planes). More directly, we could also recover @; from the spread
Si, as the ring {¢ € Endy(X) | (L) C L, VL € S;}.

To conclude, we have recovered the three quaternion division algebras
@1, Q2 and @3, but we cannot distinguish between them. We still have to
show that for each @;, we can recover the pseudo-quadratic form 7;. So fix
an ¢, and let R, :=a e; Q); for all a € X*. Let a € X* be arbitrary, and let
b be an element in X \ R, such that 7 0)(a) € R,. By equation (3.2), this
can only happen if h(a,b) = 0, and hence

N(a,0)(b) = b e; mi(a), (3.5)

where o is the standard involution of @;. Hence 7;(a) is the unique element
of @; such that (3.5) holds. Thus we have recovered the pseudo-quadratic
form m; for each @;.

This means that we have indeed recovered the triple of related structures
from the Moufang set, as we had claimed in the beginning of this section.

4 The characteristic two case

We now assume that char(k) = 2. In this case, the groups SU4(Q, f) are
sometimes denoted by SO4(Q, f), since they somehow behave more like
quadratic forms (see [13]). In the quaternionic case, which is precisely the
case we are dealing with, they have been studied by Seip-Hornix [10, 11]. We
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can continue to consider the skew-hermitian form h and its corresponding
pseudo-quadratic form 7 as before (but of course, h is now a hermitian
form). The main difference is that 7 is not uniquely determined by h.
However, it is still true that h is the unique (skew-)hermitian form such
that h(a,a) = m(a) — 7(a)?; see [10, Theorem 1.4]. It is of course no longer
true that T'(w(a)) = 0 for all a € X, and neither is equation (2.2) still valid
(but equation (2.1) is). Note that 7 is only determined modulo k; this fact
will become more apparent in this case than in the case where char(k) # 2.
(In fact, we had avoided this issue in the char(k) # 2 case by defining 7 in
such a way that T'(w(z)) = 0 for all x € X, but we cannot avoid it in the
char(k) = 2 case.)

The group U and the permutation 7 which define the Moufang set, now
take the following form. Just as in the case char(k) # 2, U is the group with
underlying set X x k and with group “addition” given by

(a,s)+ (byt) =(a+b,s+t+g(a,b))

for all (a,s), (b,t) € U; but now 7 is the map from U™ to itself given by
75 (a,5) > (a(s +7(a)) ™%, (s + T(r(a))) - N(s + 7(a)) ™)

for all (a,s) € U*.

As in section 2.2, we decompose X as u@) L v@, hence there exist fixed
elements z,w € ) such that

m(ux + vy) = 27 zx + ywy;
h(uzi + vy, uze + vy2) = 27T (2)z2 + Y7 T'(w)y2 ;

for all z, x1,x2,y,y1,y2 € Q. Note that T'(z) and T'(w) have to be non-zero,
since h is non-degenerate. By [11], the (pseudo-)discriminant of 7 is equal
to the class of N(z)/T(2)? + N(w)/T(w)?* modulo p(k) := {z + 2 | z €
k}. Since the discriminant is trivial in our case, we have N(z)/T(z)? =
N(w)/T(w)? mod p(k), and it is readily checked that this implies that
the fields (1,z) and (1,w) are isomorphic. Hence they are conjugate, and
therefore t7wt € (1,z) for some t € Q. After a suitable choice of a new
orthogonal basis (and keeping in mind that 7 is only determined modulo k),
we can write
m(ux +vy) = 2% zx + sy’ 2%y ;

4.1
h(uzq 4+ vy1,uze + vys) = 272 + SYTy2 ; (4.1)

observe that we have chosen z such that T'(z) = 1, and that we have chosen
w = sz rather than w = sz. Again, we let E := (1,z), and we write
Q = E®eFE. Lemma 2.4 continues to hold: 7 is anisotropic if and only if
s € N(e) UN(eE). Indeed, if m(uz + vy) € k, then taking the trace yields
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s € N(Q). Write s = N(w) with w € @, and let w = a + eb with a,b € E;
a little calculation then shows that ab = 0 and hence s € N(e) U N(eE).

We are now ready to define again three different pseudo-quadratic forms
which will give rise to the same Moufang set. We let «, 8,y € k™ and E, Q1,
Q2, Q3, e1, e3 and ez be as in section 2.3. Now let z be a fixed element of
E such that T'(z) = 1. We fix our attention on ()7 and we will simply write
- in place of ;. Let u := (1,0,0,0) € X and v := (0,0,1,0) € X; then

(a,b,c,d) =u-(a+e1b”) +v- (c+a erd)

for all a,b,c,d € E. We now define a pseudo-quadratic form 7 and its
corresponding hermitian form h; over (J; with trivial discriminant, by the
formulas (4.1) with s = oy, and it follows as before that h; is anisotropic.

The explicit formulas for the skew-hermitian form h; and its correspond-
ing pseudo-quadratic form m; are given by

hi((a1,b1,c1,d1), (ag, b2, ca,d2))
= (afaz + afb1b] + aycfes + Brydidz)
+ e1(a1bg + b as + y(c1de + dica)) ;

mi(a,b,c,d) = z(N(a) + aBN (b)) + 27 (ayN(c) + ByN(d)) + e1(ab” + ycd) .

Completely similarly, we can define anisotropic pseudo-quadratic forms s
and 73 with corresponding skew-hermitian forms ho and hs (over Q2 and
Qs3, respectively); we will omit the explicit formulas here (which should be
obvious by now). One can check that Ng,kom = Ng,pom2 = Ng,/p0m3
as well as Ty, /om = T, /i, 0m2 = Ty, /i, 0 3. It follows that equation (2.7)
continues to hold in the char(k) = 2 case. A direct calculation also shows
that equations (2.8) and (2.9) continue to hold, so we can conclude that the
three pseudo-quadratic forms define the same Moufang set, as we claimed.

Let us now take again the other point of view, and start with a given
Moufang set as in section 3. Up to some changes in the calculations, the
whole argument goes through, and we get the same result that we can recover
the three quaternion division algebras @1, Y2 and @3, but that we cannot
distinguish between them, and that for each @Q;, there is a unique pseudo-
quadratic form m; with corresponding hermitian form h; which induces the
given Moufang set.

Let us point out the main technical difference, which arises from equation
(3.4). In the char(k) = 2 case, we obtain from this equation, with the same
choice ¢ = (0,7, 5,t) € Ly, that

cr(a) + ah(a,c) = (0,72, sz, tz) (mod R,)
er(e) = (0,7 vy, 5 Vs, t - 1) (mod R,)
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where

vp = 22afBN(r) + zayN(s) + zByN(t),
vs = zafN(r) + z°ayN(s) + zByN(t),
vy = zafBN(r) + zayN(s) + z7 ByN(t).
{

Since, by (3.4), em(a) +ah(a,c) € Ly = (E,0,0,0) & (¢, cm(c)), this implies
that there exist elements A, u € k such that

(O,r-yr,s-us,t-ut) = (O,TZ,SZ,tZ) A+ (0,7, 8,t) - s
which can be rewritten as
(0,7 (v + Az +p), s (vs + Az +p),t- (n+ Az +p)) =0.

Now suppose that » # 0 and s # 0. Then Az 4+ y = v, = v, implying
that SN (r) = vN(s) and hence 8y = N(yr~!s), contradicting the fact that
By ¢ N(E). It follows that at most one (and hence exactly one) of the
elements r, s and ¢ is non-zero. The rest of the proof is as in the char(k) # 2
case.

5 The rank one groups of type 2D£2)

It is natural to ask in how far the theory developed in the main text still
applies to the rank one groups of type 2D512). These groups are defined in
the same way as those of type 1Di2), the only difference being the fact that
the defining skew-hermitian form now has non-trivial discriminant. In this
case, we expect to be able to recover the defining quaternion division algebra
uniquely from the Moufang set, and this turns out to be so. This can be
shown in a completely similar manner as in the lDf) case, and we omit the
details.

Notice that there is no need for an analogue of Lemma 2.4, since an arbi-
trary 2-dimensional skew-hermitian form over a quaternion division algebra
() with non-trivial discriminant is always anisotropic.

Keeping the notation of the main text, we can recover the defining
quaternion division algebra (which is now unique!) from the Moufang set,
using the same technique.

PropOSItlon 5.1. Let a € X™* be arbitrary. Then there exist precisely one

4-space L of the form Ly such that for each c € Lg), R, C L( D In fact,
this is the subspace aQ).

The rest of the process of recovering the structure from the Moufang set
can be copied without any change.
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